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Introduction 


This is an age which has seen electricity become universally significant 
for the conveniences it has added to man’s everyday practical life. These 
are today’s outward expression of the accomplishments of a great body 
of men of the past who have made possible and who symbolize the field 
of electrical engineering. 

l\xiay, by the mere closing of a switch, a humble dwelling may have 
light, a factory may oj)crate as if by daylight, a baseball diamond may be 
floodlighted for night games, or a great structure may be caused to take 
on a pageantry of color and shadow against the dark background of 
night. These things could not be were electric light not available as a 
utilitarian servant and an aesthetic medium. Today, the human voice 
may be electrically transported almost instantly to the extremities of the 
earth’s surface and into its surrounding atmosphere farther than man 
has dared to venture. Where wires cannot be strung or buried as guides, 
the signal is carried by radio vaves to complete the link. The electric 
light, the telegraph, the telephone, the electric motor with its vast appli¬ 
cations, th(‘ radio, and the electric cars and trains are commonplace in 
our everyday life. 

Efjually important are other applications which, although not so 
obvious, nevertheless, are deeply insinuated into our existence today. 
For instance, the copper electroj)lates without which the printing indus¬ 
try would be greatly handicapped are made through use of the phe¬ 
nomenon of electrolysis. In electrometallurgy, the recovery of aluminum 
and magnesium are instances of the application of this same basic phe¬ 
nomenon, which has other wide applications, including electroplating. 
Electroplating may be used to protect metal surfaces, to fabricate thin 
sheets of metal, to embellish objects, or as a part of the process of trans¬ 
forming into a rugged metal matrix to be used in the stamping of phono¬ 
graph records, the delicate sound undulations first engraved, also elec¬ 
trically, into a wax master. 

In traction, the train is led along its way by an electric guide, the sig¬ 
nalling system. It is stopped automatically by an independent electric 
monitor should a danger signal be passed. The transport airplane carries 
its passengers cross-country in bee-lines set by radio ranges. A ship may 
be given its position by radio bearings. The quality or forms of a product 
may be watched over by an electric eye. A printing press may be con¬ 
trolled so that margins are exact and color plates in precise register. In 
the textile mills a loom is stopped by electrical means when a warp thread 
breaks. Alternating-current power systems have their frequencies so 
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precisely controlled that as a network they in effect are a rigid time shaft 
to which electric clocks may hv coupled simply by plugging into a recep¬ 
tacle. In geophysical studii's. strata beneath the earth’s surface are 
examinefl indirectly through their reflection of elastic waves detected by 
electrical means. Mathematical formulations of physical phenomena, 
too comi)lex for manual solution, are handled by electrical machines. 
M(‘chanical problems are set up in the form of their electrical analogues 
for study. Application of the X-ray in industry may point out a flaw in a 
casting, or at the service station may indicate a potential puncture by 
.showing on a fluorescent screen the shadow of an imbedded object. I’he 
X-ray in medicine is a proven instrument for diagnosis and treatment. 
High-frecjuency currents are applied in diathermy and electrosection. 
Amplifiers are used to magnify the delicate voltages appearing about the 
scalp as a result of brain action and also the voltages between the extremi¬ 
ties caused by cardiac impulses that these signals may be recorded for 
diagnostic purposes. 

This recitation of accomplishments of applied electricity might be 
extended much further. Manifestly, however, the student who plans to 
jirepare himself for the profession of electrical engineering needs some¬ 
thing more than a narrative* cataloguing of the end results. More impor¬ 
tant to him is the* understanding that ctcrtrical engineering as a profession 
is cc)ncc‘rnc‘cl fundamentally with the translation of energy, perhaps that 
stored in a central coal pile or a distant elevated body of water, into a 
more convenient form electricity; with the transmission and control 
of the cmergy in this more convenient form; and linally with the retrans¬ 
lation of this convenient elcTtrical energy into other forms for use. 

d’he history of c‘lc‘ctrical enginc'ering makes clc‘ar that the art is built 
on a set of underlying principles w'hich in their essence are not many, 
d'hese ideas, which are physically reprc'sented in electrical machines, 
electric circuits, jK)wa‘r-transmission and tc‘lephone lines, and aj^pliances, 
exprc'ss in compact form what we know about the process of converting 
chemic'al, mechanical, thermal, and radiant energy into electrical energy, 
and what we know’ about using electrical energy as such or reconverting it 
to one of the first four, or into other, forms for special apiflication. I’he 
readiest approach to a survey of this material is a glance first at the devices 
by which }>rimary conversions of energy from one form to another are 
made and then at devices u.seful in molding or controlling energy while it 
is in the com enient electrical form. 

The primary battery is one of the oldest means of translating energy 
from chemical to electrical form. 7'his it does by releasing the energy 
stored in the molecules of a chemical substance or substances, as in the 
pocket flashlight w^hich carries its potential light in the form of a compact 
package of chemicals. In electroplating, conversely, electric energy is 
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translated into chemical energy the attendant chemical reaction is 
utilized to deposit metals from the electrolyte. The secondary or storage 
battery is a more general example of electrochemical conversion, for 
electrical energy may be fed into it as a reservoir, to be stored in chemical 
form, and then at will released, to the accompaniment of an inverse 
chemical action, for use in electrical form. I'he translation of mechanical 
energy into electrical energy is usually performed by rotating mechanico- 
electrical machines termed generators, and the translation — commonly 
by identical machines -of electrical energy into mechanical energy is 
effected by rotating electromechanical machines termed motors. Unfor¬ 
tunately there Jiai)pens to be no efficient means for converting thermal 
energy or heat directly into electrical energy. The thermocouple makes 
such a conversion, but owing to its low conversion efficiency it is utilized 
directly only as a means of measuring temperature and indirectly as a 
de\ice to indicate radiant energy. Hence, to olAain electrical energy from 
coal, fuel oil, or gas - rich sources ol thermal energy - the translation 
is a roundabout [)rocess. The energy, after it is converted into thermal, 
must then be cliangc'd into mechanical form, in order that the rotating 
gc'uerator may serve to conveit it finally into electrical form. Radiant 
(‘iiergv when in the visible or near-visible region of the si)ectrum may be 
translated directly into electrical energy by means of what are called 
photoelectric cells.* Tn some uses, these devices supply a current unaided 
and in others they control the current of a local battery. 

'rh(‘ incandescent lamp is an important means of translating electric 
into radiant energy visible to man. In it, actually, energy is translated 
into both th(Tmal and radiant forms, the tliermal energy being, of course, 
an undesired concomitant in the process. The filament is heated hotter 
and hotter that is, its constituent molecules are giv^n more and more 
kinetic energy by the jxissage of more and more electric current — and 
at the same time, as the temperature of the filament rises, relatively 
more and more energy is radiated. The electric arc is an effective trans¬ 
lator of electric cmergy into both thermal and radiant form and it has 
been usc'd, therefore, both as a luminary and as a heater. Arc furnaces 
are examples of this last ai)pIication. Another good ])ractical translator 
of electric energy into thermal energy is a mc'tallic conductor which has 
been given a comparatively high resistance and good antioxidizing prop¬ 
erties by alloying. The flatiron is an application of this form of heater; 
another is the resistance furnace. 

Such, briefly sketched, are the translations which, when utilized in 
combination with the idea and technic^ues of electrical transmission, are 

* A t> pical application of these cells is to be founcl in certain types of photopfraphic e\posurc- 
time indicators. 
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employed to make natural energy available for light, heat, and electrical 
and mechanical power at a distant useful point of application. It is 
desirable also to consider briefly a second class of manipulations of energy 
in electrical form — manipulations used either to mold a stream of that 
energy for special work or to control it for case and effectiveness in trans¬ 
mission ancl general apf)lication. As will later appear, the same basic 
princii)l(*s guide the electrical engineer in handling problems of this 
second as of the first class of transformations or manipulations. 

Clearest example of the molding of a stream of electrical energy to 
jierforni a special task is the translating of sound waves into facsimile 
electrical waves or the transformation of light manifestations into fac¬ 
simile electrical manifestations for the transmission, respectively, of 
sounds and pictures. Sound waves, longitudinal elastic waves, are made 
to mold electric waves into an identical pattern by means of a micro¬ 
phone. The sound wave may set a diaphragm into a forced mechanical 
vibration, which may, in turn, be caused to change the electrical resistance 
of a cai)sule of carbon granules and thus to modulate or control the cur¬ 
rent of a battery, as an electrical source. Practically every telephone con¬ 
tains a carbon-granule microphone or ‘‘ transmitter.’’ Conversely, 
electric energy may be translated into sound energy when waves of electric 
current are caused to set up vibrations in a mechanical system coupled to 
the air, and so to transfer the energy of the mechanical system to entTgy 
of vibration of the air particles ))y means of a diaphragm alone, or a dia¬ 
phragm in the throat of a horn. An everyday device for making this 
translation is the ordinary telephone receiver, in which an electric- 
current facsimile of the sj^eech wave at the input to the microjdione varies 
the magnetic force acting on a diaphragm and thus sets the diaphragm 
into vibration. "Phe vibrating diaphragm in turn now sets up the corre¬ 
sponding sound weaves, which convey the original speech intelligence to 
the telephone listener. The radio loud-speaker is, of course, another 
example of this type of device, in which translation is carried out on a 
larger scale and in many instances on a more nearly exact basis. 

Substitution of a translator which transforms light manifestations into 
electric manifestations and another whic h performs the inverse operation 
makes it possible to mold electrical energy to another kind of pattern, 
and so to use the electrical transmission link for transmission of pictures. 
The picture to be transmitted may be scanned by a small beam of light 
so that point by ]X)int each minute area of its surface passes an amount 
of light governed by the optical properties of the area. Impinging on the 
active surface of a photoelectric cell, the varying light intensity may be 
made to produc'e a correspondingly varying electric current. This cur¬ 
rent, or a current proportional to it for each and every point on the nega¬ 
tive, is transmitted. At the receiving end it is caused to control the 
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intensity of a light source producing a correspondingly small beam, 
which, by tracing over a light-sensitive emulsion surface in a manner 
corresponding exactly to the point-by-point scanning process at the trans¬ 
mitting station, produces an image of the original picture. In television 
the same broad idea of translation is elTectecl, though by rapid scanning 
many complete images are transmitted in one second to produce the 
illusion of continuous motion just as in the motion picture. 

The engineering principles which find expression in these two manners 
of molding electrical energy for specific use are fundamentally those 
employed by the engineer in bringing about the primary transformations 
of energy earlier discussed. Similarly, they are utilized in the theory, 
design, construction, and operation of the various devices serving to 
control electricity, 'fhe traiusforiner, a typical illustration of such devices, 
comprises in its simjilest form two magnetically coupled coils by means 
of which an alternating voltage ai)plied to one coil may be caused to 
appear in the other in multiplied form. Electricity of high voltage and 
low current may be changed to low voltage and high current by this 
a[)paratus. Even a transformer having a multiplication factor of unity is 
oft (‘11 useful, for example, in isolating a circuit to direct current — a 
pnx edure common in communications. Another representative device is 
the rectilier, which the engineer uses to transform alternating current 
into direct current, and which acts in effect as a valve to pass current in 
one direction only. Kectifers may be mechanical, as in synchronous 
commutators; electromagnetic machines such as rotary converters; or 
static devices depending for their action on the behavior of electrons or 
ions or both, as in the mercury-arc rectifier and the two-clectrode thermi¬ 
onic tube respectively. 'J'hey arc used to translate alternating-current 
energy of relatively large magnitude into direct-current energy for 
electric-railway system opcTation, for instance, and on the other extreme 
to furnish from the alternating-current power-supply circuit the small 
direct-current energy needed by the radio set. On an even smaller scale 
they perform on delicate radio waves a kind of rectification known as 
detection. 

Direct current may, conversely, be translated into alternating current 
by means of an oscillator — a third characteristic appliance used in con¬ 
trolling electrical energy — an electron tube acting as an amplifier source. 
An electric amplifier, in essence, is a device which not only recreates a 
controlling signal of given energy but also endows this recreated signal 
with greater energy. The ordinary radio set vacuum-tube amplifier is an 
example. The same form of vacuum tube is utilized in the telephone 
repeater (amplifier) to rejuvenate the telephone signal. Through the use 
of an amplifier tube feeding energy into a tuned circuit, the energy fed to 
this circuit may be controlled by means of a signal taken from the circuit 
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and used to control the amplifier. If this energy supplies the losses in the 
tuned circuit, an ‘^oscillator’’ results. The source of the energy is, of 
course, the battery or other direct-current source controlled or “ valved'’ 
by the amplifier tube. 

From this summary of characteristic machines and appliances used in 
converting energy to electrical form, in molding the electricity to specific 
I)urp()S(‘S, and in controlling it for useful application, one may secure an 
idea of the comfilexity of the profession of electrical engineering in the 
present day. T'hnjihasis has been laid on the fact that these three aspects 
(jT the work of the profession are unified by a central core of underlying 
s(.ientifi(' theory and principles, applicable with suitable change to the 
handling of the special problems engendered in each of the three branches 
of the work. It becomes desirable, therefore, that this discussion turn 
from summarizing present-day equipment and applications, and survey in 
lirief compass the historical development of the profession, for the 
ideas of control and transmission of electric energy expressed tangibly in 
these devices have come to a high degree of refinement only through the 
continued repetition of discovery, analysis of the discovery, and syn¬ 
thesis. d’he electrostatic generator used in nuclear disintegration today, 
for examjile, is the rebirth in modern form of a machine first conceived by 
von (juericke almost three hundred y(‘ars ago. The thermionic rectifier 
tube or diode, a common instrumentality in the radio-communications 
field of today, was created by Edison nearly sixty years ago, only a few 
years after his work in this country and Swan’s in ICngland had brought 
to the world a practical incand(‘scent lamp, and before the experiments 
of Hertz which demonstrated the presence of electromagnetic waves. 
Radio communication had not th(‘n ])een thought of excej)t ]XTha])s in 
poetic prophecy. I'his jiractical incandescent light itself was the climax of 
an observation by Davy, early in the Nineteenth Century, that an elec¬ 
tric current could heat a conductor to incandescence. And Davy had 
been able to ]XTform this experiment and many others only because Volta 
had given the art the galvanic battery, which in turn deiiended on 
Galvani’s observation of the twitching of the muscles of frogs* legs. 

Through aj)plication of the battery by Davy, Oersted, Ampere, Arago, 
Ohm, Faraday, and Henry ~ to cite but a few investigators of the first 
half ol the Nineteenth Century — came a host of basic ideas, devices, 
and theories, all within a period of a little over thirty years. By 1832, 
electrical incandescence of conductors, the electric arc, and electrolysis 
had been demonstrated. Primitive electric generators and motors had 
grown out of the (juest for a relation between the electric current and 
magnetism. The relationshij) between current and voltage, that between 
a current and its magnetic field, and the force reaction between a current 
and a magnetic field had been developed. Induction of a voltage in one 
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circuit magnetically coupled to another in which a current is chanp^ing 
was observed and the transformer thus evolved. Shortly thereafter, 
Neuman gave mathematical expression to Faraday’s and Henry’s induc¬ 
tion ideas just as Ampere earlier had succinctly formulated the implica¬ 
tions of Oersted’s discovery of the relation between a magnetic field 
and an electric current. Kirchhoff extended Ohm’s work on conduc¬ 
tion, establishing the fundamental topological relationships among 
branches, nodes, and iiKlependcnt loops in a network — relationships 
which are the foundation of circuit anal^^sis today. In this period, Faraday 
set down the law of electrolysis relating the quantity of material decom- 
[)osed and ihe quantity of electricity or current through a conducting 
soluthm. His work established th(‘ first principles of electrochemistry and 
the related field of electrometallurgy. IMoreover his work was to be to the 
(*lectromolecular theory of Ikiuids, and thus to their atomicity, what the 
electron theory, over fifty years later, wa-'^ to be to the atomicity of 
electricity. 

During the first half of the Nineteenth Century, too, the older fields 
of magnetostatics and electrostatics were dev(.iOj)ed by Poisson, Gauss, 
and Weber, who followed up earlier experii.n ntal work of Priestley, 
Cavendish, Coulomb, and others. Ju^t as Ohm in analyzing electric flow 
or current paralleleel Fourier’s earlier work on heat flow, so Poisson in his 
development of the field theory of electrostatics reasoned by analogy 
with LaGrange’s field thcoiy of gravitation. Not only were mathematical 
p^'inciplcs thus demonstrated as having parallel a})plications to the analy¬ 
sis of seemingly unrelated technical fields, but also the fields themselves 
wx're becoming related through successful ‘Miunches.” Currents produced 
by electrostatic and electrochemical means were found to produce the 
same eff(‘cts in electrolysis. Magnetic fields were found to have their 
sources in electric currents just as elastic fields had been found to have 
their sources in electrical charges. The conception of energy, as visualized 
by Young, the demonstration of its universality by Rumford, Joule, and 
Mayer, and the doctrine of its conservation by Helmholtz had great 
influence in the unification of the interrelationships among mechanics, 
heat, and electricity. Contemporaneously, the theory of the energy of 
the electric and magnetic fields themselves was reduced to sound basis by 
Kelvin, w^ho saw^ as the seat of their energies the whole space including 
the stationary or moving charge producing them. 

As the second half of the Nineteenth Century got under way, then, the 
force relationship between electric and magnetic charges was known 
(Coulomb’s laws); the relationship between electric and magnetic fields 
had been defined in terms of force on hypothetical unit positive electric 
charges and unit positive magnet poles respectively; a current and its 
magnetic field and the force relationship between two currents or between 
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a current and an independent magnetic field had been stated (Ampere); 
the law of induction had been discovered (Faraday, Henry) and formu¬ 
lated (Neuman). The idea of a dielectric and the idea of a limited motion 
or displacement of apparent charges in the dielectric when under the 
influence of an electric field had been proposed (Faraday). The laws 
governing the flow of charge and currents in conductors had been well 
developed (Ohm, KirchhofI). Although conduction of electricity over 
wires had been treated analytically (Kelvin, Kirchhoff), the seat of the 
])henomenon was thought of as in the conductor itself. The Ampere, 
Ohm, and Faraday laws applied to closed circuits. What seemed to be 
needed now to explain the remaining puzzling observations and to com¬ 
plete the development was a theory of open circuits. 

Maxwell met this need. He had before him not only the observations 
just outlined but also the theories and attempts to demonstrate that 
electrical effects are propagated. Kirchhoff had proved theoretically that 
an electric disturbance is propagated along a wire with a velocity c, a 
constant of proportionality between electrostatic and electromagnetic 
units. Weber and Kohlrausch had just determined the value of this con¬ 
stant. But this was only a partial answer to the speculations of Gauss, 
Riemann, and others as to the plausibility and proof of the propagation 
of electric energy through space. 

Faraday’s speculations and also those of Kelvin cent(‘recl around the 
theory of a medium. Kelvin had investigated the analogies between 
electric and elastic phenomena, j)aralleling the idea of propagation in an 
elastic medium (elastic waves) with, possibly, a broadly similar propaga¬ 
tion of electric energy in space. Faraday had postulated a dielectric as 
having within it charges limited in their motion or displacement upon 
the application of an electric field. 

Taking all this, Maxwell accomplished his synthesis (1864) by adding 
to the displacement idea of P'araday the notion that a time variation of 
displacement or of charge density constituted a current and the idea that 
this displacement could occur wherever there is a time-varying electric 
field- between the plates of a condenser in a vacuum, for instance; or 
as we know the art today, in the space about an antenna or a transmission 
line. With this displacement current, just as with the conduction current 
of Ampere, there was associated a consequent magnetic field. Thus 
Maxwell’s theory led to the conclusion that attending a time-varying 
electric field is always a consequent time-varying magnetic field and the 
converse — one of these time-var)ring fields is always attended by the 
other. 

Today this synthesis is known as Maxwell’s theory or simply as Max¬ 
well’s equations. It is a complete set of expressions relating electric 
charges, current densities, magnetic and electric fields, and the rates of 
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chang(‘ of these quantities. It explains light as an electromagnetic phe¬ 
nomenon and thus connects electricity and radiant energy. Through its 
formulation Maxwell was led to predict the existence of the electromag¬ 
netic waves which Hertz demonstrated in 1888. It is a tool in the analysis 
of radio waves and other wave phenomena such as the transmission of 
electric energy guided by wires, and the oscillation of electric energy back 
and forth from electric to magnetic in hollow (metal) electric resonators. 
Being basic, it thus forms the fundamental point of departure in the con¬ 
sideration of all problems* involving eleclromagnetic phenomena, includ¬ 
ing lumped-circuit theory, the theory of electric- and gaseous-conduction 
devices, etc. 

When the Nineteenth Century opened, the one application of elec¬ 
trical engineering of any moment was Franklin's lightning rod. During 
the course of discovery, analysis, and synthesis just summarized, there 
naturally develo{H‘d a body of aj'kplications, giving rise to the machines 
and devices sketched earlier and leading to Ihe establishn^ent of an 
electrical industry, with all that that means in terms of social and eco¬ 
nomic implication. Kveji at risk of repetition of details, it is wise for the 
student of the })rofe^sion to survey it from this point of view. 

d'he batt(‘ry had apjx'ared at the beginning of the Nineteenth Century; 
l)y the middle of the century, electrotyping and electroplating were 
industries and the electric telegraph was a successful commercial means 
of communication. Investigations of the incandescent light and the arc 
light already suggested the limitation of the battery as a source should 
they become full-fledged devict's. This they did, being important com¬ 
mercially from about 1<S8() on. The demand for power at reasonable cost 
was met by the rotating generator, which grew from Faraday’s simple 
copper-disk device to a slotted-drum armature, copper-commutator 
device with carbon brusht's. Ciramme, Siemens, Edison, Thomson, and 
many others were by this time important names in this applied art. 
Motors were evolving inde])endently, and were used largely in electric- 
traction a])plications. Not until the demonstration of the reversibility of 
direct-current motors and generators at the Exposition in Vienna in 187vS 
did the primitive reciprocating motor of Henry and the early device of 
L)avcni)ort come to full development. The potentialities of electric light¬ 
ing led to a great series of public-service developments here and abroad 
by 1890. Direct-current generation and distribution systems by this 
time were threatened by the alternating-current system of generation, 
transmission, and distribution. By the beginning of the Twentieth 
Gentury alternating-current systems had made their place. Today our 

* A further de\'elopment of field theory to include what are termed relativistic effects is 
necessary in order to handle certain problems occurring in erigineeriivf. This further develop¬ 
ment of the Mavwell theory is due primarily to H. A. Lorenz, Minkowski, and Sommerfeld. 
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great generating plants, hydroelectric and steam, are alternating-current 
sources. Some cities, where it has not proved economical to change, con¬ 
tinue with direct-current distribution. 

With the appearance of large electric-power sources came other appli¬ 
cations of electricity, including the electrochemical industries, which, for 
their production of aluminum, magnesium, copper, cadmium, calcium 
carbirle, graphite, and many other products, required a world-total energy 
of thirty-nine thousand million kilowatihours in 1939 or about one-third 
of the total energy for all purposes generated in this country. 

On the other extreme in terms of power magnitudes but none the less 
significant in terms of capital invested and of importance are the tele¬ 
graph and telephone systems. The Bell System of this country today has 
assets of the order of five billion dollars, the largest of any single concern 
in this country. No sooner had the wire telephone become established 
than radio communication was made available — at about the beginning 
of the I'wentieth Century. Just as the telephone saw a j)rodigious develop¬ 
ment in its first twenty-five years so did radio. By 1925, radio communi¬ 
cation by code had been sufiplemented by voice and had become an 
adjunct to the telejdione. Broadcasting had become accepted. Today, 
three-quarters of a century after Maxwell's ])redictions of electromag¬ 
netic wavTS, not only voice but also facsimile and moving-image or tele¬ 
vision transmission are industrial activities of magnitude. 

11iat this kind of growth, with all it implies in industrial, social, and 
economic senses, has by no means ceased is emi)hatically demonstrated 
by brief consideration of the development of the branch of electrical 
engineering which has most recently come to industrial importance — 
electronics. FAadence of the atomicity of electricity was inherent in 
Faraday’s experiments on electrolysis. Tat(*r, through the work of 
Flucker, Hittorf, J. j. Thomson, and many others, the el(‘ctron was cor¬ 
nered and its electrical mea.sure was taken. By the turn of the century, 
the basic elements of the amplifier tube were at hand. 'JTe photoelectric 
cell was already here, and X-rays and .some of the products of atomic dis¬ 
integration were manifest. By 1907 the diode of Edison, long waiting, was 
to have a companion in the triode which DeForest termed an audion. 
The audion had, in addition to the hot filament and cold anode of the 
Edison tube a contro electrode called a grid. In the meantime Fleming 
had applied the Edison diode as a detector in radio reception and Lieben 
had a deflecting electron-beam type of amplifier tube. Thus it was that 
when a DeForest amplifier was demonstrated to telephone engineers in 
this country, they saw in it the means for doing well what could be done 
only partially well by the mechanical amplifiers which had been develop¬ 
ing since the eighties. By 1915, stored away in the electronics art were 
many variations of simple vacuum tubes and many tube-circuit arrange- 
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merits to give not only amplification but also oscillation, modulation, 
demodulation, triggiT control of arc discharges, and many other opera¬ 
tions — terms we need not ponder here. Today electronics is a vital part 
of electrical engineering. 

The social consequences of the development of electrical engineering 
are or equal imirortance and signifu'ance. Applied electrical engineering 
is vitally concerned with the service of mankind. A power company sup¬ 
plies electric energy, a telephone company furnishes communications 
service, an electrical manufacturer sells generators, vacuum tubes, or 
toasters. Thus human nature and human welfare become factors in the 
engineer’s equations, and, therefore, something more than the mathe¬ 
matical formulation of inexorable physical facts in their ap]>lication to 
inanimate materials must be in his training. To understand how this 
need aris(‘S one has only to consider a few simple illustrations. 

The convenience with w'hich light coula be distributed and power 
could be apjilied locally through motors in the cities w'here (hey were 
first available rapidly changed ways of living, (iradually, as it became 
economical to run lines into rural communities, peoi>le earlier isolated 
were given something of the city’s advantages, ihe introduction of elec¬ 
tric jiower engenderi'd quick urban transportation, of which a unique 
derivation is the sul)way. Vertical transportation made the modern tall 
office building feasible. In the majestic skyscrapers, eiiitomizing engi¬ 
neering triumphs, wx' have been giviai a new architecture a new beauty. 
The modern city is, in fact, a comjilex of engineering triumphs. And 
somehow the same electrical features which made the.se great concen¬ 
trations o^ humanity possible, namely, transjiortation, illumination, and 
communications, may now^ with equal force lead men back to the hills, 
valleys, and plains whem e it once drew them. dVl(‘}>hone, radio, sound 
and vision, and electric i)owa'r can foster decentralization. 

That electrical (Migineering W7is to be a community activity appeared 
earlier in this record. The comparatively heavy currents of electric trac¬ 
tion caused electrolysis of water pipes and thus interfered with another 
type of public service. i\)wer systems set u]) electrical interference which 
affected telephone conversations and thus raised prolilems of adjustment 
wdiich were complex because their solution required more than technical 
analysis; th(‘y required a co-operative study and the recognition of indi¬ 
vidual rights. Power and telephone systems reejuired franchises, which 
involved negotiations betwx'en compani(‘s and state. As in the ca.se of 
rights of way for railroads, power transmission and telephone systems 
became so extensive as to require national or interstate con.sideration. 
These relationships between service companies and the jiublic necessi¬ 
tated the establishment of city, state, and national regulatory bodies or 
commissions. Today radio broadcasting and other forms of communica- 
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tion, because of their extent, require not only national but also inter¬ 
national regulation. In these complex relationships, where regulations 
and laws must reckon with technical consequences, and technical achieve¬ 
ment with social consequences, the electrical engineer’s role is clearly 
one of great responsibility. 

In order to supply the apparatus necessary to make electricity useful, 
great new manufactures have been created. Necessarily, electrical engi¬ 
neers are vital elements in this commercial activity not only as techno¬ 
logical experts but also as researchers to undertake to supply new 
methods, ideas, and things. Because of the way in which electrical engi¬ 
neering has thus involved itself in private and public enterprise technically, 
economically, and socially over the past one hundred years, there has 
been a steady growth in the number of electrical engineers in administra¬ 
tive posts, not only in electrical undertakings but also in the public 
service and in other fields in which the electrical engineer is useful because 
of the discipline he has had. Faced with these responsibilities the broad- 
gauged electrical (‘ngineer, along with other engineers, has acquired a 
professional status involving a comprehensive and prime obligation to 
serve the public welfare. 

Hence there is heavy dependence on the education of electrical engi¬ 
neers, with one aspect of which — the technological principles of electrical 
engineering — this volume is concerned. 

In their technological aspects, the systems dealt with in electrical 
engineering are divisible into two main parts. The first includes tangible 
things - generators, motors, loud-speakers, transformers, electron tubes 
and related devices, instruments, api)liances all devised to make use 
of intangible charges and fields. I'he second comprises abstractions 
theories, analyses, formulations — devised to express these charges and 
fields. In the development of the art these two divisions are interde¬ 
pendent. The chapters which immediately follow are concerned with 
circuit theory, in which an electrical system may with sufficient precision 
be thought of in terms of combinations of elements characterized by 
resistance, inductance, and capacitance, together with voltage and cur¬ 
rent, that is, electric energy sources. For many purposes, for instance, the 
rotating generator may be considered a voltage source in series with a 
resistor. A battery and also the vacuum-tube amplifier may for many 
purposes be likewise represented. Again, a power or a telephone trans¬ 
mission line or a distribution network may be represented to a sufficient 
degree of approximation for many purposes by an arrangement of induc¬ 
tors, capacitors, and rasistors. Many circuit elements — the tuned cir¬ 
cuit of a radio set, for example - are in themselves combinations of coils 
(inductors) and capacitors. For some treatments, the transmission line 
may be thought of as a continuous distribution of elemental inductors, 
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capacitors, and resistors. Circuit theory is therefore a convenient stariinj^ 
point for a study of electrical engineering, because the tangible clenienl> 
of so many electrical systems may be expressed by means of these live 
fundamental circuit components and because, inherently, circuit theory 
is more readily grasped at first than is the basic field theory from which 
it is derived. 

Field theory as such must be invoked, nevertheless, when we are con¬ 
cerned with a problem that can not be expressed in these circuit terms — 
such problems as are encountered in the radiation and transmission of 
radio waves, the full consideration of electrical transmission ov<‘r wires 
and of electrical machines, and the analysis of nearly all asjx'cls > . ultra- 
high frequency j)henomena. It is toward this theory, which has. classical 
ei)itomt' ill Maxwell’s equations and which is necessary for the full 
understanding of electrical processes and phem'mena, that the student 
will progress. 




CHAPTER I 


Derivation and Evaluation of Circuit Parameters 

1. Circuit theory and its relation to field theory 

Though every problem in electricily and magnetism is basically n field 
problem, the engineer usually prefers not to deal with held quantities 
but rather with their integrated effects. That is, he prefers to deal with 
quantities such as voltage, current, charge, resistance, canacitance, 
inductance, rather than with held intensity, current deiisi y, charge 
density, resistivity, and so on. The possibility of characterizing a problem 
uniquely in terms of the integrated held effe( ts alone depends to some 
extent upon the nature of the associated energy loss. Energy may be lost 
within the .system itself because' of dissipation as heat* (called in ohmic 
loss), or it may be lost by escaping from tlie system in the form of electro¬ 
magnetic radiation. If the latter form of energy K^ss is a predominating 
feature of the ]woblem, the seal of the major piiLiiomenon is in the held, 
and the integrated effects are of merely collateral importance. If, on the 
other hand, the radiation is incidental and n'latively negligible, the inte¬ 
grated effects are predominantly important. In such a situation the essen¬ 
tial held relationshij)s are uni({uely determined in terms of the geometry 
and ph 3 ^sical properties of the system configuration, together with the 
potential difference (integrated electric-held intensity) and the inte¬ 
grated conduction-current density at a finite number of eciuipotential 
surfaces called terminals. This statement does not im])ly that displace¬ 
ment current must be ignored or that the system must be so constituted 
that displa('(*ment current has no j)art in the held phenomena. Within 
the system there ma^^ well be displacement currents, but, because of the 
presence of conductors upon which the electric disihacement or flux falls, 
the net effects are measurable in terms of the conduction currents in these 
conductors. The terminals of the system are particularly chosen conductor 
cross sections where displacement currc'iit from nc*ar-by conductor sur¬ 
faces is iK'gligible in com])arison with the conduction current over the 
cross sections. Since voltage and conduction current are readily measur¬ 
able quantities, it is effective, for the analysis of the electrical behavior, 
to formulate the equilibrium of such systems wholly in terms of these 
terminal quantities. 

Problems to which this tyi)e of analysis aj)plies arc called circuit proh- 

* Other internal losses such as maj^netic and dielectric hysteresis losses are nonlinear and 
are not included in the present argument. I’hey are customarily taken into account by ap¬ 
proximate means and have no bearing upon the question at hand. 

/ 
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lems, and the particular method of treatment which the present chapter 
introduces is called circuit analysis. 

It should be observed, however, that circuit analysis is an approximate 
form of field analysis and that it cannot in general be applied to prob¬ 
lems in which radiation in the form of electromagnetic waves plays a 
major role, as it does, for example, in the behavior of antenna systems for 
radio (ommunication. In the latter type of problem the behavior of the 
radiated held is only indirectly related to the voltages and currents of 
the antenna and its associated circuits. The wave-propagation i)henomc- 
non forms a major portion of the analysis and can be dealt with only by 
means of the held theory. 

Of course some j)roblems deal with the propagation of electromagnetic 
waves wliicJj are more specifically conhned to, or guided by, the circuit 
proc^uefng them, as in transmission lines for power or communication 
systems. Here the connection between the circuit and the wave is suffi¬ 
ciently intimate to jiermit an adequate treatment in terms of circuit 
aspects. The engineer, therefore, commonly refers to such arrangements 
as circuits, although the analysis of their detailed behavior involves meth¬ 
ods which (leal largely with the held quantities rather than with their 
terminal effects. 

It is thus rather difficult to define or circumscribe the circuit analysis 
as distinct from the more general field theory unless it is agreed to make 
the distinction on the basis of whether geometrical space co-ordinates 
are involved or not. The jmrpose of assumptions made in deriving the 
circuit relations from the held relations is to reduce the number of space 
dimensions of the system to one, or none, instead of three. 

2. ReDUC’TIONT of field relations to circuit relations 

Neither the simple circuit discussed in this article nor any other circuit 
can be solved rigorously by means of the held eciuations, even with the 
aid of the most advanced mathematics. In many situations, including 
thi‘ one to ])e considered, however, suitable assumptions make an approxi¬ 
mate solution practicable. As a first step in the direction of simplification, 
the electromagnetic phenomena associated with a stationary* system 
are grouped according to the following classiheation: 

(a) The electric fields in conductors, accompanied by pure conduction 
currents and the dissijiation of energy in the form of heat. 

(b) The electric fields in ideal dielectrics, accompanied by electric dis¬ 
placements and the storage of electric (potential) energy. 

(c) The magnetic fields associated with conduction currents and 
accompanied by the storage of magnetic (kinetic) energy. 

* By this is meant that the electric- and magnetic-field intensities do not var}'^ with time. 
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When a time variation is involved, there is associated with (b) a dis¬ 
placement current whose integrated effect at the boundaries between the 
dielectric and metallic conductors may be measured in terms of a con¬ 
duction current. In (c) the varying magnetic field induces, according to 
the Faraday relation, a voltage around a closed boundary which may be 
chosen so as to define with sufficient approximation the path of the 
associated conduction current. 

In Fig. 1 is outlined a simple 
circuit which consists of a battery 
with terminals a and h\ two 
lengths of conducting wire cjg 
and ha, long compared with their 
cross-section dimensions; two par¬ 
allel com hitting plates AF and 
IlG having large surface dimen¬ 
sions compared with their separa¬ 
tion, connec ted to the wires at g 
and h\ and a switch A in the bat- Fig. 1. Outline of a simple electric circuit, 
tery lead. The battery has a con¬ 
stant electromotive force E which, when K is closed, maintains a constant 
difference in potential b(*tween a and r, r being at the higher potential, 
or positive with respect to j. The wires arc assumed to be made of homo¬ 
geneous and isotropic material of conductivity y. The entire circuit is 
assumed to be immersed in a homogeneous, isotrojnc, nonconducting 
medium of permittivity £ and permeability m- A portion of the wire 
between c and/is formed into a coil in order to increase the energy stored 
in the magnetic field. 

With A open, there are no charges on j^lates AF and HCL If K is now 
dosed, there is motion of charge — current — in the wires temporarily 
until a new condition of equilibrium is reached. If it is assumed that 
current in the wires is uniformly distributed over the cross section, and 
that displacement current is confined to the region between plates AF 
and IIG, the elementary circuit relations can be developed by applying 
Faradays induction law, 

and the principle of the conservation of charge, 



►[ 2 ] 







4 DERIVATION AND EVALUATION OF CIRCUIT PARAMETERS 

Application of Eq. 1 is made somewhat clearer by reference to Fig. 2, 
which enables the field relations to be visualized somewhat more in 
detail. The line integral of electric-field intensity 6 is taken in the arrow 
direction around a closed path of length f coincident with the center lines 
of thewires and joining them through the battery, through the switch, and 
from to h between the jfiates. Since the cross-section dimensions of the 
wire are small compared to the dimensions of the circuit loop or the 
,r()ss-sec'tion dimensions of the coil, the actual position of the path of 
integration within the wire is not important. The magnetic flux density fB 
(lirectc'd downward across the hatched area s (bounded by the line 
around which S is integrated) is integrated over that area. This rule for 



Fir, 2 Sketch of physical parts outlined in Fig 1, showinjr space relations. 

establishing the correct algebraic sign relations in Faraday’s law, Eq. 1, 
is a form of Lenz's lauK 

The line integral ^6 • rff can be divided into three parts. The first is 
the electromotive forc'e E of the battery. The second arises from the 
electric-lield intensity 6.j accompanying and in the direction of the 
conduction-current density 


6 ^ 




[3] 


The third arises from the electric-field intensity accompanying and in 
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the direction of the electric displacement ® between the plates, 

&<j) = — • 1 

£ 

The result ofy*6 • d! between any points along the path is algebrai¬ 
cally a drop in potential In the direction of integration. This represents 
work done by the electric field on a unit charge. Outside the battery, as a 
charge moves in the direction from h to </, the field actually does work on 
the charge, which work in turn is dissipated or stored. Inside the battery, 
as a charge mo\es from a to h it actually does work on the electric field, 
which work it can do by virtue of the chemical (‘nergy received from 
the battery. Hence the first part of^6 • i/f, taktm from a to h inside the 
battery, is —K. For tlie second })art, integration is carried out in the wire 
only from b to / to g, and from // to a, and gives the result 

Vi = f ■ de - dt --= f ’ Jf = ^ = Ri, [5] 

J ' J y J ySi\ ys<\ 

in which f.j is the total length of wire, .v./ is thi‘ cross-S('ction area of the 
wire, R is the resistance of the win‘ a^ coinjuited for the steady state, 
and / is tht* conduction current. Since by assum|)tion there is no displace¬ 
ment current except between the plates,* F(|. 2 reads 



for an)" closed surface through which the wire passes. In Eq. 2a, since the 
current density is takeai algebraically as dircclcd outward all over the 
closed surface, the current at any wire* cross sedion 1 is the same as at 
any other cross sec tion 2, a fact which justifi(*s the use of i in Eq. 5 as 
unique for the wire. For the third part, integration is carried out between 
plates from g to h and gives the rc\sult 

Vcj) = f • df = f • c/fcp = ^ ^ 

4/ £ t/ SSij) SS(j) 

in which fcj) is the sjxu ing between jdates, % is the area of a plate, 5 is the 
elastance (reciprocal of capacitance) as computed for the parallel-plate 
condenser in electrostatics, and (j is the charge on plate AF. 

The surface integral, / • dss^, if taken over the shaded area as stated, 

must take into account the fact that magnetic flux within the coiled part 
of the wire crosses the surface repeatedly, essentially once for each turn, 

* In order for displacement current to be aljout one-billionth as great as the conduction 
current in a copper conductor, a frequency of about 10^ cycles per second is required. 
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if the coil is loiif' and closely wound. Hence if the number of turns is 
large, and the surface area l)etween the coil and the remainder of the 
circuit boundary is not great, substantially all the contribution to the 
integral comes from the coil. On the assumption that all the integral 
comes from the coil. 




d 

dl 


f 


m • f/5. 



d f* AiriiNi di 
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dl J ftji dt 
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in whicli fK* is the magnetic-field intensity inside the coil, N is the number 
of turns in the coil,i'^ is the axial length of the coll, % is the cross-section 
ar(‘a of the coil, and L is the self-inductance for a long solenoidal coil 
as computed for the magnetostatic state. It is emphasized, however, that 
inductance requires a closed path for its definition, and that hence to 
speak of the concentration of inductance between two points on an electric 
circuit, such as r/. Fig. 1, involves a certain degree of fiction beyond 
the mere concentration of a distributed effect. 

Combining the thr(*e parts of^6 • cZf and using E({. 7 give 

^6 • c/f = + v<i + v<j) = — A + + S(/ — —L [la] 


If Kq. 2 is written for a closed surface inclosing only one of the pair of 
plates, for example, AF, 


or 



1 d 

At dl o 

f 

dq 
dl ’ 

[2a] 

f hit + 



[2b] 


in which r is zero if the conden.ser is initially uncharged. The minus sign 
is used before the current /, because Eq. 2 is taken to represent the total 
current emerging from the closed surface surrounding the plate AF. If the 
ecjuation is taken to represent the total current entering the closed sur¬ 
face, the sign of the electric Ilux Airq must be made negative and the final 
result is the same as obtained. The substitution of Eq. 2b into Eq. la 
gives (if c is zero) 

+ Ri + sj idl = E. ►[lb] 

This is the usual form of the fundamental circuit equation for a single 
loop. The iarmfidt is usually understood to represent the total charge 
on the plate toward which i is directed, including the initial charge if 
any, in addition to the charge accumulated after i has started. 
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In the derivation of the fundamental circuit relations it is, of course, 
not essential to the validity of the result that the resistance take the form 
of a wire, that the condenser have large parallel plates, and that the coil 
be a long solenoid. These forms were chosen merely for simplicity. If due 
regard is gi\x‘n to the general assumptions and approximations set forth, 
the circuit parts may have any shapes. 


3. Some circuit terminology and conventions 

The quantities R, L, and S for their reciprocals) arc called the circuit 
parameters. 'rht‘y are merely mathematical quantities -- the coefficients 
in the corresponding terms of the differential equation - - and as such 
should be distinguished from resistance devices or resistors^ inductance 




lumped resistance 7? 

-- 



1 


lumped 

t ^induct-^ 
me c L 


•me c L< y 


//"fi / 

lumped cla&tancc S 


(a) 


resistanee element 


—HI-- 

capacitance clement 

•— 

inductance clement 

•-O-- 

source element 

(b) 


S Circuit representation by means of symbolic elements. 


coils or inductors, and condensers or capaeitors, which arc physical 
apparatus. It is cmiihasized that the parameters defined as coefficients 
in the differential equation generally have different values in circuit theory 
from the corresponding values based upon static definitions. These 
differences may be inappreciable in some cases and extreme in others. 

The parameters derived for the system of Fig. 1 are lumped parameters 
because they lead to a circuit representation such as that of Fig. 3a, in 
which each voltage component of Eq. lb can be imagined to be concen¬ 
trated or lumped between two particular points. It makes no difference in 
the terminal relations between voltage and current between points a and 
h, Figs. 1 or 3a, whether the resistance drop is distributed along the circuit 
or concentrated in one place. The same is true for the capacitance and 
inductance drops. In other words, in a lumped-parameter circuit, space 
considerations are unessential for the circuit analysis, except for the 
evaluation of the parameters themselves. However, in dealing with 
long transmission lines, for example, as is pointed out in Art. 5, it is neces- 
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•^ary to take into account the distribution of electromagnetic effects along 
tlie length of the line. If interest lies chiefly in the voltages and conduction 
currents rather than in the field aspects of the problem, a modified circuit 
representation may be used which is a one-space dimension or distributed- 
parameter representation. 

A resistor, inductor, or capacitor idealized to have only resistance, 
inductance, or caf)acitance, respectively, is called a circuit element. A 
source idealized to have no internal resistance, inductance, or capacitance 
is also called an element. Just as parameters are mathematical symbols, 
so arc elements circuit symbols, not physical apparatus. Conventional 
representation for the four types of elements is shown in Figs. 3a and 3b. 
The source representation of Fig. 3a is for a battery; that of Fig. 3b is 
more general, for any type of source. 

In circuit theory it is (iistomary to regard as source elements only 
those whi('h are ca])al)l(‘ of sustained energy transfer into the electro¬ 
magnetic system which the circuit elements represent. Source elements, 
hence, are sometinK*^ called artive elements. In contrast, resistance, 
inductance, and cay)acitance ehments are called passive elements, because 
thi‘y serve merely to dissipate or store the energy wliich the source trans¬ 
fers to the system and when not acted upon by the source are of them- 
.selves inacti\x\ The voltages of the j)assi\T elements in the circuit dis¬ 
cussed may be viewed as analogous to the reaction forces in mechanics. 
For example, a spring ('annot exert a force until .some active agent 
deforms it and in so doing transfers energy to it; of itself it is in¬ 
active. 

In the derivation of Eqs. la and lb it is important to notice that the 
direction of the electromotive force or rise in ]>otential of the source E is 
indicated by i)o1arity marks -f and — on the diagrams. Figs. 1, 2, and 
3a; that the direction of current i the rate of flow of positive charge 
— is rey)resented by an arrow; that the symbols t'<j) and re])resent 
voltage dro]).s in the direction of the current; and that the symbol q repre¬ 
sents the amount of positive charge on plate AE. In all such work the 
use of a ('onsistent system of symbols associated with a workable system 
of indic ating directions and polarities is of great imj)ortance. 

Additional circuit terminology and further evolution of a system of 
symbols are presented subsecyuently as needed. 

4. CiKNKRAL APPROXIMATIONS AND T.IMTTATIONS 

In the study of circuit theory the artive elements are taken for granted 
and accepted mer(‘ly as means of sustaining a potential ditTerence or a 
current by some mcT'hanism the operation of which is not of immediate 
concern. The study of practical sources or generators of various kinds is 
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of itself a large division of the field of electrical engineering, a part of 
which is treated in this series in the volume on rotating electric machin¬ 
ery. In circuit theory the primary concern is with the passive elements - 
their evaluation hy computation or measurement, the relations which 
associate \oItage, current, charge, electric or magnetic Ilux, jiower, or 
energy within each element or within the circuit as a whole, and the 
practical limitations of the method of analysis. 

Frequently a rather simple circuit representation suflices for the 
analytic study of the pcTiormance of a system. Jn jirohlems to whicli 
this simplified point of view apjdies, it is unwise to set down a circuit 
re})resentation vvhich takes account of more detailevl held relationships, 
d'he schematic circuit for a particular ph\ sical problem should be designed 
to meet the jiractical recjuirements. Overrefinement needlessly compli¬ 
cates the ^ubsecjuent treatment. On the other hand, a circuit representa¬ 
tion whii'li is inadecjiiate to account for all essential phenomena, or is 
iiuonsistent with the conditions under which the subsecpient analy.sis is 
interj)n‘ted, is obviously also inai>propriate. A circuit representation 
which is just adequate for the* reciuirements ol the problem in hand is 
sometim(‘s dilficult to set dowii at the outset and must occasionally be 
obtained by a j)ro('ess of succe.-^sive aj)proximations. 

As an (‘xamph‘, the circuit rejwesentation for a coil of insulated wire 
with a voltage applied to its terminals is considered. After the voltage is 
ap|ilied there is an electric lic'ld in the space surrounding the wire because 
dijTerent [xiints along the wire are at different j)otentiaIs. There is like¬ 
wise an electric field within the wire, and with it a c'onduction current. 
The concluclion currc*nt in turn has associated with it a magnetic' held, 
])art]y within the conductor cross section but mainly within the surround¬ 
ing medium. 

If the j)roblem is to detcTniine the relation between a steady applied 
voltage and the ultimatec'oncliu tion current, theade(|uatc‘ circuit arrange- 
mcMit is very simple. The voltage is given by a line integral of the electric- 
iic'ld intensity along a path which may be chosen to lie within the con¬ 
ductor from one terminal to the other. The dc'termination of this line 
integral recjuires a knowledge of the electric held within the conductor, 
and this same ficTl determines the conduction current also. Sinc'e the 
ultimate current is steady, there is no voltage of sc'lf-inclurtion; and, 
since the c^lectric htdd is stationary, there is no displac'ement current. 
Hence a knowledge of the resistance of the coil suffices to determine the 
conduction c'urrent. A resistance element alone then is the* schematic 
representation for the coil. The clcderminaticjn of the electric'-hc*ld dis¬ 
tribution within the conductor and consequently the computation of the 
resistance depend entirely upon the conductor geometry, as is discussed 
more specifically in subsequent articles. 
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Matters are somewhat complicated, however, if the applied voltage 
varies with time. Then the electric and magnetic fields likewise vary 
with time. The varying electric field is accompanied by displacement 
current, and the varying magnetic field induces a voltage according to 
Faraday’s law. Rough calculations show that, within the conductor, the 
displacement current ordinarily is entirely negligible in comparison with 
the conduction current and hence justify this commonly made assump¬ 
tion. For example, if in the conductor the electric-field intensity is vary¬ 
ing sinusoidally, it is readily demonstrated that the frequency at which 
the amplitude of the displacement-current density equals the amplitude 
of the conduction-current density is 2y/e. For copper, this corresponds 
to a frequency of about 10^^ cycles per second if the permittivity of cop¬ 
per is about the same as the permittivity of free space. The values of 
permittivities for metals are largely speculative, but it is inconceivable 
that they can be sufficiently large to invalidate the assumption of negligi¬ 
ble displacement current in conductors. Whether the displacement cur¬ 
rent due to the electric field outside the conductor is also negligible 
depends, among other things, upon the relative intensity of the field out¬ 
side as compared to that inside the conductor, and hence upon the geome¬ 
try of the coil. For example, the intensity of the external field depends 
uiK)n the proximity of various turns of wire which are at different poten¬ 
tials with respect to each other. Such adjacent turns act like small capaci¬ 
tances. The displacement current due to these capacitances depends also 
upon the dielectric constant of the insulating material surrounding the 
wire and the time-rate of change of the applied voltage. An approxi¬ 
mate calculation frequently suffices to show whether the net effect of this 
external displacement current is negligible compared to the conduction 
current within the wire in determining the resultant terminal current. 
For time variations ordinarily occurring in power engineering and for 
the usual coil configurations, the conductor current alone need be con¬ 
sidered (though the inductive effect of the magnetic field in influencing 
the electric-field intensity within the conductor may not be negligible). 
In such a case an adequate schematic representation is given by a series 
combination of a resistance and an inductance element, while for other 
operating conditions or coil configurations a capacitance element may 
have to be placed in parallel with the resistance and inductance elements 
in order adequately to satisfy the physical requirements.^ 

In these and more complicated cases, the process of determining a 
suitable schematic representation is to a certain extent based upon experi¬ 
ence gained through experimental measurement as well as upon calcula- 

' D. B. Sinclair, “ Residual Parameters in Resistance Standards,Gen, Rad. Exp., XIII 
(1939), 6 11, gives interesting and useful data. (A table of abbreviations used for names of 
periodicals is in the bibliography, p. 757.) 
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tion. By assuming various circuit arrangements and determining their 
behavior analytically, and by comparing this with the experimentally 
observed behavior of physical systems, a facility for predicting adequate 
circuit arrangements is developed. 

Through such combined analytic and experimental experience it is 
possible in circuit design to construct an inductor so that, under stated 
operating conditions, it will behave essentially like a series combination 
of resistance and inductance elements, or possibly as such a combination 
with a capacitance associated in parallel lo account sufficiently well for 
displacement-current effects. 

An entirely analogous line of thought may be used to hivestigate the 
ability of a pair of parallel conducting plates to simulate a hiinoed-capaci- 
tance element alone. Actually the associated conduction current within 
the j)lates and within the intervening dielectric may introduce an energy 
dissipation large enough to require the consideration of resistance ele¬ 
ments both in series and in parallel with the capacitance. Furthermore, 
the inductive effects of the conduction or disp^ irement currents may 
become surffciently evident to re(juire the consideration of inductance 
elements in order adecjuately to represent the observed behavior of such 
a capacitor. In the design of cajiacitors also, experience and calculation 
combine to dictate the jihysical configurations which can be represented 
adequately by a projxised arrangement of circuit elements. 

Various combinations of circuit elements for the representation of coils 
and condensers arc shown in Fig. 4. Depending upon circumstances, a 
coil may behave essentially like any of the three elements, and the same 
is true of a condenser. 

Although e.xperimental observation is an invaluable aid in the deter¬ 
mination of the circuit representation of a given physical problem or in 
the inverse }>roblem of designing a physical configuration to meet a 
desired circuit representation, at the same time the analytic aspects must 
be thoroughly appreciated. 

5. Fljrther c onsideration of the effect of time variation 

For circuit analysis to l)e reasonably simple, it is essential that the 
terminal relations for the elements be independent of the nature of the 
terminal voltages, currents, or charges as functions of time. The resist¬ 
ance, inductance, and capacitance elements should, therefore, have values 
depending only upon the geometry and fixed physical properties — 
resistivity, permeability, and permittivity — of the various portions of 
the circuit which they represent. In other words, the circuit parameters 
should be essentially constants. Constant-parameter circuits are called 
linear circuits because their behavior can be described by linear differen¬ 
tial equations. Their elements are called linear circuit elements. Simple 
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circuits for which the parameters are not constants owing to the fact that 
the physical properties of the circuit parts are not constant are analyzed in 
Ch. XIII. Such circuits are called nonlinear circuits; their elements are 
called nonlinear circuit elements. Complications under consideration in 
this article are apart from those which arise because of variable lesistiv- 
ity, permeability, or permittivity. 

As indicated by the discussion in Art. 4, parameters are strictly con¬ 
stant only when the field conditions are stationary. When field conditions 
vary with time, as they do when the voltaj^es and currents are not con¬ 
stant, the Held distributions are only approximately determined by the 
resistivity, permeability, permittivity, and geometrical configuration of 



capacitors 


tic, A. Circuit repirc^eiitations for inductors and cap)acitors. 

the system, riu* ajiproximation is, however, very good unless the time 
\ariations are extremely rapid. In order to show why this is so, the dis- 
charg(' of a parallel-]>late condenser* is considered. If the charges are 
somehow suddenly and completely removed, the elec'tric-field distribu¬ 
tion surrounding the jilates is at the first instant not influenced at all, 
bectiuse the stored potential energy due to this field cannot instantly 
vanish. I he only way it can eventually disappear is through some means 
of energy ])ropagation, and the only known means in this instance is that 
by which light energy pro])agates. The electric field at first begins to 
collapse in the immediate vicinity of the plates, and this changing electric 

♦ 'Fhc medium is assumed to lie free sp>acc so that piolarization phenomena mav be excluded 
trom the present argument. 
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field causes a displacement current and hence a magnetic field to appear. 
The interaction of the two fields gives rise to an energy-propagation 
phenomenon known as an electromagnetic wave. The collapse of the 
electric field thus takes the form of electromagnetic wave motion, which 
travels with a finite velocity. Points in space remote from the condenser 
plates experience the collapse of the field at a laterI'time. The rate of 
propagation of the wave equals the velocity of light, which in free space 
is about 3 X 10® meters per second, or about 186,0(X) miles per second. 

"Phus, while the electric field does not collapse simultaneously at all 
points in space, its disappearance at all points within distances compara¬ 
ble to the dimensions of the condenser plates (if these are of a size ordi¬ 
narily employed) is practically complete within an extremely short time 
interval. Since the electric-field intensities of an appreciable magnitude 
are confined to the more immediate vicinity of the condenser plates, mo.st 
of the stored energy disa})pears veiy quickly. 

For some prac tical pur|)oses it may, therefore, be legitimate to assume 
that the collapse is instantaneous, while in other 'ases this assumption 
may not be admissible. If the t barges on the ])lates tire removed and 
reaj)plied periodically at a very rapid rate so that the period of applica¬ 
tion and removal becomes comparable* in duration t^ the short time it 
takes the electromagnetic wave to travel a distance ecjual to the plate 
size or less, them the finite rate of collapse and restoration of the field 
must certainly become notict'able in the behavior of the system. For a 
c'ondeiistT j)late having a larg(\st dimension of about 20 ccaitimeters, the 
p(*riod has to l)e of the order of magnitude of 20' (3 X 10^‘0, or fj X 10”^^ 
second, corresj)onding to a frecjuency of X 10'\ or 1,500 megac^ycles* 
per second, in order for such considerations to become important. On the 
other hand, if the conductor system forming the* conden.ser consists of 
the parallel wires of a transmission line 100 miles in length, the wave- 
prc)j)agalion phenomenon and its influence upon that system’s behavior 
become important for applied frequencies of the order of magnitude of 
186,000/100, or 1,860 cycles per second. A quite notic(*able effect is 
experienced even at much lower frc^cpiencies. 

These considerations may be expressed more simply in terms of the 
distance which the electromagnetic wave* travels during one period. This 
distance is commonly referred to as the wavclengUL If the applied fre¬ 
quency is denoted as/, the velocity of the electromagnetic wave by \\ and 
the corresponding wavelength by the symbol X,t the following relation 
evidently holds 



* Alegacycles i.s an alternative for million cycles. 

t This should not be confused with the same symbol as used to denote flux linkage. 
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in any consistent system of units. Roughly, then, it may be said that if 
this wavelength is comparable to the physical dimensions of the system, 
the propagation phenomenon becomes an important factor in the sense 
that the capacitance parameter cannot be considered a constant inde¬ 
pendent of the nature of the applied voltage function. Alternatively, 
when X is large compared with the dimensions of the system, then the 
capacitance parameter can, for practical purposes, be considered a con¬ 
stant determinable from stationary-field calculations. In this case the 
time-rate of change of the field is slow enough to be practically synchro¬ 
nous throughout the region near the conductors — the region which con¬ 
tributes the major portion of the total potential energy. 

An analogous situation exists with regard to the inductance parameter 
due to a magnetic field produced by a system of current-carrying con¬ 
ductors. The frequency of the time-varying magnetic field and the corre¬ 
sponding wavelength as determined from Eq. 8 together with the physi¬ 
cal dimensions of the system enable one to estimate whether or not the 
calculation of this parameter from stationary-field considerations is 
admissible. The same applies to the calculation of the resistance parame¬ 
ter from the static electric-field distribution within a conductor and to 
the use of this value in cases where the field is nonstationary. 

In applying Eq. 8 for determining the wavelength corresponding to a 
given frequency, one must know the velocity of propagation, which 
depends upon the properties of the medium in question.^ In dielectrics, 
where the conduction current is negligible compared to the displacement 
current, the velocity of wave propagation is given by the relation 


while in conductors where the displacement current is negligible compared 
to the conduction current 


Thus in nonconductors: 


while in conductors: 



[10] 



1 

[11] 

1 

- ~ • 

\'fixy 

[12] 


^ Reference volume, Ch. XIV; N. H. Frank, Introduction to Electricity and Optics (New 
York: McGraw-Hill Book Company, Inc., 1940), Chs. viii, xiii. 
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In free space or in air is about 3 X 10® meters per second; 

in the more commonly used dielectric substances this value may be 
one-half to one-third as large. In considering the capacitance between 
conductors, only the field in the intervening dielectric is essential. For 
inductance calculations, the magnetic field within the conductors, as 
well as in the dielectric surrounding them, has a contributing effect, 
although the geometrical configurations are usually such that the internal 
field adds only a small fraction to the total magnetic effect. For these 
parameters, then, the frequency must be high or the physical dimensions 
large before their calculation by stationary-field methods becomes 
appreciably inaccurate. 

In the calculation of the resistance parameters, or of that contribution 
of the inductance parameter coming from fields within tb^^ current-carry¬ 
ing medium, Eq. 12 must be considered in estimating the degree of cor¬ 
rectness to be exhibited from methods ba.ed upon stationary-field 
assumptions. Here the usual magnitudes for X are quite small. For exam¬ 
ple, in tlie case of copper, Eq. 12 becomes 


, 0.415 41.5 

X = “T- or - ^ cm. 

X/ V 


[12a] 


Fatr at 60 cycles per second, which is the frequency used in ordinary 
alteniating-current power systems, this corresponds to a wavelength of a 
litUe more than five (enlimeters, or about two indies. For conductor sizes 
such as are used in large machines or jiower-lransmission lines and auxil¬ 
iary equii>menl, this wavelength is sufficiently near the physical dimen¬ 
sions to make the efTect of wave propagation im|x)rtant in the process of 
parameter determination. 

When the time variation of the fields is known to be simple harmonic, 
as it is in many practical applications, it is not very difficult to take these 
considerations into account in ordinary parameter calculations. With 
the resistance parameter, the effect is to increase its value over that which 
obtains for stationary fields. This corrected value holds only at the 
particular frequency considered, and is refemd to as the ejfective resist¬ 
ance. The inductance parameter is usually only slightly affected, since 
the internal fields are a small portion of the total. The effect is a decrease 
in the value of the inductance since the time-varying field penetrates less 
deeply into the conductors.'* 

A greater difficulty arises when the nature of the time-varying fields 
is not simple harmonic and in general not known, as in problems where 
the transient response of a system is sought. If the system is linear, a 
formal process of solution in terms of effective parameter values may be 

® Reference volume, Ch. XV. 
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set up utilizing Fourier integral methods,^ but the labor in carrying this 
through is ordinarily so great that one is forced to be content with a much 
more approximate solution or else to have recourse to an experimental 
measurement of the behavior. 

Whatever the conditions for a specific problem may be, and whatever 
refinement in circuit representation or parameter calculation may be 
found necessary, the point of departure in all matters pertaining to 
parameter determinations is the stationary-field consideration. This is 
true because the fundamental dednitions for the resistance, inductance, 
and capacitance parameters relate to electrostatic or magnetostatic 
fields. Before an extension to nonstationary conditions can be intelligently 
contemplated, the methods of determining parameter values from their 
fundamental definitions must be understood adequately. 

A word of caution seems desirable concerning the inductance parame¬ 
ter. It is pointed out in Art. 3 that the parameter definitions based on 
dynamic rather than static field conditions may depart from the static 
values quite substantially. The internationally adopted standard of 
inductance is, in fact, based upon the dynamic definition rather than 
upon the fundamental static definition. From what has already been 
said on this point it is necessary to interj>ret this definition of the induct¬ 
ance standard as the limit which this value approaches as the rate of 
time variation is decreased to zero. In many practical cases this refined 
interpretation may be wholly unnecessary; in others it may become of 
j)rimary importance. It is well to understand clearly the point at issue in 
order not to be misled in circumstances requiring a careful distinction 
between fundamental and derived definitions. The present-day tendency 
toward the use of extremely high frequencies in communication circuits, 
for example, makes more common the occurrence of problems involving 
this distinction. 

6a. The calculation of circuit parameters from their static 
definitions; the resistance parameter 

The general problem of resistance computation is to determine the re¬ 
sistance of a conductor such as that sketched in Fig. 5, between the equi- 
potential surfaces a-&. Unless the terminal surfaces of the conductor are 
equipotential surfaces for the given geometrical shape, the potential 
difference between them is not unique, and hence the resistance parame¬ 
ter cannot be defined. The surrounding medium is assumed to be non¬ 
conducting. Since static conditions are assumed, the electric field within 
the conductor is conservative and may be represented as the gradient 

* Id. Ch. VTII; G. A. Campbell, and R. M. Foster, “ Fourier Integrals for Practical Ap¬ 
plications,” Bell Monograph B-584. 
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of a scalar potential function 15. Displacement current is absent; there¬ 
fore the conduction-current field and hence & must be parallel to the 
lateral surface .9. Equipotential surfaces must then be normal to this 
lateral surface wherever they meet it. 

The current density ^ at any point within the conductor is propor¬ 
tional to the electric-field intensit}' 6. There are no sources within the 
conductor. The electric field is hence determined as for free space in the 
absence of charges. By Gauss’s theorem the number of S lines (or ^ lines) 
entering any closed internal volume must equal the number leaving this 




Fig 5. Portion of an electric Fig 6 Different'.*. 1 volume ii<;cd in derivation 
conductor. of diverpjerjce. 

volume. The number of 6 lines leaving or diverging from a closed volume 
per unit volume is called the divergence of & for that volume, abbreviated 
div S. For the conditions of the problem, the divergence of & for the 
volume and at all points in the volume is zero. Since 

S = — grad T), [13] 

the divergence of the gradient of is zero. That is, 

div grad 15 = 0. [14] 

The problem is to find that function for T") which satisfies Eq. 14, 
known as Laplace’s equation, together with the stated boundary con¬ 
ditions. It is possible to express Eq. 14 as a differential equation. This is 
demonstrated with the aid of Fig. 6, which represents a differential 
volume in the form of a cube with the dimensions Aar, Ay, and Az chosen 
to coincide in direction with a Cartesian system of co-ordinates. The 
X component of the electric-field intensity is denoted by and the 
value of this component at the point Xi by 6;^,. At the point Xi + Ax, the 
field intensity is expressible as 

b- +^ "4 


and the x comp)onent of the total number of lines diverging from the 
cubical volume is given by the difference 



- AxAyAz. 

dx 


[ 16 ] 
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The y and z comijonents 


have the analogous forms 

—— AxAyAz 
by ^ 


and 


b^z 

bz 


AxAyAz. 


[17] 

[18] 


The total number of diverging lines is the sum of these three components. 
The (In crgcncc for the (hi'fcrcntial cube, therefore, is this sum divided by 
the volume AxAyAz, thus: 


dx dy dz 


[19] 


The components of 6 can be expressed in terms of the components of the 
gradient of T), as expressed by the relations 


a°l') 
dx ’ 

[20a] 

an 

'dy ' 

[20b] 

aT) 

bz * 

[20c] 


Hence, in rectangular co-ordinates the Laplace equation 14 reads 


brT) fT) 


= 0 , 


►[14a] 


which describes conditions within the conductor. 

In simple situations a solution may be recognized by inspection. For 
instance, if in place of the shape given in Fig. 5 a rectangular parallele- 
t)i])ed is specified, and the x- y plane chosen parallel to the terminal planes 
c/, /i, then it is clear that both Eqs. 20a and 20b are zero or that T) is a 
function of c alone. Equation 14a then becomes 


a'^') 

[14b] 

TT = 0- 
bZ" 

A solution to this equation is 


T) = Mz + N. 

[21] 


in which M and .V are arbitrary constants. It is also recognized that this 
simple solution can satisfy the stated boundary conditions (l^") constant 
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over the terminal surfaces a and b, and the gradient of'!’) directed parallel 
to the lateral surface s). The field intensity is constant and equal to 

6 = - — = -M. [22] 

dz 

The potential difference between a and b is thus 

^ ah “ — M X (len<^th from a to ft), [23] 

and the total conduction current is 

I ah = —yM X (area of cross section), [24] 



Tlie solution of Kq. 14a, carried out for the .'>])ecial case of Eq. 14b is 
very simple. On the other hand, when the geometry is not so simple, the 
solution generally demands a very elaborate method, detailed discussion 
of which is out of i)lace here. In fact, the .straightforward mathematical 
method of attack just outlined can be carried through only in relatively 
lew cases where the geometrical configuration contains a certain degree 
of symmetry or uniformity which makes it possible to recognize at the 
outset the general character of the field configuration. For example, the 
conductor boundaries may have spherical or cylindrical or elliptic sym¬ 
metry, in which ( asc* it may be possible to integrate Kcj. 14a after tran.s- 
formation to j)olar or ellij)tic co-ordinates, that is, to such co-ordinate 
sy.stems as fit the resulting field configuration. Otherwise the strictly 
rigorous mathematical procedure must be abandoned simjdy because, 
with the mathematical methods of analysis available at present, the 
formal process of integration of Laplace’s ecjuation cannot be carried 
through. 

When the rigorous treatment fails, it is possible to resort to more 
approximate analytical, or to graphical methods, which are discus.sed in 
some detail in subsequent articles. In the meantime, the foregoing dis¬ 
cussion sufiices to show that the field-distribution problem is basic to the 
calculation of the resistance parameter and that the solution to this 
problem hinges upon the geometry of the configuration alone. The re- 
.sistance parameter is thus fundamentally a geometric constant of the 
system, except for its dependence upon the physical conductivity of the 
medium involved. 
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6b. The capacitance parameter 

In developing methods for evaluation of the capacitance parameter, 
the most general approach is to determine the capacitance between two 
conductors of arbitrary shape. When a potential difference is applied to 
these conductors, equal and opposite net charges are induced upon their 
surfaces. These charges ordinarily are distributed over the surfaces in a 
nonuniform manner which is determined by the geometrical shapes of 
lh{‘ two conductors and their relative orientation. 

If the applied voltage is constant, the resulting electric field surround¬ 
ing the conductors is stationary and hence conservative. A potential 
function I') may again be assumed for the determination of the field. 
Each conductor surface is evidently an equipotential surface; hence 
the S lines meet these surfaces at right angles everywhere. If in the sur¬ 
rounding space no charges exist, the potential function there again 
satisfies Laplace’s equation. The problem is thus essentially the same 
as the previous one and again depends entirely upon the geometrical 
configuration. 

Once the potential function is determined, the potential difference 
between the conductor surfaces is readily obtained. The surface density 
of charge a can be found for any point on the surface from the relation 

47r<r = £ 6 , [ 26 ] 

in which S is the electric-field intensity at the point on the surface. The 
net charge on one surface then can be found by integration, 

[ 27 ] 

The capacitance parameter is the ratio of this charge to the correspond¬ 
ing potential difference, 

[ 28 ] 


AUernatively the capacitance may, of course, be thought of as the total 
electric flux \p streaming from one conductor to the other, divided by Aw 
times the potential difference, 


C = 




[ 29 ] 


When the field distribution can be recognized by inspection of the given 
geometry, the capacitance is readily calculated. Otherwise one must 
again resort to approximations and graphical methods. 

For systems having more than two conductors, the elementary con- 
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ception of capacitance between two bodies is by itself inadequate. Im¬ 
portant examples of such systems^ are multiconductor transmission lines 
or cables, strings of suspension insulators on steel towers, the various 
arms and shields of bridge networks, and multielectrode vacuum tubes. 
By extensions of the idea of capacitance such systems can be represented 
by combinations of capacitance elements.® 

6c. The inductance parameter 

The general problem of inductance computation is to delfrnnne the 
inductance of a conductor system the current of which gives use to a 
magnetic field witliin the conductors as well as in the surrounding 
medium. Since both fields must in general be considered, the present 
problem is more complicated in detail although fundamentally wholly 
analogous to the two foregoing. This added con'plexiiy can be eliminated 
from the present argument, and tlie analogies can thu.-. be allowed to 
become more prominent, if the conductors are considered as having 
negligible cross sections compared to the surrouiuling space, for then the 
internal field plays an insignificant part. This h' frequently the situation 
in practice. 

Since a path carrying a steady current must be closed, it is helpful, 
for the present argument to think of the conductor system as a single 
closed loop of wire (with small cross section), although it is quite appro¬ 
priate also to consider, for example, two short linear sections of wire 
carrying equal and opposite currents (a more closely analogous case to 
that considered for capacitance calculation), which are part of a longi¬ 
tudinally uniform system such as an electrical transmission line. The 
inductance of the short })ortion is then an increment of the total. 

The basic problem again is to determine the field distribution in the 
region surrounding the current loop. If the current is constant, the mag¬ 
netic field is stationary. The magnetic field, like the electric field in the 
previous problems, is conservative and may also be represented as the 
gradient of a scalar potential function — a magnetic potential. In con¬ 
nection with the conservative nature of the field, a caution must be men¬ 
tioned which is peculiar to the present example. Conservatism of a field 
is tested by examining whether or not the line integral of the field inten- 

^ Representation in terms of capacitance coefficients, partial or direct capacitances is dis¬ 
cussed in the reference volume, Ch. XVIII; also in James Clark Maxwell, Treatise on Elec¬ 
tricity and Magnetism (.Sd ed.; Oxford* 'Fhe Clarendon Tress, 1892), I, 107-118; Alexander 
Russell, A Treatise on the Theory of Alternating Currents (2d ed.; Cambridge; at the Uni¬ 
versity Press, 1914), Chs. v, vi; Kdward Bennett and H. M. Crothers Introdmtory Electro¬ 
dynamics for Engineers (New York: Mc(iraw-Hill Book Company, Inc. 1926), Arts. 109 111; 
Leigh Page and N. H. Adams, Jr., Principles of Electricity (New York: I). \'an Nostrand 
Company, Inc., 1931), Art. 19. 
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sity tsiken around a closed path vanishes. This process is identical with 
testing whether or not the potential, difference between two points is 
independent of the path of the line integral used in its calculation. If this 
were not independent of the path, a potential function could not be 
defined unicjuely. In the present example such a line integral does vanish 
except when the path incloses the current loop. In the latter case the value 
of th(‘ integral equals Air times the inclosed current. 

In si)ite of this fact, the problem involves the determination of a pure 
j)otefitiaI Held in the surrounding space and can be attacked by defining a 
magnetic' TK>tenlial function ^ and writing Laplace’s equation in terms of 
tliis function. The solution then again depends upon the success in finding 
functions whic h satisfy this equation together with the necessary bound¬ 
ary conditions. 

With the magnetic field thus determined, the total flux <j> inclosed by the 
loop is expressed in terms of a surface integral of the flux density 5B formed 
over ar^y convenient surface bounded by the loop^ while the magneto¬ 
motive force F causing the flux is given by a line integral taken around 
any path encircling the wire. These are, of course, 

</) = fm^ds [ 30 ] 

and 

F -dt = 4wl. [ 31 ] 

The inductance parameter is the ratio of total flux to the current, or 

An alternative method of calculating the inductance parameter, which 
is useful when the contribution from that portion of the field within the 
eondiu'tor is essential, is based ujxm energy considerations. The first step 
in this method again requires the determination of the magnetic-field 
distribiilion. Then by integrating the relation for the energy density 
over the entire volume occupied by the field the inductance can be 
calculated from 

-^—dv = ]LI\ [ 33 ] 

This method avoids the necessity for calculating partial flux linkages 
(contributions from flux which links with only a portion of the total 
current) * correct formulation of which often requires extreme care. 

* .‘\rticle 10c, pp. 53-50. 
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7. A GRAPHICAL AID IN THE SOLUTION OF LaPLACE^S EQUATION 

When the problem of parameter calculation is attacked from the basis 
of Laplace’s equation, as discussed above, it is sometimes possible to 
obtain a solution graphically by plotting the field. By this is meant the 
drawing of lines (in suitably chosen places) which coincide in direction 
with the field intensity, and an orthogonal system of lines which represent 
the corresiX)nding ecjuiixnential surfaces. This process is discussed in more 
detail with the aid of Fig. 7, which represents an enlargement of a differen¬ 
tial j>ortion of an electric field in a j)lane normal to 
an equipotential surface at some |X)int. 

The lines marked T)i and *^^2 equi])otential 
lines in the plane of the paper and are tnices of 
equipotential surfaces, since the field is three- 
dimensional. 'The orthogonal lines are lines (d flux 
or current. I'he increnumtal distances di between 
])otenlial lines and da’ between fiow lines may be 
considered differential for the pur|K)se of the pres¬ 
ent argument, although ])racti< ally they must I . finite. The differential 
increment in voltage between the inKential lines is denoted by 

dV = Tlo - T),. [34] 

On the equipotential surface the flow lines have spacings such as dw 
in the plane of Id‘g. 7 and other spacings, for example, dz, in the direction 
normal to the plane of the figure. That is, w and s may be considered as 
being orthogonal co-ordinates lying on the equipotential surfaces, and f 
the co-ordinate orthogonal to a' and in the flow direction. 

'Fhe usefulness of the plot lies in letting each flow line represent a like 
increment in current, which may be denoted by dl. If the current density 
at the point in cjuestion is then dl is expressible as 

dl = ^fiwdz = y&diudZy [35] 

in any consistent system of units. Since the magnitude of this current 
increment is quite arbitrary, it may be chosen equal to any convenient 
magnitude. Thus if it is chosen to let 

d/ = 7 amp numerically, [36] 



1 lo. 7. I) fferential 
portion ot a lield map. 


it follows from Eq. 35 that 


6 = 


1 

dwdz 


v/m numerically. 


[ 37 ] 
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if the inks practical system of units is usedj that is, the electric-field 
intensity at any point is given by the density of flow lines at that point. 
This conclusion may be seen by recognizing that dwdz equals the square 
meters of area on the equipotential surface allotted to a flow line, that is, 

dwdz = sq m/flow line, [38] 

whence: 

, ^ - - = flow lines/sq m. [39] 

dwdz 

Furthermore, since 

v/m [40] 

it follows that 

jy -- V numerically. [41] 

dwdz 

The increment in voltage dV between adjacent equipotential surfaces is, 
of course, constant over any such surfaces. In addition to this, it is very 
useful for the application of the field plot to parameter calculations to 
make the voltage increment between successive equipotential surfaces 
the same along the flow direction. In other words, dV is constant through¬ 
out the field plot. 

In problems where the geometry is inherently uniform or symmetrical, 
Eq. 41 with dV constant leads to a uniformity in the ratios for the spacings 
dw, and dz which greatly facilitates the sketching of the correct field 
plots. Such a plot, correctly carried through, constitutes the solution to 
Laplace’s equation in conformance with the given geometrical boundaries 
and hence yields the field distribution from which a parameter calculation 
is readily made. 

A longitudinally uniform system of linear conductors of cylindrical 
cross section is a commonly occurring example for which Eq. 41 may be 
further simplified. Two subcases must be distinguished according to 
whether the flow is longitudinal or transverse. 

* In the following treatment, 7 must be expressed either in units of a consistent system 
used throughout the problem or in units conforming with whatever mixed system of units is 
used. Otherwise it is necessary to apply a suitable conversion factor to obtain the final results 
in the units desired. In fact, in actual graphical work, conversion constants commonly are 
required anyhow in order to obtain a reasonable spacing of lines on the drawing. The same 
applies to s and m in analogous discussions regarding the computation of capacitance and 
inductance. 



GRAPHICAL AID IN SOLUTION OF LAPLACE'S EQUATION 25 


If the flow is longitudinal, this direction coincides with the f co¬ 
ordinate. On account of the uniformity it is possible arbitrarily to let 

df = 1 m, [42] 

= 1 V, [43] 

and Eq. 41 then yields 

dwdz - 1 sq m. [44] 

Since there is no further relation to be satisfied, there is no reason why 
this last condition cannot be met by choosing 

dii} = ds = 1 m; [45] 

that is, the flow lines may be spaced uniformly in both dimensions of any 
plane normal to the flow direction. 

If the flow is transverse, then the z co-ordinate coincide, with the 
longitudinal direction. The .spacing dz must evidently be a uniform one 
throughout the z direction and may be arbitranlv set ecjual to one meter 
for convenience. For such a system, Eq. 41 reads 

dV = ^ constant [41 a] 

dw 


In the cross-sectional plane (thef w plane) the field plot is hence carried 
out in such a way that the equipotential lines and flow lines intersect to 
form .similar rectangles throughout. Unless the spacings and dw are 
truly differential in magnitude, the rectangles in general have curved 
sides and are called curvilinear rectangles. They do, however, yield true 
rectangles after sufficient further subdivi.sion. This fact is useful as a test 
in the making of freehand sketches of field maps. Since the constant 
voltage increment in Eq. 41a is arbitrary, the mechanism of sketching a 
field plot is further .simplifu’d by again choosing dV one volt, so that the 
condition on the spacing of lines becomes 



[461 


This means that all rectangles become squares, or the larger ones become 
curvilinear squares; in other words, wherever oblongs instead of squares 
appear, the field plot is incorrectly drawn. The similarity of rectangles is 
much easier to recognize when they are squares. The guide in sketching 
the field is thus simple, although for complicated cross-sectional geometry 
the process of carrying through such a plot is still long and tedious. 

\^en there is cylindrical symmetry with radial flow (normal to the 
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z axis), if n symmetrically s])acecl How lines per unit length divergi 

dwdz = —t [47] 

n 

and Eq. 41 becomes 

di = dr = [41b] 

n 

The spacing of concentric e(iuipotential cylinders varies as their radii. 
As noted in the general derivation for longitudinal uniformity with trans¬ 
verse flow, it is possible to make the flow map in any cross-sectional plane 
consist of s(|uares. 

When there is si)h(‘rical symmetry, with the flow in the radial direc¬ 
tion, the flow lines diverge uniformly and are uniformly spaced on any 
spherical eciuipotential surface. The density of lines is then inversely 
proportional to the square of the radius of the surface, or if, altogether, 
n lines diverge, 

dwdz = [48] 

n 


and by again choosing dV one volt, Eq. 41 becomes 


(if = dr 


47rr 

n 


[41c] 


The spacing of equipotential surfaces varies as the square of their radii. 
For spherical symmetry it is not possible to make the flow map in a cross- 
sectional plane (any plane passing through th(' center of the spheres) 
consist of squares. There it is evident that dw and dz are equal; so in any 
cross-sectional plane the flow map consists of rectangles whose dimen¬ 
sions must fulfill the ratio 


(if 

dw 



[49] 


which, for the choice of drr lines for ;z, becomes 


dw 


r. 


[49a] 


When the geometrical configuration exhibits rotational symmetry 
about an axial flow direction (for example, the electric-field map for two 
charged nonconcentric spheres), and r and 6 are polar co-ordinates in a 
plane normal to this axis, then it is possible to set 

dz = rdd, 


[50] 
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and by again choosing dV one volt. Eq. 41 becomes 



= tdO. 
die 

L4U11 

This may be further simplified by arbitrarily letting 



do = \ radian; 

[51] 

whence, 

II 

[5()a] 

and 

rff 

dio “ 

[41e] 


In any plane passing through the axis of rv)tation, the flow map consists 
of rectangles with varying rali(» of length to width, this ratio depending 
uj^on tht‘ distance of the rectangle from the axis. 

The result, E(j. 41e, is identical with lup 49a. This Is as it should be, 
because the spherical symnudry with radial How is a particular examj)le 
of rotational symmetry. It should be observed, however, that these last 
two cases impose a condition on the drawing of the map whicli makes it 
almost hopeless to carry through a plot by means of a jmx'ess of sketch¬ 
ing alone. In other words, the usefulness of this graphical method of 
getting a solution to La])la(x*’s equation is ])ractically limited to situations 
involving longitudinal uniformity, for which 


dw 


- 1 


[46] 


is the guiding principle. Any other configurations had best not be attacked 
by this method, even though it may be }K)ssible to formulate the neces¬ 
sary and sufficient conditions governing the line spacings. 


8. Parameter calculation from a orapiik^al flow map 

When a current ma]) has been drawn for a .specific example according 
to the method of Art. 7, each ilow line represents numerically y amiieres, 
while one volt is the increment between successive e(|uipotential lines or 
surfaces. If between the given terminal surfaces there are m e(iuij)ot(‘ntia] 
surface intervals and if over any cross section there are n current lines, 
the resistance parameter is 

V fn 

R = y = — ohms. [52] 

I yn 

When capacitance is being calculated, the flow lines represent electric 
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flux ^ and the equipotential surfaces are for electric potential, the same 
as when resistance is being calculated. Each line represents a flux of 
£ mks units numerically. Again, if there are n flow lines over any cross 
section, the total flux is 

^ = w£ = AirQy [53] 


where Q is the total terminal conductor charge. The capacitance parame¬ 
ter is then given by 


C = ^ 

V 4tV Airm 


farads. 


[54] 


In the calculation of the inductance parameter, the flow lines represent 
magnetic' flux 0 and the equipotential surfaces are for magnetic potential 
If each flux line represents /x webers numerically and if the map is 
constructed according to the methods of the preceding article (replacing 
6 by JC and T) by ^I), each increment between equipotential surfaces is 
one pragilbert. The total difference in magnetic potential is in this case 
usually taken around a closed path encircling the current which produces 
the flux. Hence the two terminal ’’ surfaces usually are the same sur¬ 
face. If there are w intervals between equipotential lines or surfaces as 
this closed path is traversed, the total magnetic potential difference is 

[/ -dt = m = irl = F, [S.S]’* 


where I is the total current inclosed. If the total number of flow lines 
crossing any equipotential surface again is w, the inductance parameter 
is given by 


0 47r0 

^ I ^ F~ 


Airflfi 

m 


h. 


[56] 


If the total current is divided equally among N paths or turns and if the 
current per turn is denoted by /<, 



/ = Nh, 

SO that 

F = AirNIt, 

and 

^ _ N<t> 47rN^<t> iirNW 


It F m 


[57] 

[58] 

[59] 


* The symbol V • dt represents any difference of magnetic potential, analogous 

to r, which represents a difference of electric potential. The symbol F ^ IK ' dt only when 
current is inclosed, termed magnetomotive force, is analogous to electromotive force F .. 
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9. Analytical methods of obtaining the solution to field- 
distribution PROBLEMS 

When a space distribution of charge density is specified, the corre- 
spwnding electric-field distribution is determined from the relation 

=\{£) r . Ao , [60] 

in which po is the scalar char;^e density at some point o, dv^ is an clement 
of volume at that point, and r,,,, the vector distance from to a point p 
where the field intensity is desired. 

Similarly from Ampere's rule, the magnetic-field distribution corre- 
s{)ondmg to a specified current-density distribution is determined from 

[ 61 ] 

in which is the vector current density at some point o, dvo is an element 
of volume at that point, and the vector disiance from e to a point p 
where the field intensity is desired. 

In order to be able to use these relations for the determination of an 
electric- or a magnetic-field distribution, the charge or current distribu¬ 
tions must, of course, be known. In many j)ractical problems of })aramcter 
calculation, these distributions can be determined exactly or with suffi¬ 
cient aj)proximation by inspection. For example, in an electrostatic prob¬ 
lem involving spherical or circular cylindrical symmetry of the conductor 
surfaces, the charge distribution over these surfaces is evidently uniform 
(except for short cylinders or near the ends of long cylinders). Similarly, 
in a magnetostatic problem involving straight homogeneous conductors 
of uniform cross section, the current density is uniform over this cross 
section and is uniform also in the axial direction in accordance with the 
principle of conservation of charge. In such problems or similar ones 
wherein advantage can be taken of .symmetry, (iauss^s theorem, 

• ds = iwj* pdvy [62] 

or Ampere’s circuital law, 

= 4ir / S ■ ds, [63] 

may be convenient to apply. In less .simple cases, the charge or current 
distributions can sometimes be obtained by the use of one of several 
ingenious methods of reasoning, as illustrated by the examples on pp. 67 
to 70. 

Whenever the charge or current distribution is knowm, the problem of 
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detennining the field distributions and the subsequent calculation of 
resistance, capacitance, or inductance parameters is preferably attacked 
by the use of Eqs. 60 or 61 or simpler variations suited to the particular 
problem. It should, however, be recognized that these relations may in 
themselves be shown to be consistent with general integrals of Laplace^s 
cciuation* for the corresponding geometrical configuration, and that this 
method of obtaining the resulting field distributions is merely a short¬ 
cut way of solving Laplace’s equation — not an independent alternative 
j)rocess. 

10a. Illustrative examples of parameter calculation; 

INTRODUCTORY REMARKS 

In the following discussion of examples illustrating graphical and ana¬ 
lytic metliods for the calculation of resistance, capacitance, and induct¬ 
ance, various typical problems occurring in practice are presented in more 
or less idealized form. A certain amount of idealization or simplification 
is always found necessary in the attac k on any practical problem in order 
to put it in a form whicli yields to sufficiently simple treatment, and yet 
embodies the significant features unique to that problem. The necessary 
amount or degree of idealization is sometimes slight, but at other times it 
effects significant departures from the actual physical situations. Yet 
many such analyses are useful, and even the crudest approximations are 
frequently sufficient, i)rovided that a proper interpretation is given to the 
results obtained. 

The various practical illustrations arc grouped or classified according 
to the type of geometrical symmetry or uniformity inherent in their 
associated field or flow pictures. Thus, for instance, the first group of 
j)roblcms com])rises those which exhibit longitudinal uniformity with flow 
in the longitudinal direction. Among this group are such problems as the 
calculation of resistance of uniform linear conductors with arbitrary cross 
section, the calculation of self-inductance of solenoidal coils or of coils 
having toroidal form when the radius of the toroid is large enough to make 
the curvature negligible (an approximation commonly made), and the 
calculation of the capacitance between parallel plates. All these problems 
exhibit essentially the same general flow ])icture, and the solution to one 
of them is, with slight modifications, the solution to the others also. A 
knowledge of this fact is obviously useful. At the same time, this pro¬ 
cedure very materially condenses the discussion of a large variety of 
examples. 

* Or Poisst)n’s t-qualion witliin the region occupied I)y charge. For the determination of 
the magnetic field this situation is he.‘^t treated in terms of a vector f)otentia1 which is related 
to current density by Poisson’s equation, just as the scalar electric potential is related to 
charge density. This is treated in the reference volume, Chs. IV and XIII. 
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10b. Loxgititox.uly uniform system of arbitrary cross 

SECnOX WITH FLOW IN THli LONGITUDINAL DIRECTION 

The geometn- is illustrated in Fig. 8. The cross section is shown on tlie 
left and a tyj.ical longitudinal section on the right. As pointed out in 
.\rt. 7, the flow map for tliis case is readily drawn, since the spacings dt, 
du\ and dz are all equal. 

If this representation is for a cylindrical conductor of arbitrary cross 
section and the resistance parameter for a length of f meters is desired, 
then, with the inks sy.stem of units, each interval dl is one meter and 
represents a jHitential dilference of one volt, and each flow line represents 



Fir,. 8 Map representing longitudinal flow in longitudinally uniform system. 

7 ani]K*iTs. If llic (ross-sot tional area is s stjuarc* meters, there arc s flow 
line^.. Hence from Ecj. 52 the resistante jiarameter is 

^ ^ ^ jL ohms. [52a] 

yn sy 

The use of the mks system directly for carrying out actual plotting in a 
situation taking t/f, t/i*.', and dz each as one meter and using y in mhos per 
meter cube obviously is rather absurd, because few j^ractical conductors 
have a cross section of one stiuare meter, and the plotting of fractional 
flt)w lines is rather hypothetical. Ordinarily it is more convenient, if actual 
plotting is carried out, to use the absolute electromagnetic system of 
units, involving (entimeters and abmhos per centimeter cube, and giving 
the result in abohms; or to use the mixed practical system involving 
( entimeters and mhos per centimeter cube, and giving the result in ohms. 
If it is still more convenient, arbitrary con.stants (‘an be introduc('(I to 
make the intervals dl\ (/tc, and dz whatever is convenient for plotting. 
However, since in this sim})le problem the actual drawing of lines is 
superfluous anyhow, except for illustration, the further discussion of units 
and conversion constants is postponed for the examples wherein plotting 
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may actually be carried out as a practical means of obtaining a result. 
In this example, instead of actually drawing flow lines and equipotential 
lines, the obvious thing to do is to compute the length and cross-section 
area of the specimen. These same comments apply to the calculation of 
capacitance and inductance which follow immediately. 

The longitudinal-flow picture, Fig. 8, may be thought of also as repre¬ 
sentative of an electric field within a dielectric having an arbitrary cross- 
sc^'tional shape. The equipotential surfaces a-a and h-b^ may heidentihed 
with the surfaces of a pair of conducting plates. The problem is that of 
d( termlning the capacitance parameter of this pair of plates. Unless the 
dielectric permittivity of the intervening medium is very large compared 
to that of the surrounding space, the field outside the medium cannot be 
neglected in contributing toward the value of the resulting capacitance. 
However, if the length F is small compared to the cross-sectional dimen¬ 
sions, the field is principally confined to the intervening medium, even 
though its dielectric permittivity is not large compared to that of the 
surrounding spact* The geometry of parallel-plate condensers used in 
practice conforms to this latter condition, and the flow picture is usually 
assumed to be uniform as pictured in Fig. 8, even when the mediums 
within and without are alike. Hence from Eq. 54 the capacitance pa¬ 
rameter is 


en _ es 
47rm AttF 


farads. 


[54a] 


In practice, in order to obtain sufficiently large values of capacitance 
with reasonable sizes, the separation F between conductor surfaces is 
made as small as possible considering the contemplated applied voltage 
and breakdown strength of the dielectric. Hence the approximation 
involved in this result is usually sufficiently good. It should not be for¬ 
gotten, however, that the presence of an external field as well as a modifi¬ 
cation of the flow picture in the vicinity of the edges of the plates does 
modify the actual parameter value to some degree. 

The capacitance parameter for the parallel-plate condenser also can be 
computed analytically readily. With the assumptions mentioned above, 
the charge distribution over the surfaces of the terminal plates may be 
considered uniform. 

By Gauss’s theorem, the flux at any cross section between the plates 
a-a' and b-b' is 

^ = 3)s = Awas = e&s. [64] 

Hence, 


e 


[ 65 ] 
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and 

Therefore 


Q = as. 


r = ^ = 

V 47rf 


farads. 


[ 66 ] 

[54b] 


The analytical computation can be carried out by integration of 
Eq. 60, using either rectangular or polar co-ordinates. 'Fhe latter is carried 
out as an instructive example, because it gives some indication of the 


manner in which the field intensity 
The condenser plates, jKirtions 
of which are shown in Fig. 9, 
are assumed to carry the unifomi 
surface charge densities dba. 
Since the effects of the two plates 
linearly siq^erpose, the* contribu¬ 
tions to the resulting field inten¬ 
sity at a point p may be 
calculated separately for each 
plate. The field intensity due 
to the differential surface area on 
the lower plate is 


is related to th<‘ charge distribution. 


I 



p — 


(Trdrd(t> 
+ /r) 


[60a] 


Fig. For derivation of capacitance of 
parallel-plate condenser, usin>; ring ele¬ 
ments. 


In integrating this with respect to 

4>, it should hi noted that the horizontal components cancel, so the resul¬ 
tant component of field intensity due to the ring-surface element becomes 


But 


{d&,) 


Tina surface 


ordr cos 0 


alirrdr cos 6 


cos 6 = 




[60b] 


[67] 


SO the resultant field intensity due to the uniform charge on the lower 
plate surface is 


Iwak p rdr 
'T “J 7r2 + /,2)3/2» 


[ 68 ] 


in which the limits of integration are for the moment disregarded. In fact, 
the foregoing integral is capable of yielding the desired result only if the 
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plate is circular and the point p is in the center, whereas the actual plate 
shape is considered to I)e arlhfrary and the section shown in Fig. 9 is any 
excised portion. 

Meanwhile it is instructive to evaluate the integral Eq. 68 between 
limits zero and R where R is, for the moment, any finite value. To facili¬ 
tate the discussion it is further useful to introduce the variable 


X = 


// 


[69] 


in terms of which Eq. 68 then becomes 


S = 



xdx 


[68a] 


A plot of the integrand versus x is shown in Fig. 10. This shows the rela¬ 
tive effect of contributions to the held strength 6 coming from charges 


-a 



Fig. 10. Plot representing contribution of charged ring elements to field 
intensity at />, Fig. 9. 


on ring dements at various radial distances measured from the point 
immediately below p. Thus the charge on the ring surface with radius 
///V 2 contributes most strongly, while the charge on more remote ring 
surfaces contributes in ra])idly decreasing proportion. At larger distances 
(x greater than four or five), the relative contribution drops off very 
nearly as l/.r^ or /r This means that the field strength is determined 
essentially by the surface charge in the more immediate vicinity of the 
point in question; so for points which are at least several times the plate 
spacing distant from the boundaries of the plates, the field strength does , 
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not depend upon the size or shape of the plates to any appreciable extent. 

This may be made somewhat more precise by evaluating the integral 
of Eq. 68a, which yields 



or, to a sufficient approximation, 



[68b] 


[68cl 


At points near the edges of the plates where // is not a negligible quan¬ 
tity, the field strength is not uniform (independent of Ji^ (‘ven for uniform 
surface distribution of charge on the jilates. Actually the surface density 
of cliarge near the edges is not uniform. For iliis reason it is useless to 
attempt a more j)recise interpniation of the present analysis. Edge 
(‘ffect can bi* takc'n into account more pn^c isely for a parallel-plate con¬ 
denser by methods of Ilux jilottmg outlined in ^ubsequcait articles. If the 
plates actually are (irciilar, rotational symmetry exists, but, as jiointed 
out in Art. 7, the conditions which this imi)Oses make i)lotting very 
laborious. If the plates are ri'ctangiilar and if at least one j)late dimension 
is large compared to the senaration, a precist' jilot can be made except at 
the corners (or cxcejit at the short edges for a long, narrow rectangle) 
by taking the longitudinal direction coincident with one edge of a plate, 
and thus reducing the jiroblem to one of longitudinal uniformity with 
transverse ilow. Such a jilot is illustratc'd in Art. 10c, lug. 23. 

If all edge effects are neglected, the field strength is again found to be 
uniform between the j)lates and, because of the effect of charges on both 
plates, is 


^ 47r(T 

C) = > 

e 


[68d] 


from which the capacitance as calculated from Eqs. 65 and 66 is readily 
obtained. 

The longitudinal-flow picture, Fig. 8, may represent also a magnetic 
field if the cylindrical surface is thought of as an indefinitely long, thin 
conducting sheet carrying a uniform current in the circumferential direc¬ 
tion. The flux density and hence the field intensity are uniform within 
the cylinder. The fact that there is no field outside the cylinder is ex¬ 
plained by the condition of longitudinal uniformity; that is, if there is 
any field outside, it is uniform; and the map consists of regular squares 
like the map inside. But this means that the field inten.sity is the same 
outside as inside and is independent of the distance from the current 
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paths. Since only a zero field inten.sity can satisfy this last requirement, 
the flow is entirely within the current sheet. From Eq. 56 the inductance 
parameter is 


Aviltl ilTftS 

m ! 


h. 


[S6a] 


In practice, a current sheet of this kind seldom occurs. Instead of actually 
existing as a current sheet of i amperes per unit of length, the current is 

commonly confined to the wire of 



Fig. 11. Single-layer solenoid. 


a closely wound helix as sketched 
in longitudinal section in Pig. 11. 
This configuration, called a single¬ 
layer solenoid, may be thought of 
as very closely approximating a 
current sheet having circular cross 
section, so far as the net field is 
concerned. If there are N turns in 
the lengths, the total current for 
this length is divided into N equal 


parts. Hence from Eq. 59 the inductance parameter for this length 


becomes 




h. 


[59a] 


It should not be forgotten that in the derivation of the field map for 
this case, the system is assumed infinitely long, or in the form of a closed 
ring (torus) of radius so large that the 
portion under consideration is essentially 
straight. When a solenoidal winding of 
finite length is considered, the flow map 
is altered, principally in the vicinity of 
the ends of the solenoid. This alteration 
is considered in connection with a subse¬ 
quent illustration. Equation 59a can be 
applied to such a case with only approxi¬ 
mate results, the approximation becom¬ 
ing better as the ratio of length to 
diameter of the solenoid increases. 

When the solenoid closes upon itself Fig. 12. Single-layer torus, 

so as to form a toroidal winding of 

mean radius R with a total of N turns as sketched in Fig. 12, Eq. 59a 
(with f equal to the mean circumferential dimension, 2x2?) applies with 
sufficient accuracy for many practical applications provided R is at least 
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several times the cross-sectional diameter. Otherwise the flow map for 
this case must be redrawn as discussed in Art. 7 for a system ha\injT 
rotational symmetry. The unih^rm squares of lig. 8 no longer apply, and 
the inaccuracy of Eq. 59a, tJu*refore, is apparent. 

The inductance parameter for the configurations just discussed can 
very readily be determined also by analytic instead of graphical means, 
since in these instances the current distribution is assumed to be uniform 
and thus known l)eforehan(l. Instead of proceeding from the Ampere-rule 
relation, Eq. 61, however, the work in this case may be considerably 
shortened by rec'ognizing the conseciuence of the longitudinal uniformity 
inherent in the system. 1'hus it may l>e said at the outset that the mag¬ 
netic-field intensity 3T can be in the longitudinal directit)n only; that is, 
has no transverse comjx)nents anywhere. By consideration of the line 
integral of IK formed around a path p which incloses no current, Fig. 11, 
it can be shown that the held intensity witlar the solenoid is the same at 
all points. It is the same because the transverse portions of the path 
contribute nothing, and since the value of the integral is zero, the longi¬ 
tudinal portions must contribute ecjual and ojiposite shares. Application 
of the same reasoning to the external path p^' leads to the identical con¬ 
clusion, namely, that the held intensity is the same at all points outside 
the solenoid no matter how far away from the current-carrying conduc¬ 
tors. Inspection of AmjKre’s rule shows that this constant value of the 
held intensity external to the solenoid must l)e zero. Finally, by ap)plica- 
tion of the line integral of 3T to the path /?', which is one meter in length 
and hence incloses i amj)eres, the held intensity within the solenoid is 
obtained: 


II 

4-^ 

N 

oersteds. 

[70] 

The total flux at any cross section is 

<t> = fJ( s — 

Air/J-Stj 

[71] 


and the inductance pariuneter for a length of f meters (which carries 
amperes) is 


<f> Att/jlS 

n ^ f 


h, 


[56b] 


which is the same value as obtained from the flow map. 


10c. Longitudinally uniform systems with flow in trans¬ 
verse DIRECTIONS 

The first configuration to be considered, illustrated in cross section in 
Fig. 13, consists of two concentric circular cylindrical conductors which 
are longitudinally uniform. The flow lines may be taken as the equally 
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spaced radii, and the system of equipotential surfaces as the concentric 
cylinders, that is, concentric circles as viewed in the cross-sectional plane. 
This general charac tei of the flow map is recognized by inspection because 
of the circular and concentric symmetry of the conductor boundaries and 

because of the well-known 
fact that concentric circles 
and their radii intersect at 
right angles everywhere. 

According to Art. 7, flow 
maps for systems having 
longitudinal uniformity and 
transverse flow are best drawn 
so as to yield squares. Though 
in drawing the flow map of 
Fig. Id, it may not be im¬ 
mediately obvious how to 
determine the relative spacing 
of radii and circles so as to 
form curvilinear squares, the 
condition of the sj)acings 
which yields true curvilinear 
Fig. Iv^ Map) of field between comfntric cylinders squares in rc'ality is readily 

derived. When the subdivision 
is thought of as carried to the limit of differential clcmients, the picture' 
should be comj)osed of true squares. In Fig. 13 one of the curvilinear 
scjuares in the upper left-hand portion is further subdivided to illustrate 
what may not b<‘ evident from the larger ones, namely, that true squares 
arc ultimately approached. If ])olar co-ordinates are used to describe 
analytically the system of trajectories which is involved in the plot, using 
the symbols r for radius and B for angle, differential radial and circular 
increments are expressed respectively by the quantities dr and rdd. 
If these are to be the sides of the squares, then the condition to be 
satisfied is 

dr = rdB, [72] 

Differential angular and radial increments arc related by 

- dr 

de- [72a] 



and hence larger increments are related by the corresponding integrals 




[72b] 
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^vhich yields for the larger increments 


(^ 1 . — ^i) == In 




[72cl 


If there are to be n uniformly spaced flow lines, it follows that 

ih - Oi) = —, 


[72(1] 


and the ratios of the radii of successive cin les must satisfy the relation 


f‘2 

ri 


[7S] 


In Fig. ;/ is arbitrarily chosen equal to 12, so Va\. /o Incomes 

r> M-.,- 


~ e 


n 


l.()875. 


[73a] 


The inner radius of the outer ^'onduclor in Fi^. 13 is 7.60 centimeters. 
Hence the radius of the next smaller circle is 


. cn 


the next is 


4.50 

i.6875 


= 2.67 cm, 


[74] 

[75] 


and so on, giving the series of values 

7.60; 4.50; 2.67; 1.58; 0.938; 0.556 cm. 

In the present illustration the radius of the inner conductor is arbi¬ 
trarily chosen equal to that of tlie smallest of this series of values so as to 
make the number of intervals lx*tween equipotential surfaces come out a 
whole number. If the inner radius is not one of the series of values, a 
possible method of procedure is to choose n larger and obtain a new series 
of more closely spaced values. If n is made large enough, the radius of the 
inner conductor iinally differs inappreciably from one of the members of 
the series radii. This is indeed the idea basic to the flow-map metliod of 
attack, namely, that the subdivision be carried to a point where any 
remaining fractional division may be dropped without exceeding an error 
consistent with the accuracy of the plot. Such continued subdivision is, 
however, cumbersome and time consuming. 

In a situation like the present one it may easily be avoided. For ex¬ 
ample, if the radius of the inner conductor is 0.50 centimeter instead of 
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• 0.556 centimeter, according to Eq. 72c this last interval in radii implies 
an angular increment of 

{62 - 0i) = In = 0.1059 radian. [76] 

The uniform angular increment of Fig. 13 with 12 uniformly spaced flow 
lines, however, is 

^ = 0.5237 radian. [77] 


Hence the last interval between the radii of 0.556 centimeter and 0.500 
centimeter corresponds to the fraction 


0.1059 

0.5236 


0.2026 


[78] 


of a normal radial interval. The total number of intervals between equi- 
potential surfaces for a number of flow lines is thus readily determined 
whether it comes out a whole number or not. 

If the annular space between the cylindrical conductors of Fig. 13 is 
filled with a homogeneous conducting material of conductivity 7 , the 
conductance between the cylindrical surfaces per unit of axial length is, 
from Eq. 52, 

Ga - “ = = 2 . 4 O 7 mhos/m [52b] 

mb 

if 7 is in mks units. However, in this example the units in which the 
squares arc laid off have no influence on the result; only the ratio of 
numbers of lines is of consequence. Hence the units in which the result is 
expressed depend solely on the units of 7. That is, if 7 is in abmhos per 
centimeter cube, the result is in abmhos per centimeter; if 7 is in mhos per 
centimeter cube, the result is in mhos per centimeter. A similar comment 
applies to the calculations of capacitance and inductance which follow 
immediately. 

If the annular space is occupied by a dielectric of permittivity e, the 
capacitance parameter per unit length is given by the same flow map, in 
which tbe radial lines represent electric flux instead of current. From 
Eq. 54, 

ws 12s 

if £ is in mks units. 

Lastly, this same flow map may be for a magnetic field due to equal 
and opposite currents in'the two conductors in the axial direction. The 
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concentric circles then are the flow lines and the equipotential surfaces 
are planes passing through the conductor axes, represented by the radial 
lines in the cross-sectional view of Fig. 13. The map is the same whether 
the flow is radial, as in the two preceding parameter calculations, or 
circular, as for the magnetic field associated with axial currents. 

If the currents are assumed to be confined to the adjacent conductor 
surfaces (as they frequently are on account of skin effect),® the magnetic 
field is confined to the intervening space. From Eq. 56, the inductance 
parameter per unit length is 

= 5.236m h/m [56bl 


if /I is in mks units. Here n is ec{ual to the number of flow intervals and m 
equal to the number of intervals between radial lines taken around any 
flow line. 

It is interesting that in this example 


= -i. , 

Ga Awy 

^ = JL, 

Lu 47rMy 


[79] 

[80] 


J-'uG u 


[81] 


This condition is characteristic of all systems of conductors having longi¬ 
tudinal uniformity and transverse flow* as may be generally appreciated 
from a consideration of the fact that in the flow maps for such systems 
the current or flux lines for the electric field are the equipotential lines 
for the magnetic field. These relations are useful in practice, since systems 
of the kind discussed in the present article exhibit the type of configura¬ 
tion commonly used for tran.smission lines and cables. 

The correctness of Kqs. Sob, 80, and 81, as ix)inted out, assumes that 
no current and hence no magnetic field penetrates inside the conductor 
surfaces. For stationary currents this assumption does not hold; these 
currents are uniformly distributed over the conductor cross sections. The 
modification in the inductance value is usually slight because the external 
field is by far the larger share of the total. The contribution to the induct¬ 
ance parameter due to internal flux linkages can be calculated analyti¬ 
cally, from a straightforward application of Ampere's rule; but, since 
the usual practical application is to nonstationary currents, I^q. 56b 

®This article, p. 52; Reference volume, Ch. XV; L. F. 

Power Transmission (2d ed.; New York: John Wiley & Sons,^.1^38), Ch. iii. 

Equation 79 is true also for longitudinal flow. 
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sometimes gives a result nearer the correct value than that to which a 
correction clue to a static internal field is added. 

The parameter calculations for the present example can be made on an 
analytic basis which jiarallels the graphical procedure closely and yields 
formulas which are more generally useful than the numerical answers for 
a specific cas(‘. 

For the ciiJcuhition of the conductance parameter, it is again necessary 
at the outset to know the general character of the flow map and, in 

particular, to know that equipotential 
surfaces are circular concentric cylin> 
ders. In Fig. 14, ^2 is the inner radius of 
the outer conductor, and ri is the radius 
of the inner conductor. Since the equipo¬ 
tential surfaces are concentric cylinders, 
the net resistance of a unit length evi¬ 
dently can be obtained by integrating the 
differential contributions due to such 
shells as the one from r to r + dr, between 
the limits ri and r 2 - The boundaries of 
such differential elements must be eqiii- 
})OtentiaI surfaces; otherwise the series 
combination is meaningless. Since the 
Fk;. 14 . Differential shell in solid resistance of an irregularly shaped con- 
cylinder, ductor can be calculated by an integra¬ 

tion process only after the equipotential 
surfaces have been (k'termined, the field must be mat)ped even for the 
starting point of an analytic method. The integral is 



R 


u 


Jr, 2 iryr ’ 


[82] 


the integrand is the resistance of the differential shell, calculated as for 
the linear flow to which Eq. 52a applies. For a differential length, such as 
dr in the ]m‘sent instance, this is evidently correct in a limiting sense. 

The e\’alnation of Eq. 82 yields 

1 \ 

Rji — — = -— In ohms for one meter [83] 

Gu r\ 


if 7 is in mks units. The analytic result of Eq. 83 is more useful, however, 
and shows, for example, that the resistance depends only upon the ratio 
of the radii and not ujxin their absolute values. By substitution of num- 
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bers for rj and r 2 


1 'l.iry 

'"olsS 


[84] 


as for Eq. 52b. 

In calculating the capacitance parameter analytically, either of two 
methods can be used. One is to do for what was just done for Ry namely, 
consider the net capacitance as the series combination of the capacitances 
of differential cylindrical shells. For this purpose it is, of course, better to 
work in terms of reciprocal capacitance or elastance. The other method 
is to determine the electric-field distribution by assuming a uniform dis¬ 
tribution of charge on the conductor surfaces. This assumption is justi¬ 
fied by the symmetry of the system. 

The fundamental method of calculating the electric-field intensity 6 
is to utilize Ftj. b() and integrate over the entire conductor surfaces. This 
is extrc'mely tedious although ]m>bably \ery interesting and enlightening. 
Another wa} of getting 6 is to show first that the charge on the outer con¬ 
ductor produces no field intensity within tiie region completely sur¬ 
rounded by that conductor, on the 
authority of Faraday’s ic(‘-pail experi¬ 
ment, or by application ol (lauss’s law 
t(^ an internal closed surfac e, con.sider- 
ing only the surrounding charge. 

Hence only the c harge on the surface 
of the inner c'onductor need be con- 
sidiTed. Owing to the radial and con¬ 
centric cylindrical symmetry, the fic‘ld 
between the conductors is the same as 
though the outer conductor were re¬ 
moved and the charge on the inner con¬ 
ductor were conc'entrated along a filament coinciding with the axis of the 
inner conductor. 

In Fig. 15 a uniform filamental charge di.stribution of q coulombs per 
meter is along the x axis. The net field intensity at the point p evidently 
is given by the integral 
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^ d&p cos 0 


Fir,. 15. Analysis of elerlric field due 
lo uniformly charged long filament. 


since the horizontal components cancel. For the evaluation of Eq. 85 it is 
necessary first to obtain 


d&p 


<\dx 
e(r^ 4- 


[60c] 
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by using Eq. 60, and to note that 


cos^ = 


r 


[ 86 ] 


Then, 


«/-00 


<\rdx 


S(r2 + 


.sf" 

erJ_^/2 


cos odd = 


h 

er 


v/m. [85a] 


From inspection of the integrands in these expressions it should be 
observed in passing that only the charge in the more immediate vicinity 
of the point p contributes materially to the field intensity. 

A third way of obtaining the field intensity is to apply Gauss’s law to a 
cylindrical surface of radius r one meter long, recognizing from the 
symmetry that the field intensity is uniform circumferentially and that 
hence 

^ [87] 


from which Eq. 85a follows. 

The potential difference between the inner and outer conductors is 
readily found: 


eJr, r e n 


[ 88 ] 


if £ is in mks units. Since the charge per unit length is q coulombs, the 
capacitance parameter per unit length is 


C = ^ = 

y 


2 In — 


farads/m. 


[89] 


By substitution of numbers for fi and 

e 


Cu = 


2 In 


7.60 

0.556 


= 0.1910e farad/m 


[90] 


as for Eq. 54b. 

Finally, the inductance parameter can be calculated analytically. 
The magnetic-field intensity can be obtained from the use of Ampere’s 
rule, Eq. 61, in a manner similar to that in which 6 is derived in Fig. 15. 
In fact the integrals are entirely similar, and one sees clearly by this 
method that the current in the immediate vicinity of the point in question 
contributes mainly to the result. From the symmetry, it follows that foi 
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the determination of the magnetic field outside the inner conductor, a 
current / may be thought of as concentrated along the axis. The current 
in the outer conductor produces no field intensity within the annular 
space, as is evident from Ampere’s circuital law. The magnetic-field 
intensity at any point between the conductors is 


J{ = 



Irdx 



cos 6d6 = 


2J_ 

r 


[ 91 ] 


Alternatively, by direct application of Ampere’s circuital law, the himiliar 
Biot-Savart law. Eq. 91 can be obtained immediately from 

lirnK = 4x7 [92] 

because, owing to the symmetry, D(' is uniform circumferentially. 



(a) (b) 


Fig. 16. Single-turn torus — Multiturn torus. 


The flux per unit length between the two cylindrical conductor surfaces 
is 

= r f^dr = Ifxl r = 2 )li/ In webers/m, [93] 

r Ti 

and hence the inductance parameter per unit length is 

Lu [ 94 ] 

/ ri ^ 

if mks units are used. By substitution of numbers for and f 2 

7 60 

Lu = 2 m In = 5 . 23 m h/m, [ 95 ] 

as for Eq. 56b. 

Figure 16 shows two additional practical inductance configurations to 
which the present analysis applies. The derivation is made by assuming 
the conductors to be infinitely long, but the flow picture, so far as the 
magnetic field is concerned, is not altered if at any cross section a conduct- 




46 DERIVATION AND EVALUATION OF CIRCUIT PARAMETERS 


ing wall is inserted which conducts the current radially from the inner 
to the outer conductor, as in the configuration shown in part (a) of the 
figure. I'his can be seen from the fact that the field is still uniform along 
any concentric cylindrical i)atii, and the current in the wall in no way 
affects the value of the line integral taken around such a path. Hence the 
inductance formula for the single-turn torus shown in Fig. 16a is simply 
I'iq. 94 multiplied by the length f of the torus, or 

L = In - h [94a] 

^1 

if mks units arc used. Such a single-turn torus is found to have relatively 
a small resistance loss at high frequencies^ as compared with ordinary 
coils, and is commonly used at such frequencies where only small values 
of inductance are required. 

For the multiturn torus shown in Fig. 16b the detailed configuration of 
the field is quite complicated on account of the many possible flux paths 
encircling one or more of the single wires. Nevertheless, a good approxi¬ 
mation to the inductance of such a coil is obtained by multiplying Eq. 94a 
by the square of the number of turns, according to the discussion pre¬ 
ceding Eq. 59. Thus if the torus has N turns, the inductance is 

L = 2WV In h [94b] 

Ti 

if mks units are used. 

I'he multiturn torus may be wound with a flat strip conductor instead 
of with wire, or may be obtained by cutting a helical slit in the single- 
turn torus in such a way as to finish at the starting point. For such a 
multiturn torus Eq. 94b is more nearly accurate because the field con¬ 
figuration departs very little from that for the single turn, especially if 
the slit is narrow. In the construction of such coils care must of course be 
takt'n to preserve the circular symmetry and longitudinal uniformity. 
This at the same time materially reduces the resistance losses, which at 
high fre(|uencies are lowest in configurations whose conductor surfaces 
are e\(‘rywhere parallel to the net flow direction. 

The second case considered in this article is that of two identical paral¬ 
lel circular cylindrical conductors which are uniform in the longitudinal 
dimension. Irigure 17 shows the appearance of the flow map in the cross- 
sectional plane. This can, of course, be obtained purely by graphical 
means, by noting that the circular cylindrical conductor surfaces must 
belong to one of the two families of orthogonal loci and that these loci 
must intersect so as to form similar rectangles (preferably squares) 

^ F. E. Terman, “ Sonic Possibilities for Low Loss Coils, ” I.R.E. Proc. XXIII (1935), 
1069-1075. 
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throup:hoiil. This method, however, is long and tedious, and in the end 
does not >'ield a basis from which to draw any more generally useful 
conclusions. 

ITis example is interesting in that it illustrates how analytic resource¬ 
fulness and ingenuity may serve to provide the solution to a problem 
when the so-called straightforward methods become too complex. As 
pointed out earlier, the straightforward mathematical method is to find 
a solution to Laplace’s eciuation which fils the given boundary conditions. 
Although this is not too difficult in this instance, it requires first that the 



Fa;. 17. Miip of field between two parallel cylinders external to 
rach other. 


proper system of co-ordinates be found for which the variables in the 
equation separate. This system in itself must be found wholly through 
mathematical resourcefulness, so that the so-called straightforward 
])rocess is not altogether straightforward. 

The })resent problem and other similar ones arc solved in a much 
simpler fashion. It is recalled from analytic geometry that a system of 
bijiolar circles forms a pair of mutually orthogonal families of curves 
having the ap)pearance of the j)lot in Fig. 17. I1ie points b and 6' are the 
poles. One family of circles has its centers on the vertical axis, and all 
these circles pass through the poles. The orthogonal family is an eccentric 
set with centers on the horizontal axis, all encircling either the pole h or b', 
As the radius of a circle in this latter set is decreased, the center moves 
toward, and finally coincides with, the corresponding pole, but for finite 
circles the centers are either to the right of b or to the left of b\ 
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The general appearance of this orthogonal set of circles immediately 
suggests that this may be the solution to the problem. Since the curves 
are all circles, any pair surrounding^ the poles b and b^ may be identified 
with the circular conductor cross sections. This fact and the orthogonal 
property of the<9e curves arc not by themselves, however, sufficient evi¬ 
dence that this map actually constitutes the solution to the given prob¬ 
lem. That is, it is known from the discussion in Art. 7 that, for the longi¬ 
tudinally uniform system with transverse flow, the families of curves 
must intersect to form similar curvilinear rectangles throughout. Until it 
is proved that the bipolar circles have this property, they cannot be 
accepted as yielding the desired solution. Although this property of the 
bipolar circles may be shown purely on a geometrical basis, an alterna¬ 
tive method which utilizes the electromagnetic features of the problem is 
simpler as well as more instructive. This method consists in assuming 
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Fig. 18. For analysis of field mapped in Fi^. 17. 


that the bipolar plot does constitute the solution, and investigating 
whether the electrical properties of the ]>ro))lem are satisfied. If no 
contradictions are met, the validity of the assumed solution is proved. 

In the physical problem for which the conductors carry equal and 
opjK)sitc net charges uniformly distributed in the longitudinal direction, 
the charges are not uniformly distributed circumferentially. vSince the 
circumferential charge distribution is not known, it is not possible to map 
the field by means of lOq. 60. However, since in Tig. 17 the circles with 
centers on the vertical axis represent electric flux lines for this problem, 
and since these circles all pass through the poles h and h\ the inference is 
drawn that the conductor charges may be considered concentrated along 
filaments located at the poles so far as the field external to the conductors 
is concerned. For such filamental charge distributions the field is readily 
calculated from Kq. 85a. If the corresponding equipotential loci and 
their orthogonal trajectories then turn out to be the set of bipolar circles, 
the sufficiency of the assumed solution is proved. 

In Fig. 18 the problem is to find the potential at the point p located at 
the perpendicular distances f\ and ^ 2 , respectively, from the unifonn fila- 
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mental charge distrihulions and —q coulombs per meter of length. 
From Eq. 85a, and since the tield intensity is the negative gradient of the 
ix>tential, 


& 



dr ’ 


[ 96 ] 


the potential funition has the form 



[ 97 ] 


Thus for the point /? in Fig. 18, 


c £ r> £ ri 

Equi})otentiaI loci arc evidently such curves lor which 


ri 


~ constant - k. 


In terms of the variables x and y in Fig. 18 this reads 

ih -f .v)“ -t y^ _ 

(/; - .v)^ + 


[98J 

[99] 

[99al 


.Niter multiplying out and collecting terms, one finds that this equation 
may be j)ut into the form 

(a* - -f y“ = r, [99b] 

in which 

2hk 


r - + 




and 


a — _j_ ^2. 


[ 100 ] 

[ 101 ] 


Efjuation 00b represents a circle with radius r, and center located on the 
.V axis at distance a from the origin. Since the values of a occur in positive 
and negative pairs, tlie circles come in such j)airs. These are the bipolar 
circles of Fig. 17 of which one surrounding each jx)le may be identified 
with a conductor surface. The orthogonal set of circles is not derived here, 
but it is useful to know that thc'se arc circles for which the angle between 
Ti and To at p in Fig. 18 remains constant. One circle in each family and a 
dotted circle passing through the jxdes h and h' are shown in Fig. 19. A 
number of simple geometrical relationships are indicated which facilitate 
the drawing of a family of circles. 
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As a result of this reasoning and analysis it is evident that for two 
parallel circular cylindrical conductors of radius r and axial separation 2(7, 
carrying longitudinally uniform charges of equal magnitude but opposite 
sign, the external field is determined as though these charges were concen¬ 
trated along axes in the same plane but separated by lb, as in Fig, 19, 
where 

b = \ V ~ 

The latter axes are eccentric and closer together than the conductor 
axes because of the mutual attraction between the surface charges, which 
is wholly responsible for the nonuniform circumferential distribution. As 
the separation between conductors increases, for a given conductor size, 
b merges with a. The charges may then be considered concentrated along 



Fj(; 19. For analysis of liohl mapped in Fi;^ 17. 


the conductor axes, and the tircumferenlial charge distribution becomes 
uniform, as it is for a single conductor. 

The resistance per unit length between the two conductors, when the 
surrounding medium is homogeneous with conductivity and dielectric 
permittivity y and e respectively, can be computed as follows. The volt¬ 
age between the adjacent conductor surfaces is 


2i] b -V a — r 2a b ~ a r 4q (7 -f N (7^ — 

F = In 7 --- i\n- -= In-» 

£ b — a + r £ b a — r £ r 


[ 102 ] 


and the total current per unit length leaving the surface of one conductor 
is 


i = ^ S • ds = ^ y& • ds = 


4:Tryq 


£ 


[103] 
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where the integral is taken over any unit of length of a shell completely 
surrounding the conciuctor. Hie resistance parameter for a unit length, 
therefore, is 


Ru - 


1 (/ + 
= -- In- 


\ a" - r- 


ohms for one meter, [104] 


or 


, wy 

Gu = - , -- mhos/m [104a] 

r 

if mks units are used. 

Hie eapac'itanee parameter per unit length is determined from 


Gu 


r 


p 



f- \ ir — r“ 

r 


farads/m 


[105] 


if mks units are used. If either Gu or C„ is known, the other can be 
olitained from luj. 79. 

WIkmi th(‘ sejiamtion between conductors becomes large compared 
with their radii, tlie following apjiroximate relations may be used: 


and 


1_ 

Ru 


Try 



r 




4 In — 
r 


[104b] 


[105a] 


In the calculation of the inductance parameter for this conductor 
arrangement, tlie necessity of considering internal, as well as external, 
flux linkages leads to complexity greater than that encountered in resist¬ 
ance and cajiacitance calculations. As jircwiously pointed out, the rela¬ 
tive importance of the internal linkages depends, for one thing, upon the 
conductor size as compared to the distance between adjacent surfaces; 
the importance of internal linkages depends also upon the frequency at 
which the value of the inductance parameter is desired. At zero frequency 
- ~ that is, for steady ( urrents the distribution of current density over 
the cross section of either conductor is uniform. If conductor size and 
spacing are comparable, the internal linkages are then important. On the 
other hand, at frequencies for which the wavelength within the conductor 
material is comparable with the conductor size or is smaller, the current 



52 DERIVATION AND EVALUATION OF CIRCUIT PARAMETERS 


density is much greater near the conductor surface and to a good approxi¬ 
mation the total current may be considered to reside within a relatively 
thin surface layer. This phenomenon of current crowding toward the 
surface of the conductor is called skin effect. When skin effect is pro¬ 
nounced, the importance of internal linkages is then far less, even though 
the conductor size and spacing may be comparable. 

Another impintiini feature enters into these considerations in connec¬ 
tion with the present problem, which is not in evidence in the previous 
problem involving circular symmetry. Not only is the current for larger 
frequencies crowded toward the conductor peripheries but it is crowded 
also toward the adjacent conductor surfaces, d'he latter phenomenon, 
quantitative establishment of which requires a somewhat lengthy analy¬ 
sis, is known as proximity ejffcct. When it is absent, as with steady cur¬ 
rents, the external magnetic field evidently can be calculated by assum¬ 
ing the net current to be concentrated along the conductor axes. When 
the proximity effect is complete,* however, a quantitative analysis 
shows that the distribution of the external field is correctly given by con¬ 
sidering the net conductor currents to be concentrated on the same dis¬ 
placed axes along which the charges were considered concentrated in the 
corresponding electric-lield problem just discussed. Since the skin and 
proximity effects are phenomena of essentially the same nature, the fre- 
c|uencies for which the one is found to be essentially complete will render 
the other essentially complete also. Under these circumstances there arc 
no internal linkages, and the flow map for the magnetic held coincides 
with that for the electric held. In Fig. 17, the loci encircling the con¬ 
ductors become the lines of magnetic-field intensity, and the orthogonal 
family the equipotential loci. In other words, held strength and ecpii- 
potential loci are interchanged as com])ared to the same map when 
representing the electric-held problem. 

If zhq in Fig. 18 is replaced by zt/, the magnetic-field intensity at a 
point on the x axis is given by the Biot-Savart law as 



+ 


21 

h “f" .V 


[106] 


The flux per unit length between adjacent conductor surfaces is 

= 2 m/ C \r~ 

= 2m/ [ - In {b-x)+ In {b + a:)f° [107] 

I J-(a-r) 

* By skin and proximity effects being comptete is meant the conditions which are approached 
as the frequency approaches infinity. 
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Substituting limits and making use of Eq. 101a give 

</>M = 4m/ In-- [107a] 

T 

The inductance parameter per unit length, therefore, is 

/.„ = ^ = 4m In h/m [108] 

if mks units arc uved. 

(Vnnparing this with UKS for the capacitance parameter, one sees 
again that 

LSu = Sm. [81] 

This and Va[. 108 assume, of course, that frequency is so high that 
skin and proximity effects are complete. Theoreticall} this assumption 
n‘(juires an infinite frequency, but for many practical circumstances 
th(‘se relations are very nearly corn*ct. With tliis nMriction on Ly, if 
either or is known, both the other quantities can be calculated 

by use of J0(i. 79, 80, or 81. 

It should be recognized, however, that for steady currents the external 
iield is calculated by assuming that the net currents are concentrated 
aking the conductor axes. The inductanc'e ]>arameter, considering the 
external held alone, is then given by replacing b by a in Eep 107 and 
obtaining after insertion of limits and dividing by I: 

2(2 — f 

Two = 4 m In —-— • [108a] 

This must be supplemented by components due to the flux which 
passes through the conductor cross sections. The determination of these 
comjKincmts, altliougli straightforward analytically, is quite laborious 
cvem in this rathc-r .siin])lc‘ c‘xample.^ In this article the result is derived 
only in ]:)art. The intcamal flux in c^ach conductor is considered in two 
])ortions: that clue to the current in the other conductor and that due to 
the current in the c'oncluctor under consideration. 

For the first portion the statement is made, without proof, that inte¬ 
gration of llux from the surface of one conductor to the axis of the other 
(instead of merely between surfaces) gives the correct result for total 
external flux linkages, plus the internal flux linkages of flux caused by 

^ A rigorous derivation is in the reference volume, Ch. XVIII, also in L. F. Woodruff, Prin¬ 
ciples of Electric Pcnccr Transmission (2d ed.; New York: John W'ilcy & Sons, ('h, iii, 

using llic method of geometric mean flistances. This method can be applied also to multicon¬ 
ductor systems. Other references on this method arc in the bibliography. 
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current in one conductor, with current of the other. That is, Eq. 108a 
is modified to read, 

r% 

Lui = 4/i In • [108b] 

Inspection of Fig. 20 indicates that this internal flux links on the average 
al)out half the current. Hence it seems at least plausible that to integrate 
to the axis of the conductor and to consider that the flux between the 
inner side of the conductor and the axis links all of the current gives 
about the same result. 

For the second portion, the calculation is not difficult. The distribu¬ 
tion of magnetic-field intensity within each conductor due to the current 



in the conductor under consideiation is symmetrical; that is, it is the 
same as for a single isolated conductor. If in Fig. 20 the radius is r and / 
is the total current, application of Ampere’s circuital law to the circular 
path with radius x gives 

= ^5^ : [109] 


because the current inclo.sed by this path is x^/V“ times the total. Hence, 
within the conductorXj is given by the following function of x 




2lx 


[ 110 ] 
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In Fig. 20, STj. is shown plotted versus x over the internal and ovcm* a 
j>ortion of the external region. 

In order to calculate the internal-inductance component by the method 
of flux linkages, a differentia) cylindrical element of thickness dx is con¬ 
sidered. The flux per unit length of conductor within this element is 
uKxdx, and this flux links with the fraction x“!r of the total current. The 
flux linkage contributed by this element of cross section is therefore 

(/X„ = iJCM = -''J \isjx - 'T! d4> = • [111] 

r" r 


The internal linkages per unit length of one condu<'tor are found by inte¬ 
grating this expre.ssion over the cross section: 


X 


u 



[ 112 ] 


The internal flux linkages for the two conductors are twice this value. 
Idle internal contribution to the inductance is 


L.,> = fx h/m 


[113] 


if M is in mks units. 

Tile same result may alternatively lx obtained from energy considera¬ 
tions. The energy density for an internal ])oinl is 


/xT7{“ fjil^x" 
Stt "" 27rr‘*~ ’ 


[114] 


The volume element is 

du ^ iTTxJx^unit length. [1^5] 

Hence the differential contribution to the internal field energy is 

I^x’^ 

dW = lOrndv =-■ ^4 - length. [ 116 ] 


The total internal field energy for both conductors per unit length is 

2m/" r , . a/" 


But 


Wu2 = 2 f dir„2 = '^4 T OI?dx = ^ 

«/ T J I 


[117] 

[118] 


Lu2 = M- 


SO again it is found that 


[119] 
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The total inductance per unit length at zero frequency for the pair of 
parallel conductors is given by the sum of Eqs. 108b and 113: 

Lu = Lui + Lu 2 = m ^1 + 4 In —^ [120] 

For the frequencies or geometrical relationships usually encountered in 
communication i)ractice, either the internal increment is negligible and 
then Eqs. 108 and 120 amount to essentially the same thing, or the skin 
and proximity effects cause Eq. 108 to be more nearly correct than 
Eq. 120. In calculations for power-transmission lines, the contribution 
due to the internal linkages is usually considered, although even here it 
adds a correction of only a few per cent. 

The solution to the parallel circular cylindrical conductor problem 
illustrated in Fig. 17 immediately yields the solution to a number of 



Fig. 21. Map of field between a plane and a cylinder parallel to it. 


related problems. For example, if the two conductors have different 
radii, the held map is still given by the loci of Fig. 17, where now two 
unequal circles about d and d' are chosen to represent the conductor sur¬ 
faces. The reader may, as an exercise, determine the parameter formulas 
for this more general case. A special case of particular simplicity and 
interest occurs if one of the conductor radii is allowed to become inhnite 
for a constant separation between adjacent surfaces. The result is pic¬ 
tured in Fig. 21, which represents a circular cylindrical conductor oppo¬ 
site an infinite conducting plate. Through comparison with the previous 
example, it may be stated by inspection that the resistance and inductance 
parameters are now equal to one-half their previous values, while the 
capacitance parameter is doubled. 

Another valuable point of view is obtained by considering Fig. 21 as 
the upper half of Fig. 17 turned on its side. The lower half is the image of 
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the upper half. It may be said, therefore, that the field distribution hr 
the problem of Fig. 21 is obtained by considering the conductor of radius r 
together with its image with respect to the conducting plane. This artifice, 
called the method of images, was generally introduced in connection 
with problems of this sort by Lord Kelvin* (William Thomson). Further 
generalization of this principle leads to a valuable aid in the attack on 
more complex jiroblems of this nature. 

Practically, the situation illustrated in Fig. 21 may occur in cases where 
a single conductor is used for the transmission of electromagnetic waves 
with the earth serving as the return conductor. The exact location of the 
surface of the theoretical conducting plane is, in such a case, rather ditti- 
cult to determine. At lirst thought it might be supposed ihat the earth’s 
surface is to be identihed with this ]>lane, l)Ut since the current actually 
returns throughout a layer of aj^preciable de])th, this is obviously not an 
altogether correct view. Furthermore, cenaiii layers of the earth’s crust 
at various depths may have widely varying conductivities, and the 
current favors those layers having the higher conductivities. Sometimes 
the to])soil is dr}^ and sanely (a ]X)or e'onductor), whereas a layer at greater 
(k'pth is moist and e'ompact. Fvidently somt‘ knowledge of the geological 
strata is essential in dealing with problems of this sort. It is also signifi¬ 
cant that throughout the length of transmission such conditions anel 
hence the parameters may vary con.siderably, with corresponding varia¬ 
tions in the transmission ])ro])ertie‘S of suc h circuits. These matters arc 
sometimes of ('onsiderable importance. 

It has been pointed out that the only problems jmictically susceptible 
to gra{)hical solution are those in which longitudinal symmetry exists. 
For thos(' illustrations invohang longitudinal flow, introduced as an aid in 
establishing the theory and procedure, it was pointed out that actual 
graphical work is superfluous for the numerical evaluation of a particular 
parameter, since the comjnitation can be made directly in terms of length 
and cross-section area of the spetimen. Likewise in the examj)lesof trans¬ 
verse flow given thus far, analytical computation is simpler for obtaining 
actual numerical results because the geometric configurations chosen 
lend themselves readily to the use of simple mathematics. Therefore as 
final examples in this classification it is instructive to consider some shapes 
which lend themselves to simple graphical solutions but require very 
complicated mathematical analysis.! 

For this purpose a conductor having a right-angle bend is first selected, 

* Although Kelvin is generally credited with having introduced the method of images as 
an aid in the solution of problems of electrostatic induction, the method was apjjarcntly 
known earlier in the field of mathematics. 

t Field mapping can be carried out experimentally by locating equipotential lines in an 
electrolytic tank or on a shect-mctal model with the aid of a potentiometer circuit. 
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Fig. 22. In the solution of this problem graphically, the sole criterion is 
that the flow lines and cquipotential lines must intersect orthogonally on 
a cross section so as to form curvilinear squares. Hence the procedure is 
to sketch flow lines and cquipotential lines by trial so as to form such 
squares. The test of any trial map is in the subdivision of the squares. If 
by continued subdi\'ision the curvilinear squares appear to approach 
true squares more and more closely, the trial is a good guess; if they do 
not, a poor guess has been made and a new trial must be started based 
upon the apparent mistakes of the previous one. 

in Fig. 22, fu is a unit of length in the longitudinal direction, and the 
current is directed from li to ( 2 . Since the nonuniformity of the current 



density evidently is most pronounced in the vicinity of the bend, this 
region is the most difficult to maj). A good way to begin is to draw first 
the diagonal cquipotential line in the corner, which, by symmetry and by 
uniformity of the dimension a, is evidently correct. That is, the map is 
symmetrical about this diagonal. Next the central current line is sketched, 
by guess at first, recognizing that the current is parallel to the conductor 
sides at large distances from the bend and that it tends to hug the inside 
corner because of the lower resistance of this shorter path. Next a number 
of curvilinear squares may be sketched by drawing additional equipoten- 
tial lines to each side of the diagonal one. If the central current line has 
been correctly placed, this initial attempt at producing squares is success¬ 
ful, although it is at this stage rather difficult to recognize whether or not 
the meshes are true curvilinear squares. If this first attempt looks promis¬ 
ing it may be checked more carefully by further subdivision, that is, by 
adding more current and more potential lines so as to divide each square 
into four sections. This process is continued until results of sufficient 
precision are obtained. Then if there are m equipotential lines (including 
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one of the terminal lines) and n flow lines (including one of the border 
lines), Eq. 52 gives 

^ mhos/m [52c] 

Ru m 

if 7 is in mks units. As previously discussed, the resistance for one unit of 
length in the f direction can be obtained in ohms per centimeter, abohms 
per centimeter, microhms per centimeter, etc., merely by exj)rcssing y in 
the proper units. It is interest¬ 
ing that the actual conductance 
per unit length is independent 
of the actual dimensions: All 
geometrically similar figures hav¬ 
ing the same conductivity have 
the same conductance per unit 
length. 

A second examjile of graphi¬ 
cal solution is illustrated by 
Fig. 2v^, in which the field of a rec¬ 
tangular parallel-pi ate conden¬ 
ser is map}H‘d, taking into ac¬ 
count edge effect.'^ As mentioned 
in j)art (b) of this article, this 
map represents a unit of length 
not near an end of a long, rec¬ 
tangular ])arallel-j)late condenser 
having small .sjiacing between 
plates compared with the jilate 
dimensions. If there are m e(jui])otential lines (including one of the plates) 
and n flow lines (for the entire figure), the capacitance per unit length is 

Cu = farads, ni [54] 

47rw 

if £ is in mks units. 

Figure 24 shows a third, and more commonly encountered, example of 
the application of flux jilotting to the determination of a parameter w^here 
analytic treatment is difUcult if not impossible. This figure represents a 
section through th(* rotating pole and stationary armature of an alterna¬ 
tor, the section plane being perpendicular to the axis of rotation. Tht 
problem is to determine the reluctance of the air gap per unit axial length 
of the machine. 

® This illustration is taken from James Clerk Maxwell, A Treatise on Elecfridly and Mafinet- 
hm (3d ed.; Oxford: at the C'larendon Press, 1892), 1, l’'ig. XII. 



Fi(i. 23. Map of field at edge of parallel plate 
(ondeiiser. 
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In practice the stationary armature, represented by the arc ABC, 
contains a large number of radial slots into which the armature conduc¬ 
tors are inserted. It is found that, provided the air gap is increased, a 
smooth arc representation of the armature, as in the figure, conveys the 
effect of these slots with sufficient accuracy for the graphical analysis. 
The amount of increase in the air gap necessary may be determined from 
the depth, width, and number of slots. For the present problem, the gap 
may be assumed to have been so increased. 

A second assumption has to do with the permeability of the iron. 
Under ordinary conditions this permeability exceeds that of the gup by a 
ratio of the order of a thousand. Therefore the assumption of infinite 



Fig. 24. Map of magnetic flux in air gap of alternator. 

permeability, or zero reluctivity, for the iron compared to the gap is 
justified within the accuracy obtainable from a graphical solution of this 

The face of the rotating pole is ordinarily shaped to give such a flux 
distribution that the voltage induced in the armature conductors is 
sinusoidal in form. The flux distribution can be obtained from the flux 
plot also, but this is outside the immediate jirolilem of determining the 
reluctance. 

The plot may best be drawn by laying off radial lines, beginning at the 
center of the pole in such a way that squares are produced by these lines 
and the boundaries of the armature and pole faces. The central equi- 
potential line may then be drawn, and further subdivision carried out 
where it is necessary to check on the accuracy of the map. The radial line 
AD divides the armature at a {Kniit equidistant between pole centers. 
Hence any flux which does not reach the armature between C and A does 
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not reach it at all and therefore is not useful for the purpose of the 
problem. 

If there are m equipotential lines, and the corresponding number of 
flux lines is n, the reluctance of the half pole for one unit of axial length is 


U m 

.Ai,2 = 7“ = “ *'0 
4 >\ '2 


[ 121 ] 


where vq is the reluctivity of free space (the reciprocal of the per¬ 
meability), and the permeance per unit of axial length is 


1/2 


m 


[I21al 


For a full pole the reluctance is half as much, and the permeance twice 
as much, as for a half pole. 

In the inks system i^,) is 10', and in the machine represented w is 2 and 
H is about 17.6. 71ierefore, for a full pole 

2 X lO" 

~ - 5.7 X lO’*^ pragilherts weber for 1 m [121b] 

“ ^ ^ axial length of pole, 

- 0.176 X 10“'’ weber pragilbert/m of axial length [121c] 
of pole. 


lOd. Systems having spherical symmetry 

A system exhibiting spherical symmetry, occurring commonly, is illus¬ 
trated in cross section in lug. 25, which consists of two concentric spherical 
conducting shells. Idle interviaiing space is tilled with a homogeneous 
material having a conductivity y and a permittivity e. 

As pointed out in Art. 7, the utility of the graphical method is confined 
practically to two-dimensional jiroblems and is then used primarily where 
analytic methoils are hopelessly complicated, or for the yiurpose of lend¬ 
ing physical visualization to a jiossible analytic attack. The field plot of 
Fig. 25 can be drawn by spacing the flow lines and equipotential surfaces 
so as to satisfy Eq. 41c. Howcvxt, in this example an analytic method is 
not only simpler and more direct but more generally useful as well. On 
account of the symmetry and the consequent fact that the flow lines 
diverge from the geometrical center of the configuration, it is clear that 
the field in the space between the conductors may be calculated as though 
all the surface charge on the inner sphere were concentrated as a point 
charge at the center of the sphere. The equal and opposite charge on the 
inner surface of the outer conductor has no influence upon the field. 
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The expressions for electric-field strength and potential, therefore, are 

6 = ^ [ 122 ] 

er-* 

and 

T) = [123] 

er 

in which Q is the assumed total charge on the inner sphere and r the 
radial distance from the center. If the inner radius of the outer sphere is r* 



Fig. 25. Map of field between concentric spheres. 


and the outer radiu.s of the inner sphere is ri, then the potential difference 
between the spheres is given by 

£ \^i rj 

[124] 

In order to calculate the resistance, it is necessary to determine the net 
current diverging from the inner sphere. This is given by the integral 

I = ^ y& • ds 

[125] 

taken over the surface of the sphere. But by Gauss’s law 


^&.ds = 

[126] 

and hence 


T ijryQ 

I = -^ amp. 

[127] 
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The resistance parameter is 

and the capacitance parameter is 

c = [? = Tj-^ 

Vi r2/ 

if mks units are used. 

This three-dimensional How problem exhibits an interesting ciiaractcris- 
tic not present in the one- or two-dimensional (‘xampks Whereas in the 
latter types of How problems the capacitance becomes zero and the 
resistance infinite for an intinite separation between the terminal con- 



Img 26 . Plemisphcrital conducting shells. 


ductors, these parameters approach finite nonzero values for infinite 
separation in the thre(*-dimensional flow probl(‘ms. When r 2 is allowed to 
become infinitely large, Ecjs 128 and 129 become 

A’ ^ ohms, [128a] 

C = £ri farads. [129a] 

Their magnitudes depend solely upon the radius of the remaining sphere 
of finite size 

On the basis of the symmetry involved in this problem, it is possible to 
write down by inspection the solution to a closely related configuration, 
illustrated in Fig. 26 It consists of two concentric hemispherical conduct¬ 
ing shells with a semiconducting intervening medium. Evidently the flow 
map is just half the picture in Fig. 25, and hence the resistance is twice 
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and the capacitance half the respective values for the spheres. Thus 


RhemUphcrc, 2^.,, ,.j 

1 ohms, 

[128b] 

£ 

^ hrmisphercs y ^ ^ v 

farads. 

[129b] 


Af:nin the melius of the outer sphere nmy become infinite without having 
C become zero or R infinite. Thus, for the single hemisphere with flow 
extending to infinity, 


R 


liryTi 


[128c] 




2 * 


[129c] 


There is a good physical n'ason wliy these parameter values remain 
finite in spite of the infinite spacing. The re.sistance miglit be considered 
as the series combination of the comix>nent resistances of successive 
spherical shells of uniform thickness and increasing radii. "1 o each of these 
the principles of linear (although radial) flow^ may be aj)i)lied approxi- 
mat(*ly. While the length of flow })ath is the same for all shells, the area 
increases as the square of the radius and hence the component resistance 
decreases inversely as the S([uare of the radius. Thus the component shells 
in the more immi'diate vicinity of the inner s})here contribute heavily to 
the total resistance, while the more remote shells contribute very little 
and finally nothing.* The very remote ones may, tlierefore, be ignored 
without noticeably affecting the result. In other words, if the outer con¬ 
ductor radius is large compared with the inner one, the latter alone 
essentially determines the resulting resistance. 

This fact becomes useful in the following practical example. In certain 
applications involving the transmission of electric currents over long dis¬ 
tances, a (onsiderable saving in transmission-line conductors may be 
effected by utilizing the conduction of the earth as a return path for 
the current. In telegra])hy, for examt)le, this is an expedient commonly 
used, and in the early days of telephonic communication the device was 
used also, although the necessity of minimizing interference between cir- 

* It may l)e eniplui^i/cd here that the negligibility of the contributions coming from the 
larger spherical shells lests upon the fact that their areas are proportional to the square of 
their radii. For example, in tlie case of concentric cylinder<^, which was treated previously, 
a similar argument would lead to a fallaciou'i conclusion because the cylindrical surface is 
proportional only to the first power of the radius and the relative contribution of cylindrical 
elements does not con\ erge rapidly enough. 
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cuits led later to its abandoiimint I he resistance of ground connection^ 
of power-transmission lines, ground wires, and lightning arresters also is 
important In onhr to estimate the net resistance which might be 
expected of an earth path the contae t with the earth ma\ be thought of as 
effected through the suriaces of hemispherical embedded conductors as 
illustrated in I ig 27 I he net usist ime R between the two hemispherical 
ground conductors is diu priueipilh to the resistance of concentric hemi¬ 
sphere al shcIJsol condii# tin^ c irth in the nioit immediate Meinit> of each 
termmal and hence is gi\en b\ Iwiee the \alue oi 1 e^ 128e, or for this 
circuit by 

R ~ ' [12<sd] 

Tryr 

This assumes of course th it the striutun of the eaith is more or less 
homogeneous tnioughout jHiticul iil\ in the xuinitiesof the embedded 
te rminals 

I xperiments m ide ehicth in connection a H electromagnetic wa\e 
})rc)pagation o\ei the eartns surf iceindicate that lor damj) soil the 


r 


-R- 




tnil t 1 k 1 Ik ml j 1 i ri il ( n iiu t r 


T 


-ml 





T u 2/ C r )un linj-, bt nil pin rt 

( irth has i resisli\it\ of 100 to 1 000 ohm meters win leas for dry 
soil an a\eiage liguu is in the \icinit> of 10 000’’ 1 lius the \alue of 
1 Cl 128cl for dainj) soil is somewhere in tlie Mcinity ol 

^0 ^00 , ^ 

R to C3hms, [128e] 

r r 

in which r is expressed in meters 

For ground hemispheres with radii of one meter embedded in a damp 
soil one might therefore expect such aground return circuit to have a net 
resistance somewhere between SO ohms and SOO ohms, which \alue is 
essentially independent of the distance between terminals However, 

J Zenneck Ubtr die Fortpllin/unK tlxner elektromagnetisc her Wtlkn lings tiner 
ebenen I eiterfl'iche und ihre Ik/iehung /ur drehtlostn iLlcgraphii Inn d Phys XXIIl 
(1907) 846 866 J \ bleming 1 he I unction of the 1 irth in Radiotelcgraphy I tif^ineir 
tng (London) LX\\\ JI (1909 766-767 776 777 Ci W Pierce Principlt of W trelesi^ 

Telegraphy i^t^N\oT\a Mc(»rd\v Hill Hook C ompmy Inc (1910) (h xiv \v 

* >or sea water the a\erage ligure is 1 for fresh water 10, and for dry roek about 100,000 
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ground connections are not ordinarily made by means of hemispherical 
shells. The most common methods arc to make fast to water pipes, to 
drive rods into the ground, or to bury wires, grids, or plates. Sometimes 
very complicated interconnected configurations are used. The ground is 
sometimes specially treated by salting in order to reduce materially the 
resistivity in the neighborhood of the rods or other earthing conductors. 
Jt is obvious that precise computation of the resistance of a ground path 
is not feasible, even when simple grounding rods arc used. However, 
Kq. 128d can be used as a basis of comparison; that is, it is possible to 
express the resistances for various configurations in terms of the radius 
of an equivalent sphere. For example,^^ the hemisphere equivalent in 
resistance to a driven cylindrical rod of length f and radius rc has a radius 

f 

rc 

lOe. Some additional remarks concerning problems with 

THREE-DIMENSIONAL FLOW 

The three-dimensional i)rol)lem with spherical symmetry leads to such 
a simple analytic treatment j)rincipally because the question of charge 
or current-density distribution can be answered by inspection. Three- 
dimensional problems exhibiting other types of symmetry or possessing 
no symmetry are, however, in general very dilTicult to treat. Even such 
l)roblems which at first sight appear to be manageable lead to unexpected 
difiiculties when a rigorous treatment is attempted. 

As an illustration of this situation, the problem of two spheres with 
radii ri and ^ 2 , and separation d, as illustrated in Fig. 28, is mentioned. 
The flow map, assuming that the spheres carry equal and opposite charges, 
is exceedingly difficult to derive. Offhand, it might be supposed that the 
map is obtained simi)ly by rotating the one in Fig. 17 for the cylindrical 
conductors about the horizontal axis, and then identifying spherical sur¬ 
faces about /; and 1/ with the surfaces of the given spheres of Fig. 28. 
That the flow map thus obtained cannot be correct follows from the dis¬ 
cussion in Art. 7 regarding systems with rotational symmetry. There it 
was shown that in the correct flow map for such systems the curvilinear 
rectangles in any cross section containing the axis of rotation must have 

H. B. Dwight, “ Calculation of ResEtanccs to Ground,” AJ.E.E, Trans., LV (1936), 
1319-1328. 

The electrolytic tank can be adapted to three-dimensional field mapping. Other experi¬ 
mental method.s ha\e been de\ eloped l)y; I). Cialwr, “ Mechanical Tracer for I^lectron Tra¬ 
jectories,” Nature, CXXXIX (1937), 373; and D. B. Langmuir, “Automatic Plotting of 
Electron Trajectories,” Nature, CXXXIX (1937), 1006-1067. 


[130] 
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ratios of length to width proportional to their distance from the axis of 
rotation. Length ” refers to the flow direction and width ” to the 
orthogonal direction.) For the map in the cross section of a longitudinally 
uniform system with transverse flow, like that in Hg. 17, the ratio of 
length to width is the same for all rectangles. The system of bipolar 
circles which fulfills this latter condition cannot fulfill the former also, 
and therefore cannot yield 
the solution to the three-di¬ 
mensional problem of Fig. 28. 

These conditions on the 
ratios l)etween the sides of 
curvilinear rectangles, or of 
parallelepipeds when three 
dimensions must he consid- Fic.iS. Spheirs e<tcrnal to «‘:ich other. 

en‘d, are essentially the re¬ 
sult of stiinilating that each ilow line must re])res<‘nt a constant amount 
of flux throughout its length, which is the saint as stipulating that in 
any closed volume in the flow ‘-pace as much flir. must Ic^ave the surface 
as ent(‘rs it. 'fliis is the esst'iire of Laplace’s ecpiatioii. By fulfilling cer¬ 
tain ratios when drawing the rectangles of a flow map, one in reality is 
sati'^fying La])laee's ecpiat'on. In drawing the map so as to include the con¬ 
ductor boundaries in the family of loci, one i.^ satisfying the boundary 
(onditions of the problem. Since both must be satislied, it is clear that 
not just any system of mutually orthogonal loci which lit the conductor 
surface's yields the d(*sirc‘d solution, for such a system might disregard 
Laplace’s (‘(juation entirely. 

The determination of the field of the two charged spheres of Fig. 28 
can be carried through by freehand sketching, but this is hopelessly 
tedious anel also \ery aj)proximate. A successful analytic method*'^ makes 
repeated use of the method of images and Anally arrives at a solution in 
the form of an infinite seri*‘s. For small spacings d the series converges 
very slowly and must be converted by means of suitable changes of vari¬ 
able to a more rapidly convergent form. It is certainly not evident at the 
outset tliat this problem should lead to such length in the calculation of 
a physically simjfle parameter. Perhaps the available mathematical 
methods of analysis arc inadecjuate. 

In some practical three-dimensional problems it is possible by ingenious 
combination of maps for simjfler held distributions to obtain approximate 
solutions which are rjiiite sufficient for the purpose. One typical case of 
this kind is discussed below. 

It is pointed out in jiart (b) of this article that Kep 59a for the induct- 

.Alexander Russell, A Treatise on the Theory of Alternating Current's (2(\ cd.; Cambridge: 
at the Universitv Pres‘^, 1014 , 1, 191. 
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ance of a lengths of an infinitely long solenoidal coil is sometimes used for 
coils of finite length but with rather poor accuracy if the ratio of length 
to diameter is not large. Lack of accuracy results from the fact that when 
the solenoid is finite, there is a magnetic field outside, and this part of the 
flow map should be taken into account if a precise result is expected. 

The exact mapping of the whole field of the finite solenoid is a three- 
dimensional problem of considerable complexity, even though rotational 
symmetry is involved. Figure 29 shows, however, how the field map may 
f)e pieced together approximately out of simpler maps which have been 
considered in the present article. Here the map within the finite solenoid 



Fig. 29. Approximation to mapnctic-ficld map for a finite solenoid. 


is considered to he tlic regular square grid as for the infinitely long sole¬ 
noid. At the ends the field is assumed to diverge uniformly and have the 
same general character as for the concentric hemispheres with the larger 
one at infinity. 

The resultant inductance parameter may be calculated from the 
fundamental Eq. 56, which is repeated here for convenience, 


L = 


47r</) 


[56] 


In calculating the inductance of a length f of the infinite solenoid, as is 
done in part (b) of this article, magnetomotive force F is the difference 
in magnetic potential between the two ends of this length. For the deter¬ 
mination of the net inductance of the finite solenoid of length f, F must 
be the magnetic potential difference taken completely around a closed 
path linking the solenoid. 

According to the approximate map of Fig. 29, this net potential differ¬ 
ence is conveniently calculated as the sum of the potential difference 
throughout the region of linear flow, and the equal potential differences 
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between each end and the hemispheres at infinity. The first of these is 
equal to f pragilberts, as shown in the consideration of the infinite sole¬ 
noid. The second contributions are calculated in a fashion analogous to 
that used in the electric-field determination for the flow problem involving 
spherical symmetry. The magnetic potential at a radial distance r from a 
fictitious magnetic point jxile with pole strength m is 


- 


m 




[131] 


where 0 is the total magnetic flux emanating from iliis pole. No suc h 
source of magnetic flux exists, of course, but the matheinal u al analogy is 
nevertheless complete. If the magnetic flux from th(‘ ]>ole is over one 
hemisphere instead of spherical, (/> is Awm instead of lirm, and 


- 


IwjJLK 


[131ul 


This is the situation which exists al the ends the linite solenoid when 
the flow map is as pictured in fig. and hence is apjiroximately realized 
physically. 

If the radium of the* solc‘noid is ;% this is also the radius of the hemisphere 
which just ca})s the (muI oi the* solt*noid. j)otential of this hcmiispheri- 
.al eciui}>c>tential surface is then gi\c‘n by hq. 131a; and, since the ]X)len- 
tial of the h('mis])here at inluiity i.s zero (the value* of Juj. 131a when 
r approaehc's infinity), it follows that the value of Kcj. 131a is the desired 
diffm'nce of magnetic ])otential bc‘twc*c‘n the (‘nd of the solenoid and 
infinity. Hence the net potential difference to be* used in Kep 56 for the 
calculation of L is 


F' =- f T 


0 _ 


[132] 


But from the previous disc ussion of the flow niaj) for the infinite solenoid 

</) = — M7rr“; [133] 


so Eq. 132 becomes 


F' = f + r. 


[1.32a] 


The inductance of the finite solenoid on the basis of the approximate 
flow map of Fig. 29, therefore, is 
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or expressed in terms of the diameter of the solenoid 


L 


( 


1 + 


2 ! 




[134a] 


or when the current sheet is divided into N turns 


/c/VW 

( 


1 + 


2P 


[134b] 


if mks units are used. 

This is the same as the inductance for a length f of the infinitely long 
solenoid, multiplied by the factor 


k = 



[135] 


which may be termed a correction factor for the end effects. The correct 
values for this correction factor, taken from Table 10, p. 283, Bureau of 
Standards Circular No. 74, are plotted in Fig. 30, in which the values of 



Fig. 30. Plot of inductance correction factor versus ratio of diameter 
to lengtli for a long solenoitl. 


Eq. 135 are shown by the dotted curve. The agreement is remarkably 
good considering the approximate nature of the flow map used in the 
determination of Eq. 135. 

The inaccuracies in this flow map are particularly marked in the vicinity 
of each end of the solenoid. A more careful analysis shows that at the ends 
of a long solenoid the axial comi>onent of the field strength is approxi¬ 
mately half the value at the center, whereas in Fig. 28 the intensity of the 
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field lit the ends is the same as at the center or lh'‘ same as fo! the infmiN 
solenoid. The exact calculation of inductance for a finite solenoid is 
mathematically quite involved. Such calculations are out of place hen\ 
but it may nevertheless be of interest to present some of the more exact 
formulas, of wliich there is a hirpc variety^"* for any one geometrical 
configuration. 



The Rayleigh and Niven'** formula is parti*, nearly adapted to short 
solenoids: 


L = 4TMnV^ “ '2 




[136] 


A formula by II. II. Dwight*^’ converges rapidly for relatively longer coils: 

[137] 


r \ \ 8 nr' nr 

f ^ f 1 m Stt 8 16 


•••[’ 


where 


m ~ 


r- -f f" 

These formulas are for thin current sheets. 


[137a] 


lOf. CaLCULATTON of the MrTlTAL-lNI)li(TAN('K PARAMETER 


The method of calculating mutual inductance is esscMitially the same 
as that for self-inductarue. The difference is that two current paths are 
involved instead of one, and the flux linking one of the paths is considered 
with respect to the magnetomotive force of the other current path, which 
is assumed to cause the flux. Since the mutual inductance of path 1 with 
resj)ect to path 2 is the same as that of path 2 with respect to path 1, it is 
immaterial which one* of the jiaths is assumed to be the cause of tlu‘ flux. 


K. B. Rosa and F W’. (Jrover, “ Formulas and lahlcs for the Calculation of Mutual and 
Self Inductance’’ Sci. Paper Nat. Fur. Slaftd. No. 169 (3d ed. [revised]; Washington: (iovern- 
ment Printing Oihce, 1910). 

p. 116. 

II. B. Dwight, ‘‘ Some New Formulas for Reactance Coils,” A. /. E. E. Trans. XXXVIII 
Part 2 (1919), 1688. 
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In a given example, the choice as to which path causes the flux is made 
according to what seems to lead to the simpler analysis of the resulting 
flow problem. 

As an example, the pair of cylindrical current sheets shown in Fig. 31 
is considered. Here it is simpler to consider the larger and longer cylinder 
to be ('arrving a c urrent I\ and producing the flux, because the held is then 
essentially uniform over the region occupied by the second current sheet. 
In accordance with the How picture for the infinite solenoid discussed in 
part (b) of this article the flux linking the inner cylinder is 

<t>2i = [138] 

where 

S2 = Tri [139] 

is the area of the inner cylinder. The mutual-inductance parameter is 

nyf ^21 47r</>21 ri/in-1 

Mi 2 — ^21 — j — ' > [140] 

11 r I 

in which F\ is the magnetic potential diflerenc e corresponding to the flux 
of Eq. 188 taken around a path completely linking both cylinders. From 
the discussion in part (e) of this article this is 

F[ ~ f 1 + ri [141] 


on account of the finite length of the outer cylinder. Hence the mutual- 
inductance parameter is 


A/ 12 — A/ 21 


4xm5’2 

fiTVi 


Atxirri ^ 
fi + r, ’ 


(fi > f2). 


[140a] 


The mutual inductance is then independent of fo iind varies almost 
inversely as fi. 

Incidentally it is easy to see that if f 2 is greater than and the inner 
cylinder is assumed to he the cause of the flux, then the mutual flux is 
still given by Kq. 13S, and the magnetic jx)tential difference is 

F'* ~ ^2 “b ^ 2 * [141a] 


Hence for this case 


A/i2 


= Af21 ~ 


4iU7r^ r2 
^2 + ^2 ^ 


(^2 > fl)* 


[142] 


For the boundary case of fi andf 2 equal, neither Eq. 140a nor Eq. 142 
applies unless the length is large compared to either radius or unless the 
radii are almost ecjual. When they an* unequal it may improve the accu¬ 
racy to use an average radius in the denominator. 
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The formulas derived here are, of course, entirely inadequate for work 
requiring precise calculations. For certain geometrical contigurations the 
Fqs. 140a and 142 gi\'e results which are accurate to within a few per 
cent. In any case, they serve to yield a rough estimate; but on the whole 
they are less reliable than the af)proximate formulas derived for the 
calculation of self-inductance because there are more geometrical vari¬ 
ables invoh ed and hence there is a greater cliance of meeting situations 
in which the aj)proximations made here are ina})proi)riatt‘. For example, 
the ‘q)proximate character of the tlow maj) of Fig. 20 is not justified in 
the calculation oi mutual inductance when one of the solenoids is much 
longer than the other. As pointed out in part (e) of this article, the axial 
flux density diminishes toward the ends of the solenoid; tied is, tin* How 
lines spread at)art and so do the ecjuipotential surface. Actually then, 
the magnetic potential difference given by Fhj. 1d2a is too large, but the 
valiu‘ 0 for the llux linkage in tJie case of seif-indue lance cah ulation is 
too large also. In calculating the mutual inductaine of the conliguration 
shown in Fig. dl, the spreading of the flow Ihv . does not aj)preciably 
affect the valu(‘ of w'h(‘n the inner solenoid i^ ri‘lati\ely short. In that 
case the term ri in the denominator of F(|. 14()a should be drop])ed. 
Similarly rj sliould be dro]>j)ed in the denominator of Fcj. 142 w'hen fo is 
much greater than l\. 

Th(‘ Ikireau of Standan^ paper referred to in part (e) of this article, 
]'/. 71, also contains numerous formulas for the ])recise cah'ulation of 
mutual induetaiKc for \arious configurations. 

If the current sheet Ii is divided into Ai turns to form a uniform 
helical winding, then 

fiol 


where //i is the current per turn. Instead of H(|. 140, the relation for 
mutual inductance then is 


4/12 = J\f2, = 


j \ 2</>21 

/m 


A iA^2<f>i!l 

/. 


47r.\ l.V2<f>21 
A'l 


[140hl 


in which A'o is the number of turns nto which the inner sheet is similarly 
subdivided, d'hc magnetic potential dilTerence causing <p 2 i is the same as 
before. Hence the mutual-inductance parameter becomes 


Mi 2 = A/21 


4^/V2ir^ 

fi + r, ’ 


(fi > h), 


[140c] 


or 


Mi2 


,, 4MAf,Af27rVi 
= M-JI « -• 


1*2 + ra 


(f2 > fi)- 


[142a] 



74 DERIVATION AND EVALUATION OF CIRCUIT PARAMETERS 


An interesting method of obtaining a variable mutual inductance is 
shown in Fig. il. Here the inner coil is mounted on a shaft so that the 
plane of the coil may be rotated through an arbitrary angle 0 as indicated 

in the figure. If the inner coil is short, the 
flux <t> is nearly proportional to cos 0, and 
..I,. , , I hence for this configuration 

. I'f. _ .. 1,44] 


in vaiiomctcr. 


, _Another commonly occurring practical 

^-^ example of mutual-inductance parameter 

IV,. .t2. ArraLKcnicnt of coils calculatiofi is illustrated in_ Fig. SSa. This 
in vaiiomctcr. represents a cross-sectional view of a longitu¬ 

dinally uniform system of circular cylindrical 
conductor pairs. The conductors numbered 1 and 2 form a pair labeled a 
which constitutes the down and return path for the current /i, while the 
conductors ^ and 4 form a jiair labeled h which re])rcsents a similar current 
path for the current The problem is to determine the mutual induct¬ 
ance between the conductor pairs a and b per unit length. 



Fk;. .SS. Iu)r raknilatlon of mutual inductance between parallel 
cylindrical conductor pairs. 

Preliminary to determining the flux linkage produced through one 
('onductor pair by the other pair, it is advantageous to consider the situa¬ 
tion illustrated in Fig. Conductor 1 carries a current /. At the points 
2 and 2' are situated other c'onductors whose radii are small compared 
with the interaxial distances di and do from the conductor 1. The flux 
linkage per unit length through the pair 2-2' produced by the current / 
in conductor 1 is denoted by 0 i 2 and occupies the space shown by the 
shaded ring area. 

In order to calculate this flux, use is made of the Biot-Savart relation 



[91a] 
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which gives the flux density at a point r units from the axis of conductor 1. 
Hence, 

<l>i 2 = / ffidr = 2 m/ In y • [145J 

In the situation illustrated in Fig. v^3a, if it is assumed that the con¬ 
ductor radii are negligibly small compared to all the interaxial distances 
(as i^ usually allowable in practice), the flux per unit length linking 
conductors 3 and 4 due to the currents T/j in conductors 1 and 2 is 
found by using Fq. 145 together with the princii)leof suj)erposition, thus: 

= In [uc] 


The desired mutual-inductance parameter per unit length is 




li 


= 2^1 In 


d\5(l2\ ^ 
d o’.id 11 


[147] 


11. Variation of resistanctc with temperature 

It is found exp(‘riment:illy that, for most metallic conductors, the 
change of resistance is nearly proportional to the change of temperature 
(/ver a range of a few tens of degrees centigrade. This relation is fre¬ 
quently written, for the resistance of any conductor, as 

Ko - Ah [1 4 o,(/. - /i)l, [1^^] 

in which Ah is the resistance at tem])erature /i, A^ is the resistance at 
tem])eratur(‘ and ni is the tenqx'ratiire coeffiiient of resistance at 
temperature Zi degrees. Hence (v is the fractional change in resistance 
due to unit change in temperature. For jnire metals a is of the order of 
().()()4 per degUT centigrade at 20 degrees centigrade. Another form that 
is convenient for calculation is 

A , _ 4 h 

a”i a + /,' 

in which 

K = - [150] 

«() 

depends upon the material of the conductor. For standard annealcvl 
copper. 


[149] 


K = 234.5 C 


[ 151 ] 
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and, 


ao = 0,00427/C 


[152] 


at zero degrees centigrade * 

A (onduc'tor carrying current dissipates energy in the form of heat, 
and its teinperafurc therefore rises. In metallic conductors (with the 
(‘xception of some alloys) this rise causes an increase! in the resistivity p. 
Since th(* temperature rise and the accompanying change in resistivity 
are functions of the energy input, they become functions of the current 
and its variation with time. In conductors used as standard resistances in 
measurements, this change in resistance with current, due to self-heating, 
is important and must be taken into account in careful work. This same 

change in resistance is useful in another 
a]:)plication. For example, when suitably 
mounted in a nonoxidizing atmosphere, small 
wires of certain materials can be made to 
('hange resistance rapidly with change in 
current, clue to self-heating, in such a way 
that the current remains nearly constant in 
spite of changes in the voltage. These 
devices, known as rcgulalor or ballast tubes, 
are useful in obtaining a nearly constant 
current from a variable-voltage source. 

It is interesting that some metals be¬ 
come superconducting; that is, their electrica' 
resistivity becomes zero at temperatures 
slightly above absolute zero. As yet no en¬ 
gineering application of this remarkable 
effect has become practicable. 

The effects of other conditions, such as 
mechanical strain in various forms, heat 
treatment, age, very high and very low tem¬ 
peratures, on the conductivity of metals may be significant in unusual 
circumstances. The study and explanation of these phenomena are 
largely in the hands of the atomic physicist. 

*A table givinp the characteristics of various materials as conductors and another table 
giving the physical and electrical characteristics of copper wire are given in App. A. Extensive 
tables covering the physical and electrical properties of materials are in the Smithsonian 
Physical Tables and in the International Critical Tables. Detailed tables on copper and other 
electrical conductors are in electrical engineering handbooks. Manufacturers of materials used 
in the electrical art often can supply data on conducti\nty and its variation with temperature. 

t Carbon and most materials commonly classed as insulators show a decrease in resistance 
with an increase in temperature. The same is true of most liquids. 



( 


Courlcw Western Electric Co. 

Iron-wire ballast lamp, charac¬ 
teristic shown on the plot 
on p. 77. 
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12. Practical electric al (T)nductors 

I'racTical eUrtriral condut tors may l)c dividrd into two rlasse.s, acc'ord- 
iiig to the j)ur|)ose they fulfill: 'Fhose used ])rimarily to conduet electrical 
ener/^y frcyin one {)oint to another with a minimum of loss form oni‘ class; 
those used primarily to obstruct or resist the flow of charge may be 
grouped into a second class. Electrical lines of all sorts, including those 
Used l)oth in ]>ower transmission and in c'ommunications, fall into the 
first class. Resistors of all varieties, as well as heating devices, make up 
the .second class. 

l*ower-transmission and distribution lines offer examjfles of the high¬ 
est development of (‘lectrical <x)nductors for the j)urpose of carrying energy 
from one point to another witli small loss. Where })()wer is to be trans¬ 
ferred in large ({uantities over long distances, conductors nf either cop])er 
or aluminum are u.sed almost exclusively. Thcsv two metals possess high 
conductivity and at the same time are available in sufficient quantities 
at a reasonable cost. The princit)al factors which enter into a choice 
between them for a large power-tran.smission line are four, namely, elec¬ 
trical conducti\Tty, density, tensile strength, and cost. The electrical 
conductivity of aluminum is only 60 per cent of that of copper. Offsetting 
this disadvantage is the fact that aluminum weighs only one-third as 
much as copper per unit volume. The tensile strength of aluminum is less 
than half that of copper, but aluminum conductors can be reinforced 
easily by the use of a steel core, about which the aluminum is laid in 
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strands. From the fx)int of \’iew of cost, the choice between aluminum 
and copi)er for a line of ^iven conductivity is dictated largely by the rela¬ 
tive prices of the two metals at the time of construction. For certain 
ap[)lications, however, especially in transmission lines and rural distribu¬ 
tion lines, steel-reinforced aluminum conductors often show an advantage 
in cost ()ver ('opi)er because their use permits installation of lighter- 
w(‘ight su})])orting towers or jx)les or of a smaller number of supports per 
mile, tluTcby reducing the total installed cost of the line. For ai)plica- 
lions wliere many bramh connections are made, copper is preferred 
because it is more flexible. 

Power-distribution systems in urban areas are now almost entirely 
underground, in ducts carrying cables - the name given to assemblies 
of conductors surrounded with layers of insulation and inclosed in semi- 
flexible lead sheaths. The insulation in modern power cables commonly 
consists of pai)er tapes wound spirally about the inner conductor and 
then impregnated with oil. Because the cost of cable insulation and of 
ducts in which to lay cables represents a substantial part of the total 
cost of any cable installation and also because a cable must be flexible, its 
volume must be k(‘pt at a minimum. Small volume is secured by the use 
of a coppcT conductor, which offers the greatest practicable conducting 
])ovver per unit volume. 


Aluminum c.'ihlc, sled reinforced, ;ind 
protected ]>y armor ro<ls at tlie point^j 
of support. The aluminum wires are 
stranded around the steel core, d'he 
armor rods f)revenl mechanical failure 
ol the londiulors due to fatijj:ue re¬ 
sult in^j; from vibration caused by wind. 
I hf .11 mor rods also permit a stronj^er 
til' to the insulator, and protect the 
condiu lor against W'ear from the tie 
wile, di.itimj in the tie ^i-oove and 
burning <.au>ed by tla.sh-over. 



Courtesy Aluminum Company of America. 
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Courtesy Anaconda Wire and Cable Co, 

Bare conductor with concentric stranding on twisted I-beam core. 


Bare and insulated conducting wires and cables are obtainable in sizes from several 
circular mils to several million circular mils in cross-sectional area. Conductors are 
made alst^ in tht form of tubes, Hat straps, channels and miscellaneous forms. I'he 
current-carr\dng capacity goes over a range from millionths of amperes to thousands 
of amperes and while directly related to the cross-sectional area depends also on so 
many other circumstances that cross-sectional area can be taken only as a ver>' crude 
guide. There are many forms of insulation suitable under various circumstances for 
nominal voltage ratings up to 230,000 volts (effective alternating voltage at 60 cycles 
per second; 325,(XK) volts peak). Wire and rectangular straj) for winding coils is 
ordinarily insulated with one or more layers of asbestos, cotton, silk, paper, enamel, 
or enamel covered with cotton or silk and can be use ^ up to several hundred volts. 
The wires of telephone cables for in<loor use are ordinarily insulated with silk, cotton, 
enamel, oi eiiamel covered with silk or cotton; for outdoor use the wires ordinarily 
have dry paper ribbon or extruded wood pulp insulation. 'Fhe insulation of the 
wires of telephone cables is tested at voltages up to 1,4(X) volts (maximum instanta¬ 
neous value at 60 cycles per second). The various general types of insulation used 
for power cables are ordinarily recommended within the following limits of effective 
alternating voltages: 


Asbestos. up to 13,800 

Rubber . up to 15,(KX) 

Varnished cambric. 7,5(X) to 26,000 

Oil-impregnated paper (solid type) . 10,(KK) to 75,(K)0 

Oil-tilled pa{)er (with oil ducts) . . 35,(KK) (o 230,(KK) 


The actual selection of a proper conductor for an installation depends upon the cur¬ 
rent and voltage requirements, the temperature, whether indoor, outdoor, aerial 
underground or submarine, the j)o.ssibility of corona formation, corrosion or other 
special difficulties, the installation facilities at hand, and the overall economic con¬ 
siderations. For detailed information the student is referred to manufacturers^ lit¬ 
erature such as: 

General Electric Co., How to Select Insulated Cable^ GEA 1837, May 1934. 

Industrial Cable, CiEA 1838, September 1934. 

Tips on Cable Uses, GEA 2532, January 1937. 

Western Electric Co., Telephone Apparatus a^nd Cable, Catalog No. 10, 1939. 

General Cable Corporation, Bare and Tinned Wire and Cables, Catalog BT-37. 

Paper Insulated Power Cables, Catalog PIC-37. 

Alectral, 1930. 

Aluminum Company of America, Electrical Characteristics of A.C.S.R., 1934. 

A .C.S.R, Rural Lines, 1939. 

Channeluminum Electrical Conductors of Alcoa Aluminum, 1931. 





80 DERIVATION AND EVALUATION OF CIRCUIT PARAMETERS 


jUggniiii' iiiiiiM 


_ _ 

. i _ 





( ourlt s \ Caural ( able C orp 

Bare hollow conductor composed of intei engA^cd longue and groo\e segments 







( mrle y (* neral / lutric C > 

\\t cithc rproof braided slictlh rubber insulated single tontlui toi c ible used for all ordin irv 
outdoor and indijoi wiring oi iii eonduil oi leasonibly dr> duets 



Armored Bushed Cible (VBC) ( onimonK used m house wiring Rubber and cotton braid 
insulated wires vNripped in piper tipe and armorcel with gaKani/ed iron inteiloekeel I ipe 
I ailicr cable known as B\ w is siniilii except Ihit bi iidcd cotton fabiie was used instead of 
paper tape (Manufactured by various comfunics ) 



Nonhvgroscopic rubber-sheath rubber insulated three conductor parkwa> cable, for laying 
111 earth w ithout Use of ducts 












( ourtr \ Anofondi W tre and Cable ( o 


\inH)i((J thu( uKiducloi piik \ i\ t ihh tor liMn^ in thi earth without ust of ducts 




( (mrte y (unml rUcIrir Co 

\ philt compound covtHcl sled mu iimortd isphilt |utc co\iicd ruldxr insulated three- 
^onduetoi submarine c ible 



I ^ 


( urU \ni nil] It ir a til ( iHc ( 


llircc (onductoi solid l>p( shielded table I he 
ttrm will l\p( meins tint the insul ition is 
eomposed ol Ineis ol j)ipej t ipes ipplied 
helieill\ o\ei the londiKtoi iiid impie^iuted 
with oil lilt inner spirdlx wound ribbon shit Ids 
lie to obt iin ippioximateh ruliil flu\ dis 
tributi ui iliout euh (onduetor J he outer 
sj)ii ilh wound ribbon shield is to ivoid potential 
between tlie outei insulation and the sheath 




Solid t\ pe single conductor cable having annular 




Courtesy General Cable Carp 


concentrie strandmg over a rope core 
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Couries\ General Cable ( orp 


()il filled Single-conductor cable having annular concentric stranding over a hollow core of 
helically wound steel or copper strip An oil filled cable differs from a solid type cable in that 
a channel is provided for oil flow, in this case the hollow core 



Sohd-tvpc single ronductoi cabk with concentric stranding 
rolled to eliminate space between strands 




Solid tv-pt single conductor segmental cable The insulation of the four segments from each 
other makes large conductors praetK il for alternating current without the mciease in con¬ 
ductor diameter inherent in the annul ir lonstruetion 



Solid-type, three-conductor shielded sector cable 
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I v\o (od\i«il (al)l( units cind two \\Mi paptr insulatid quads 1 adi coaxial unit consists 
of a central wm supjxirtcd 1)> hard rubber disks spaced J inch apart, around whidi is wiappcd 
the outer (onductor, composed ol intcilorkccl coppti tapes 



( outUw Uumittum Companv oJ imtrua 

Aluminum channel bus mounted on indoor 
porcelain insulatorb* 
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( ourte V ilumwum Comp<m\ of America 

Aluminum tubular bus in^-Ullation in the Columbia Primar> Substation of the Tennessee 
\'allty Authorit> I he spans arc 40 feet long 
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Many applications of electrical energy require its conversion directly 
into heat. The object then becomes not to conduct the current as per¬ 
fectly as possible but to oppose its passage in a particular section of the 
circuit. Chopper or aluminum conductors of sufficiently small cross section 
would accomi)lish this result, were it not for their rapid disintegration 
at comparatively low temperatures and their rapid rise of resistance 
with increase in temperature. Alloys of nickel, chromium, copper, and 
other metals have been developed which can withstand temperatures of 
l,fK)0 degrees centigrade for long periods of time and which, at the same 
time, have low temperature coefllicicnts of resistivity. Fortunately for 
this purpose, these alloys, in common with most others, have resistivities 
many times greater than the metals of which they are composed. One 
such alloy in common use, nichrome, has a resistivity more than fifty 
times that of copper. 

One of the standard electrical quantities on which all electrical meas¬ 
urements are based is the unit of resistance, the ohm. For purposes of 


lines of electric flux 



I'lG. .^4, C’onductor Ixjnt back on itself. 


measurement it is essential that resistance standards have values which 
remain fixed under normal working conditions. To this end alloys have 
been developed whose temperature coefficients of resistance are not only 
small but completely negligible over a small range in the region of room 
temperature. The conductors of nearly all standard or precision resistors 
are made of these materials and, in addition, frequently are cooled in oil 
baths and very conservatively rated, to guard against ovcrh(‘ating. In 
])recision resistors great pains arc taken to avoid displacement currents, 
skin effect, and inductive effects. Skin effect can be reduced by the use of 
sufficiently fine wires. Both capacitive effects and inductive effects can 
be greatly reduced by the use of one or more of the many winding methods 
which have been developed for this purpose.^” 

Capacitance effects are reduced by making the connections in such a 
way that adjacent turns have small differences of potential. If the con¬ 
ductor is doubled back on itself and wound as a pair, the inductance can 
be reduced to a low value, though the capacitance is increased thereby. 

F. E. Tcrman, \I<asuremcnt6 in Radio Entiimrring {Sew York 'Mc(ira\v-PIiIl Book Com¬ 
pany, Inc., 1935), 92 94. 
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This result may be visualized more dearly by reference to Fig. 34. If the 
conductor resistance is R and it carries a current /, the potential differ¬ 
ence between jxiints a and / is Ki volts. Therefore an electric field and 
hence an electric disi)lacement exist between the conductors, as indicated 
in the cross-sectional sketch. If / is changing with time, this electric flux 
changes, constituting a displacement current between the conductors. 
It tan be seen by inspection, or, more rigorously, by apjdying tlie princi- 
])le of conservation of charge to a surface whose traces with the plane of 
tile ]>aju*r are shown as lines A, that the conduction current is less at b 
than at a and is hast at c. 

As a result of tlic coiuliiions just described, the potential difference 
between a and / as calculated by the relation 

V = Ri [153] 

using 

[S2c] 


is in error in two ways: First, i is a function of the distance of a ix)int on 
the conductor from a; second, it is a function of dv/dt because the dis- 
jilacement current is. The result of the second is that the conductor acts 
as if a condenser weie connected in parallel with it, as in effect there is. 
'Fht' conductor therefore tannot be characterized electrically by the 
single constant parameter 7^ as given by Eq. 52c but is more accurately ap- 


])roximated by the combination of 
equal lumped resistances and ec^ual 
lum])ed cajiacitances as shown in 
h'ig.35. This r(‘presen tat ion becomes 
more nearly correct the larger the 
number of equal components into 
which the total resistance and ca})a- 
citance are subdivided. For the 
actual configuration, the resistance 


a 



f 


Fin. 35. Flee t ric’ rircuil n^presentation ap- 
j)ro\imation eepiivalcnt to the conductor 
of Fij; 34. 


and capacitance effects are uniformly distributed; this characteristic is 


often described by referring to the parameters as distributed parameters. 

The development of the radio industry has made easily available low- 
power resistors of a wide range of values. Many of these are wound with 


wire of low-temperature coefficient, considerable precaution being taken 
to avoid inductive and capacitive effects. Others are made of carbon or 


some other semiconductor mixed with ceramic materials. Although 


these have very small inductance or capacitance effects, their tempera¬ 
ture coefficients are usually high. Still others are made by the evapora¬ 
tion and subsequent condensation of metal in a very thin layer on the sur¬ 
face of an insulator. These possess the characteristics of a metallic resistor 
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and are frec[ucntly more stable and less affected by temperature than those 
made from semiconductors 

Resistors of these three types arc available in the ranges of resistance 
and power rating shown in the following table. The first and last types 
lend themselves to fabrication in the form of rheostats. 


REPRESENTATIVE RESISTOR RATE^GS FOR LOW POWER RESISTORS 


Mall rial 

Approximak of 

Rcsistame {ohms) 

1 

Approximate Range 
of Power Dissipa¬ 
tion (watts) 


Fixed 

Adjust able 


Wire 

0 10’ 

0 10*' 

1-10 

Metal in thin layers 

10- 10'* 

— 

0.1-2 

Semiconductors 

j 10'- 10*-' 

10*-10** 

0.1-2 


Most of the resistors used in practice depcMid on convection by air 
currents for the dissipation of the heat develoj)ed in them. Therefore, 
thc‘ir ability to absorb electric'al power without (lama^];e to themselves 
de[)(‘nds on their surface' areas and their safe oj)eratinp: temperatures, 
'riie heat lost by a surfac e in still air varies from about 0.005 to 0.010 watt 
[)er s([uare inch j)er dejjjree centigrade above air temperature. For dissi¬ 
pating large amounts of energy, as in railway motor control^ iron grids 
supported by j)rocelain and mica are used. This construction permits 
large tcnnj)erature rises and free air circ ulation. In machinery insulation, 
where organic materials are employed, temi)erature rises of 50 degrees 
to 70 degrees centigrade are allowed, with forced air circulation aiding in 
the dissipation of heat. In measuring devices, where constancy of resist¬ 
ance is essential, the allowable energy dissipation per unit area is usually 
about one-tenth that i)ermitted in machinery. 



Wire-wound center-tap resistor for rack mounting used in telephone circuits, 
wound for a fraction of an ohm up to several thousand ohms. 
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Carbon filament resistor wouna for 

4,000 to 100,000 ohms 

. 

’ v/ 





C our/e V H ts/ern Llccfrtc C o 
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Courle<;\ General Electric Co, 


Kiulobcd inotor-sUiting rheostat for diret t-currcnt motors. 



Spiockct driven field rheo¬ 
stat assenihlv, sevtred 
se( tions in p.irallel for 
adequate current-carrying 
capacity. 


Courier V General Electric Co, 





SERIES AND PAFuiLLEL COMBINATIONS OF RESISTANCE 
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( urt V \\ ( t n I Urlrual In Iruimnl ( C uritsy I eel ani N rthrup Co 


Port il)l( \mnuttT Shui lor ust St iiul ird usist met 0 1 ohm unit of style made 

with iMstnimtnts rtquiiiMj, SO milli in ritin^s Irom 0001 to 0 1 ohm, zero leni- 

volts diop for full s( d( dcflctlion periturc cocfiieient 

ritings up to SOO imptrts /tio 
temptnturt (odluient 



C ntrtes\ Leeds ani A or thru p Co 
Section through stindard resistance 
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Courtesy General Radio Co. 


Standard decade resistance, zero temperature coefTicient, wire wound on cards in manner 
which minimizes inductance and capacitance. 
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13 , Series and parallel combinations of resistance 

If a number of resistances arc connected in series to form a circuit, 
such as i?i, i ?2 • • • j if follows from the definition of the resistance parame¬ 
ter (and has been often checked experimentally) that the resistance of 
the series combination is equal to the sum of the individual resistances. 
That is, the potential drops across the separate resistances are additive 
while the current is the same in each and 

V = Ril -f R 2 I -/-•••= {Ri -h R 2 ~h * * 'J/ = Ro4^ 

if 

jRo ^ + i?2 + • • 

where Ro is the total resistance of the combination. 

When resistances appear in parallel the potential difference across each 
resistance is the same and the currents arc additive. For each resistance 

/ = ^ = OF. [156] 

If the several resistances of a i)arallel coml)ination have individual con¬ 
ductances 6 'i, C 2 • • • > the total current / is 

I = GiV -j- (j-jV -f- • * • = (Oi + G '2 + * • ~ [157] 

if 

Go =^61 + (/2 + • • * > [158] 

where Go is called the total conductance of the combination. 

Series and parallel combinations of resistances may he treated, on the 
above bases, by considering the series and parallel groups as separate 
elements and then combining these to form the resultant resistance or 
conductance, whichever may be desired. 

14. Ilutstrative kxamim.es of resistance calculations 

The first example illustrates the calculation of resistance from dimen¬ 
sions, the total resistance of series-parallel combinations, and the use of a 
temperature (oefficient. One part, or phase, of the armature winding of 
an alternating-current generator contains 1,200 inductors, each extend¬ 
ing from the front of the machine to the back, a distance of 60 inches. 
Each inductor consists of six copper straps 0.114 inch by 0.258 inch, 
connected in parallel. The completed armature winding of this phase is 
divided into three groups of coils, these groups being connected in parallel. 
The problem is to find the resistance of this phase at 25 degrees centigrade, 
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taking the resistivity as that for annealed copper. No allowance is made 
for rounding of the corners of the copper straps. 


Solution' From Table J\" of App. A the resistivity p for annealed copper is 
1.724 X 10 ohm-cm and the temperature coefficient oroo is 0.00393/C. The resist¬ 
ance at 20 C of one strap is, from Eq. 32c, 


1.724 X 10 >^60 X 2.5 4 

0 114 X 0J58 x’(2-«^‘54)“ 


1.384 X 10'ohm. 


[159] 


The reAstance of one unluctor is, from Eqs. 157 and 155, 


1.384 X lOj 
6 


- 2.306 X 10 


^ ohm. 


[loOj 


'rhere arc 1,20t) /3, or 400, inductors in series in one hence u.sin^’; hajs. 154 and 155 givTS 

fcT the resistance of one group 

400 X 2.306 X 10 ‘ - 0.224 10 ^ ohm. [161] 

Since there are three such groups in parallel, the resistance of the armatuic at 20 C is 

0 ">24 

R >u -= ■ X 10- - - 0.0307 ohm. [162] 


By use of Eep 148 the dc.sired resistance at 25 C is 

AV. - 0.0307 [1 4- 0.00393 (25 - 20)] - 0.0313 ohm. [163] 

The second example illii.strates the use of the change of resistance to 
m.^asure temperature. 'Fhe cold resistance of the high-voltage winding of 
a transformer is measured with direc't current and is found to be 5.7 ohms 
at 21.0 d(‘gn‘es centigrade. After a heat run, the transformer is taken off 
the alternating-curreiit power line and the resistance of the same winding 
is found to be 6.6 ohms. I'he temperature of the air at that time is 18 
degrees centigrade. What is the average temperature rise of the winding 
due to its load current? 


Solution: Equation 149 gives 


6.6 23L5+/2 

[164] 

5.7 ' 234.5 f"21.0 ’ 

from which, 


h - 62 C. 

[165] 

The average temperature rise is then 


62 - 18 - 44 C. 

[166] 


15. Practical condensers 

From the point of view of nearness to the ideal, conden.sers may be 
divided into two groups, namely, those using air or other gases as dielec¬ 
tric, and those using solid or li(|uid materials. Air condensers approach 
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the ideal of pure capacitance so closely that elaborate methods are 
required to detect their dexiation from perfection. Even when such 
methods are applied the deviations measured can usually be traced to 
effects of the solid insulators which support the condenser plates. By the 
use of gases at high j^ressure the energy storage per unit volume can be 
made to approach that obtainable with solid dielectrics. 

Condensers using solid or lic^uid dielectric's arc not so near the ideal as 
tho>e using air as dielectric, but nevertheless their efficiency is .sufficient 

that in many engineering uses the deviation may be neglected. 

In early condensers glass was used almost exclusively as dielectric. 
Because of its fragility and its unadaptability to economic use at low 
voltage, it has been almost entirely superseded. The most common dielec¬ 
tric at present is paper impregnated with oil, paraffin, or certain non- 
inflammable synthetic organic liquids. Since paper is available in thin 
sheets it can be applied economically to low-voltage uses and can be 
built up to any desired thickness for high-voltage uses. During the past 
few years important advances have been made in the production, on a 
commercial scale, of p[if)er condensers impregnated with noninflammable 
synthetic organic compounds. Condensers of this type for use at low fre¬ 
quencies have become so comj)act and inexpensive that they are being 
used extensively for power-factor correction on ])()wer systems. They are 
used also with induction furnaces and in wave filters for rectifier outputs. 

In many ways mica is a highly desirable dielectric for condensers, but 
its use is limited because of the small quantity available and the high 
cost. Standards of capacitance are frequently ])uilt of mica because of its 
desirable mechanical })r()j)erties and its freedom from aging effects. In 
radio-frequency aj^j^lications, where air condi'iisers of sufficient .size arc 
unwieldy and other condensers using solid dielectric have excessive losses, 
mica is frequently used. 

The deviation from perfection in imf)regnated paper condensers appears 
in two forms, namely, as a slight variation in the apparent value of the 
permittivity of the dielectric, and as a leakage current through the dielec¬ 
tric. 'fhe variation in the aj^parent })ermittivity follows no simple law but 
varies from condenser to condenser and from time to time. It depends on 
temperature, a])j)lied voltage, voltages previously applied, and fre¬ 
quency. .\s a result, its a})]>arent magnitude dei)ends on the method by 
which, and the conditions under which it is measured. The leakage 
rcsi.stance likewise follows no simple law, and is dependent on the same 
factors as the apparent })ermiltivity. 

The variations in effective capacitance of an impregnated paper con¬ 
denser rarely exceed one per cent. While the variations in resistance may 
amount to several hundred per cent, even at its worst the leakage is so 
small that it is usually unimportant. A good modern condenser has a 



PRACTICAL CONDENSERS 


97 


leakage resistance of at least 1,000 ohms per daraf and frequently ten or a 
hundred times that miu h. 

Electrolytic condensers arc used where a large \'alue of capacitance is 
required for use at low voltage. Their condenser action is centered in an 
insulating layer a few molecules thick which is formed on one electrode 
of an electrolytic cell. Because of the thinness of the layer a great concen¬ 
tration of capacitance possible in a small q)ace, but for the same reason 
the electrical breakdown strength is small. The insulating properties of 
electrolytic layer.-^ are so far inferior to those of impregnated paper that 
the leakage resistance of condensers emj>loving them may be more than a 
thousand times smallcT tJaiii in ec|uivalent paper concien.'^ers. The resist¬ 
ance of the insulating laycT is much greater for one climtioTi of current 
across it than for the other dirc'ction; therefore, unless tic internal con¬ 
struction is such as to render the condenser nonpolarized, it is neces.sary 
to connect the condenser in acc'ordance with its ])olarily marks. Polarized 
condensers are not suited for use in alternating-current circuits. Electro¬ 
lytic condensers never! hek'ss find a wide varicly t)f a])plications where 
their comparatively large lossc's can be tolerai^'d. 

The choice among the air, mica, and im]>regnatecl-i)aper types of con¬ 
denser for a given use dei)ends to a considerable extent on the value of 
capacitance requirc'd. Air-insulated condensers are ordinarily made for 
the range of capacitance between a few micnunicrofaracls and a few 
thousand micromicrofarads, with voltage ratings ranging from a few 
hundreds to a few ten thousands of volts. In condensers of this type con¬ 
tinuous adjustment of capacitance oxer a wide range is accomplished 
easily by change of the relative j)C)sitions of the j)lates. h'or this reason air 
condensers are often made continuously adjustable*. For the range of 
capacitance betwc*en a few Jiundred micromicrofarads and a few tenths 
of a microfarad, mica condc*nsers are commonly used. They are not 
susceptible to continuous adjustment as are air condensers. In the ranges 
above a few tenths of a microfarad, paper condensers are usc*d extensively. 
They are available in a wide x ariety of sizes, ranging up to several tens 
of microfarads in a single unit and in voltage ratings up to several tens 
of thousands of volts. Electrolytic condensers are seldom used where volt¬ 
ages exceed a few hundred volts but for lower voltages they are avail¬ 
able in units having capacitances uj) to several thousands of microfarads. 

One important criterion for judging the effectiveness of a particular 
type of condenser is its ability to store energy. The storage takes place in 
the dielectric and therefore the nature of the dielectric, as exhibited in its 
permittivity and breakdown strength, is the determining factor. The 
following table gives approximate magnitudes of energy storage per unit 
volume for condensers made of the materials commonly used. These 
values hold only at the frequencies to which the materials are suited. 
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ENERGY STORAGE IN CONDENSERS 


Energy in jou/es 

Material per cubic meter 

Air (at atmospheric pressure) . 5- 10 

Air (10 atmospheres i)ressure) . 500- 1,000 

Paper impregnated with oil . 1,000- 2,000 

Paper impregnated with synthetic compound. 3,000-15,000 

Mica. 1,000- 2,000 

Electrolytic. 5,000-40,000 



Courtesy Western hlectrtc Co, 

Machine for w inding paper condensers. 



Courtesy Wislern Electric Co. 
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I Uctrjl>tic Condenser 
0 direct Nolta^^e bus, 
1 iSO niicrofa.r'id'. 0 2^ ohm 
resistance at 60 (\cUs jxr 
second, 8(K) niierofir i K, 
OIS ohm remsl'inct it 
2 000 c> clcs {)cr second 



(imrtesy W cstern Flee trie C o 



lhr(( phisc pour? (ondenser hiMn^ Tnertion 
a noninll imm d)le lif}uid duhctiic, soaked into 
piptT woumi on iluminum foil m ide in ratings 
from OS to IS kilovolt ampins 2^0 to 4 600 
volts, 60 e>clcs per sec md ritinj;s 



Courttsy Weshnghouse Electric and Manufacturing Co. 






100 DERIVATION AND EVALUATION OF CIRCUIT PAR^iMETERS 









SERIES AND PARjILLEL COMBINATIONS OF CAPACITANCES 101 



( f/urliw itinertil Radio Co, 
Insuk \ic‘w ol precision condenser. 


16. Series and pakaj.li.l combinations of c'apacttances 

Tn Fi^. vS6 aro shown three ehislaiKes S\, iind charged with 
c/ 2 ^ 0 i cc^Tcl res])etti\ely, by displacement of i)osilive charge in 

the arrow direction (electrons in o])posite direction). Since the jx)tc‘ntial 
differences are additive, the potential difference v(t) of the polarity 
indicated is 


vQ) = 5i^if/) + + Saqait)- [167] 

This relation can he simplified because qi(l), (/af/), and qa(t) are not 
independent, in general. If conduction in the dic^lectrics is negligible, the 
charge on each clastance is the sum of two components. The first is the 
charge on the individual elastanc'e at some arbitrary instant from whic'h 
time is measured, d'he second is the charge q{t) that is circulated from 

* In this article it is convenient to use functional notation foi the voltage and charge, whk h 
are in general functions of time In this way, for example, the value of a function q(t\) cor¬ 
responding to a given value h of the argument / can be readily indicated, as well as the general 
function q(t) of the variable i Further use is made of functional notation in Chs Ill, V, VII, 
and VUI; it is dibcussed principally in Ch. III. 
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a to f around the group as a whole thereafter. Thus if the initial charges 
are 51 (0), q^iO), and ^3(0), respectively, 

qi(t) = qi{ 0 ) + q{t), [ 168 ] 

92 W = 92(0) + qit), [ 169 ] 

9:i(0 = 9.t(d) +9(0- [170] 



By use of tliese relations, Kq. 167 becomes 

v(() = S{\(Ji(()) + </(/)! + ^S'2[f/2(6) “f (/(t)] + + (/(/)] I 

- ‘Vif/i(b) + ^S2f/2(b) + -f -h S> -j- / [171] 

- r(()) + Socj(t). 1 

in which V(()) is the j)Otential difTcrence across the combination at the 
first instant, or 

F(()) ^ 5,(/,(0) + 52^2(0) + ^ 373 ( 0 ) [172] 

and 

So ^ 5i + 5*2 + 53 . [173] 

luluation 171 suggests that the circuit of Fig. 36 with initial charges on 
the elastances can be rei)resented between its terminals a and / by a 
simj)le ecjuivalent circuit. Two circuits are said to be equivalent if they 
are indistinguishable by any electrical tests made at specified correspond¬ 
ing terminals. Figure 37 shows this equivalent circuit, which consists of a 
battery, or source of constant jxitential difference r(0) of the polarity 
shown, in series \\ith an elastance .S'o. The physical behavior of this 
equivalent circuit is more easily visualized than that of the original, and 
for this reason it may be useful. If there is no initial charge on the elas- 
tanccs or, more generally, if 1^(0) is zero, the equivalent circuit reduces 
to the elastance So as defined by Eqs. 172 and 173. 

The foregoing discussion applies to three elastances in series but its 
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extension to the more general case of n elastances in series involves notli- 
ing more than adding more terms to the equations as given. 

For the consideration of condensers in parallel, the use of capacitance 
C rather than the elastance 5 leads to more convenient forms. For 


example, if three condensers hav¬ 
ing capacitances C 'l, (" 2 . and C 3, 
respectively, are connected in pa¬ 
rallel across a potential difference 
v[\), then for each capacitance 

q{t) Cv{t), [174] 

and evidently the total charge on 
the three capacitances is 

(JoU) == -f-^2 + 

= 0(0 

Co Cl + C 2 + C 3 . [176] 



Fio. 37. Circnil ocjiiivalcnt to the circuit of 
Fig. .36. 


Thus it is seen that capacitances in j)arallel behave like a single capaci¬ 
tance equal to the sum of the individual cai)acitances. 

It is mentioned that any of the foregoing relations between charge 
(j(t) and voltage v{l) can be converted into relations between current i{t) 
and the time derivative of voltage by differentiation. 


17. iLiaiSTRATlVE EXAMPLE OF CAPACITANC'E (’ALCUI.ATTON 


Insulated cable designed for use on high-voltage circuits frec|uently 
has a thickness of insulation greater than the diameter of the conductor. 

In such situations serious variations of 
jx)tential gradient may occur within the 
dielectric. Some improvement of conditions 
may be obtained by using two or more in¬ 
sulating materials having different values 
of relative permitlivily or dielectric constant K. 
Thus by use of a dielectric with higher per¬ 
mittivity nearest the inner conductor, the 
electric-fielcl strength in this vicinity is ke])t 
more nearly like that in the outer dielec tric. 

Such acable with graded insulation is shown 
in Fig. 38. If the value of for insulating 
medium A is 3.0 and the value of Kb for the insulating medium B is 2.0 
what is capacitance between conductor and sheath in microfarads per 
foot? 



14 mm 

Fig. 38. Cross section of calilc 
having graded insulation. 
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Solution: The solution is readily obtained by recognizing that the resultant capaci¬ 
tance is the series combination of two component capacitances each of which is cal¬ 
culated from Eq. 89: 

c„ = —?- [89] 

Jin — 
ri 


The resultant capacitance is 


Cu 


1 _ 

2 Ir^ 2 In 3.5 


in which 

Ea 

Bfi = h lioo] 

eo - 1.113 X 10 ^‘Mn mks unralionalized units. 


[177] 


[178] 

[179] 

[180] 


Hence 

c = ^ ^ - 0.649 X 10 farad/m 

In 2 + In 3.5 

- 0.198 X 10'^ Mf/ft. 


[181] 


18. Practical inductors 

As is true of condensers, inductors are used in a variety of applications 
in the power, wire-conimunication, and radio branches of the electrical 
industry. Some of the more important of their characteristics and appli¬ 
cations merit brief consideration at this [)oinl. 

Although the characteristics of practical condensers are such that in 
many applications they may be treated as pure capacitances without 
accompanying resistance and inductance effects, a correspondingly close 
approach to the ideal inductor has not been attained in practice. In cases 
in which power loss is significant, the product RC may be taken as a 
measure of the perfection of a condenser, R being the equivalent parallel 
resistance and C the capacitance. The analogous quantity in the case of 
an inductor is the ratio LjR, L being the inductance and R the equivalent 
series resistance. In practical condensers it is not uncommon for the 
product RC to be greater than a thousand, whereas in practical induc¬ 
tors the ratio L R rarely attains a value as great as ten. In other words, 
the resistive losses in practical inductors are relatively far more impor¬ 
tant than they are in practical condensers. In addition to resistive losses 
in practical inductors, the effects of distributed capacitance are often 
important, whereas the inductive effects in condensers can be detected 
only by refined measurements. The resistive losses and the effect of dis- 
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trihuted capacitance seriously limit the variety of circuit conditions under 
which a practical inductor may be treated as a pure inductance. 

The amount of induc tance which can be obtained in a given volume 
depends on the number of linknfj^cs of magnetic flux with conductor 
turns. Increasing the numl)er of turns increases the inductance but at the 
same time increases the resistance*. However, the flux can be increased 
se\'eral thousandfold by i)ro\iding the coil with a core of high-perme- 
ability material of which many are now available. (Tanges in the flux in 
magnetic materials are accompanied by the absorption of power, but the 
net gain in L R over that which can be obtained by any reasonable 
incrc‘ase in the amount of conduc ting material alone is considerable. 

The use of high-j>ermea])ility materials in the magnetic lieKls of induc¬ 
tors introduces complications arising from variations in tiie permeability 
of these materials with held strength. The inductance of the c ircuit ele¬ 
ment is no longer substantially independent of current but may vary 
with it over a wide range. 'J\) reduce this variation it is common practice 
to insert a small air gaj) in the magnetic materi.j .it such a place that all 
the flux lines must cross it. 'The maximum valu * '*f inductance is thereby 
gr(*atly reducTcl, l)Ut the variation in inductance with current is also 
materially rcxlucTd, 

Inductors with cotes of high-permc^ability materials arc in very corn- 
mot i use for a wide variety <»f purposes. An important present application 
is their use to su})press undesirable high-frequency components in the 
output currents from mercury-arc rectifiers supjilying railways. Likewise 
radio rec'eix'crs ojierated by alternating c urrent employ iron-c:ore induc¬ 
tors to aid in suppressing fluctuations which arise in the processof rectify¬ 
ing the plate-sup})ly current. Power sources for radio transmitters use 
similar inductors for the same purpose. 

In communication lines, capacitance effects are usually too large 
relativT to those of resistance and inductance*. Ily the use of properly 
designed inductors at intervals along the line, the predominance of capac'i- 
tanc'e can, in effect, be neutralize*!!, and speech transmission can thereby 
be exteneled to much greater elistances than woulel otherwise be possible. 
The inelucteirs, known as loaeling ce)ils, use magnetic materials in forms 
chosen to reduce losses to a minimum. The principle of loading has been 
extended to ocean cables, in which the inductance is increaseel uniformly 
along the cable by winding the central conductor with a tape of material 
which has very great permeability at low field strengths. 

Many different types of space-wound eoils have been developeel for use 
in the radio-frequency circuits of radio receivers. Windings of this type 
are used to reduce capacitance effects by securing the largest se})aration 
convenient size will allow between turns whose coneluctors eliffer greatly 
in potential. The natural resonance frequency above which coils of this 
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type cease to act as inductances may be as high as a hundred million 
cycles per second. In radio-frequency power circuits, in which voltages are 
large and currents are mostly in the surface layers of conductors, coils 
are made of hollow copf)er tubing wound in a comparatively open spiral. 

The property of mutual inductance between coils can be used to advan¬ 
tage in the construction of continuously adjustable inductors. A common 
/r >/777 o/ inductor for a small fraction of a henry consists of a movable 
(x)il mounted within a fixed coil of slightly greater diameter, with the 
inner coil capable of rotation about an axis as shown in Fig. 32. If the coils 
are connected in series, the total inductance can be varied over a range 
of nearly ten to one. 

Inductance standards have fallen into disuse for precise measurements 
because of the difficulty in shielding them adequately to eliminate the 
mutual inductance with other circuits. Where ])()ssible, methods of meas¬ 
urement which determine the unknown in terms of capacitance and 
resistance arc employed. 

The following estimate is intended to give a practical concept of the 
magnitude of the inductance to be expected from short, air-core coils, 
'fhe inductance of a single turn ten centimeters in diameter, made of 
wire whose diameter is small compared to ten centimeters, is approxi- 
mat(*ly 0.3 microhenry. The inductance of such a configuration is aj)proxi- 
mately pro]:>ortional to the diameter of the turn, and if more than one 
turn is involved, to the scpiare of the number of turns. Thus if the diame¬ 
ter is doubled, and the number of turns increased to 100, the inductance is 
about 2 X 100“ X 0.3, or 6,000 microhenrys, or 6 millihenrys. Too))tain 
an inductance of one henry in a coil 20 centimeters in diameter, the num¬ 
ber of coincident turns reciuired by this aj)proximate method is l,vS00. 
Since these turns cannot all occupy the same space, all the flux i)roduced 
l)y each turn cannot link every other turn, and a considerably larger 
number of turns actually is reejuired. Inductance formulas are available 
for the precise calculation of both self- and mutual inductance in coils of 
many forms. 

“ Kadio Instnimenls and Measurements,” Clrc. Nal. Bur. Sland. No. 74 (2(1 cd.; Wash¬ 
ington: (i()\ eminent I’rinting Ofliee, 1924), 242 286; K. H. Rosa and F. W. ('.rover, “ Formulas 
and I'ables for the C alculation of Mutual and Self Inductance,” Sci. Paper Nal. Bur. Sland. 
No. 169 (Sd ed. [rexised]; Washington: CJovernment Printing Oflice, 1916). 
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Air (ore indiutor or tdardalion Fixed iiidiu lantc slantldicl, 0 10 milli- 

ro// us((J in teliphoiu systems; henries 

6^ ohms resistance, 0 05 hcniy 
dntet current induetaiue 



Courtesy General / Icetru ( o 


Neutral grounding reactor, 80,000 kilovolt ampcies, 8,000 \olts, 10,000 amperes, in system 
of Consolidated Gas, Electric Light and Power Co , Baltimore, Md 
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Courtesy General Radio Co 
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19. Series and parallel combinations of inductance 


For a single inductance L the voltage-current relations are 

[182] 

i = rjixll. [183] 


Here /’ is used to denote reciprocal inductance. 

When sev'crai indurtiinccs arc considered^ either in series or parallel 
combinations, and the voltage-current relation for the resultaiit is wanted, 
the problem is similar to, although more complicated tluin that for resist¬ 
ance or caj)acitaiue parameters because of the fact that there are two 
kinds of inductance; .sc//* and mutual. Both may be involved simultane¬ 
ously. In the following, this more general situation is assumed. 

If there are two inductances Li and L 2 with .1 mutual inductance Af 
between them, and the voltages and currents t'l. and V 2 j H refer respec¬ 
tively to these two inductances, a simple extension of Eq. 182 yields the 
following pairs of rehitions: 


or, inversely, 


dil dl. 

'''"'"**"■ 57 - 

[182a] 

(li 1 din 


-f 

; 

II 

[182b] 

ii — I 'tJ Vidt ± W ^ '^2dt, 

[183a] 

>2 = ± IV 1'Vydl 4- I's j l’2dl. 

[183b] 


The second pair is not an independent set of equations but the solution to 
(or inversion of) the first pair, and vice versa. Hence by the theory of 
linear simultaneous algebraic equations, the coefficients of the two pairs 
are related as follows: 


Fi = 


_ L2_ _ 

LiL2~ 


r2 = 


_ u _ 

L1L2 - 


W - 


_ -M 

L1L2 - 


[184a] 

[184b] 

[184c] 
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T 

[185a] 


[185b] 

-W 

M = - - -1777 • 

/’l/2 ^ ff 

[ 185 c ] 


Now if the two inductances are connected in series, their currents are 
equal and their voltages are additive. Adding Eqs. 182a and 182b gives 

“t" ^2 “ ^ ~ (^1 "h ^2 Az 2AI) • [182c] 

The ciuantity in the parentheses is the resultant inductance for the series 
combination. 

On th(‘ other hand, if the two inductances are connected in parallel, 
their voltages are ecjual and tlieir currents are additive. Adding Eqs. 183a 
and 183b gives 

U + ^2 = i - (l\ + / 2 2ir) j'vdt. [183c] 

The quantity in the parentheses is the resultant reciprocal inductance 
parameter for the i)arallel combination. Expressed as an inductance, and 
in terms of the original self- and mutual inductances, 

1 _ ^ 

/’, + /'2 ± 2IF A, + Zo =F 2M 

It is emphasized that Eqs. 183c and 186 cannot be applied to the induct¬ 
ances of coils connected in })arallel unless the error caused by the presence 
of the associated resistance is tolerable. For this reason these formulas are 
not commonly of })ractical use. 

If the two self-inductances are not coupled by mutual inductance the 
formulas derived in this article still apply with M equal to zero. 

20. Summary of voltage-current relations for the circuit 

ELEMENTS 

In the following, the current in an element — that is, the rate of move¬ 
ment of charge in one terminal and out the other — is i, and the potential 
drop between terminals in the direction of the current is v. Both i and v are 
in general functions of time. In any one clement, v or its time derivative or 
integral is a linear function of i or the time derivative or integral of i. 



summary of energy relations 


Ill 


For the resistance or conductance element the following relations hold: 

V = /?/, [187 a] 

/ = Go. [187b] 


These two forms are alternative ways of stating the same relation. The 
choice between them is a matter of convenience only. 

For the elastance or capacitance element the following relations hold: 


> 

tl 

tl 

OC 

OC 

\ _1 

II 

[188b] 

These two forms also are alternative forms of the same relation. The 
choice between them is a matter of convenience. 

Finally, for the self-inductance element the foMowing relations hold: 

II 

[189a] 

i = r\ = r fvdt. 

[189b] 


Again, convenience alone determines which of these equivalent forms shall 
be used. 

The mutual-inductance parameter is similar to self-inductance except 
that V is in one element and i in another. 

21. Summary of energy relations 
The electrical {X)wer input p to an element is 

p = vi, [190] 

in which v and i are defined as in the })receding article. 

This follows from the definition of ix)tential difference in terms of work 
done on a unit charge, and from the fact that current is the charge moved 
per unit of time. Equation 190 is quite independent of the nature of the 
element. In fact, any two-terminal electrical device having v volts poten¬ 
tial drop across it in the direction of a current i amperes in it absorbs p 
watts of electrical power, or joules of electrical energy per second. For a 
generator, p as thus defined is, of course, negative numerically. 

Applying Eq. 190 to the resistance element and using Eqs. 187a and 
187b give for the absorbed power pu, 

pu=^ vi ^ Ri^ = Gv^. [191] 
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The integnil of this i)ow('r energy -is converted into heat and dis¬ 
appears irrecoverably from tlie electrical system. 

Applying Kq. 190 to the elastance clement and using Eq. 188b give for 
the absorbed power pc^ 

= w = [192] 


This power represents a rate of energy storage. In time dl, an amount of 
energy 

dw(^ = pcdl = Cvdv [19vS] 


is put into the capacitance, while, in charging it from zero voltage to a 
voltage V, the energy input is 


W(> 



Ctt 

2 



[194] 


Lastly, the inductance element is considered, for which the power input 
p^ is derived by using ICqs. 189a and 190: 





[195] 


This power also represents a rate of storage of energy. In time dt an 
amount of energy 

= pjdl — Lidi [l^b] 


is put into the inductance, and during the time in which the current 
builds up from zero to / the encTgy stored is 

[1971 


The energies and ziV’ are independent of the time during which the 
current and charge, respectively, are built up to their final values. 


22. Network equations 

In the preceding articles of this chapter, the manner in which a com¬ 
plicated electric circuit can be resolved into an aggregation of individual 
elements or nehcork is indicated, the equations for the electrical behavior 
of the individual elements are developed, and various methods for evalu¬ 
ating the parameters are illustrated. This concluding article gives the 
general mathematical relations which express the behavior of any net¬ 
work. These are known as KirchJwJf's laws, because they were first formu¬ 
lated by him in 1845.^^^ Both are special expressions of relations implicit 
in the field equations, applicable to electric circuits. 

G. Kirchhoff, Gcsammelte Abhandlungen (Leipzig; Johann Ambrosias Barth, 1882), 15. 
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The first law, known as the \oltagc law% follow^s from Faraday's induc¬ 
tion law, Eq. 1, by a process similar to that carried out in Art. 2. Stated in 
words, it ib: 

ill an ciectrit network a clobcd path is traversed, the algebraic sum of 
the voltage drops acro>s the individual elements in the direction of 
traversal is zero \ 

For example, in Fig. 39 the closed path is abcdf^/ia and it is traversed in 
this diiection. Each simple series combination of elements on the path, 
such as abc or edf, has a current indicated by i with an identifying sub¬ 



script. As the actual directioii of current is in general unknown and a 
flint lion of time, a direttion indicated by an arrow is arbitrarily selected 
as positive. Jf jK)siti\c‘ charge moves in the arrow direction, i has a }X3si- 
ti\e \alue; if in the o})})osite direition, i has a negative value. 

In order to conform to the statement given for the first law, Eq. 1 is 
written in the form"^ 

f & ■ d( + |lc] 


and applied to the path ahcdjgha. Beginning at (7, the contributions to 
^• d? and to ^7. are: 


di2 

Potential drop from to ^ = 7.2 — > 

dt 

Potential drop from b to c - ^2, 


[198a] 

[198b] 


u 2 

* It is understood that 2^7. - in( hides terms of both self- and mutual inductance. 'Fhe 
dt 

mutual terms need not be of concern for this example. 
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Potential drop from c to d = 

[198c] 

dt^ 

Potential drop from d to / = -L^—y 

[198d1 

Potential drop from f to g = 

[me] 

Potential drop from g to h = Si J iidt = Siqi, 

[198f] 

Potential drop from A to a = Rii\, 

[198g] 

Equation Ic, with the results of Eqs. 198a to 198g, gives 


^ + E2 - RsH + hdt + RiH 

= 0. [Id] 


Equation Id, which is derived from Eq. 1 using the circuit-element con¬ 
cepts, is identical with the equation that is obtained by applying the 
Kirchhoff voltage law to this loop. Such a process as that used in obtaining 
Eq. Id can be applied to any closed-circuit path. The result is identical 
with the ecjuation which is obtained by an application of Kirchhoff's 
voltage law to the path. This fact establishes the general validity of the 
Kirchhoff voltage law. 

The currents /], ^ 2 , and in general are unknown in such a case as that 
shown in Fig. 39. They may be and usually are functions of time. What¬ 
ever their values, however, they must be such that Eq. Id is satisfied. 
They can be determined only after additional eejuations such as Eq. Id 
are written for the other paths of the network together with certain 
current equations discussed below. 

Kirchhoff’s second law, known as the current law, follows from Eq. 2. 
Stated in words, it is: 

►The algebraic sum of all currents directed toward a junction point is 
zero.^ 

To establish this current law any junction of conductors may be 
inclosed in a surface, as is done on Fig. 2. Then the algebraic sum of the 
conduction currents entering the surface is equal to \/Aw times the rate of 
increase of electric flux directed outward through the surface. But by the 
assumptions used in establishing the circuit relations, the displacement 
current is assumed to be negligible in comparison with conduction current 
except as associated with the circuit element capacitance. Therefore, 
unless the conductors in the vicinity of the junction are in effect func¬ 
tioning as an electrode of a condenser — as they may do in the case of 
high-frequency circuits — the algebraic sum of the conduction currents 
entering the junction is zero. If, on the other hand, the current law is 
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understood to include displacement as well a? conduction currents, it 
its univcrsdlly true for conditions to which the field equations apply. 

By means oi these two circuit laws and the circuit-element relations it 
is possible to determine the resultant behavior of any lumped-parameter 
linear network I'he formulation of the voltage and current equations is 
a necessary part of network analysis that is carried out in detail in subse¬ 
quent chapters. 


PROBLEMS 

1. It is often of importance to know the ratio betv^een the amplitudes of the dis¬ 
placement current and the conduction current in certain materials. To determine 
this, an electric field strength ^^ithin the material is assumed to of the form 
&m sin IrrfL 

(a) What is the frequency at which this current ratio is unity? 

(b) What is the frequency of (a) for the following materials? 


Material 

Rciisimty (ofim-cm) 

Diclci trie Constant 

Copfier 

1.72 X 10-‘ 

1 (assumed) 

Sea water 

0 5 

81 

Distilled water 

0.5 X 10« 

81 

Bakelite 

*2 X 10" 

5 

ut (It lnn(l^ lonst lcr.il)lv upon comfwsition 



(c) Which i.s the predominant term for frequencies below the frequency of (a)? 

(d ) What are the values of the ratio for copper when the frequency is 60 (power); 
30 megacycles/sec (short-wave radio)? 



L 



Fio. 40 C^ross section of 
trolley wire, Prob. 3. 


Fig. 41. Diagram of toroidal 
inductor having square cross 
section, Prob. 5. 


2. In studies of the electrolysis of underground metallic structures caused by the 
action of stray direct currents, it is often necessary to measure the current in a pipe. 
One method of doing so is to measure the voltage drop across a measured length of 
pipe. 

A “ 6*in ’’ class A cast-iron gas pipe has an inside diameter of approximately 6 in, 
and a w^all thickness of 0.44 in. What current is indicated by a voltage drop of 60 mv 
over an 8-ft length? 

3. What is the resistance per mile at 20 C of a hard-drawn copper trolley wire 
which has the cross section shown in Fig. 40? 
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4. What is the capacitance of a paraileUplate condenser consisting of M equal 
plates of one polarity interleaved uniformly with M + 1 similar plates of the opposite 
polarity? 

5. An inductor is made by winding a single layer of wire on a toroidal form which 
has the square cross section indicated in Fig. 41. 

(a) What is the inductance of the winding? 

(b) What is the resistance of the winding? 

(c) What is the number of turns in terms of wire diameter and other linear dimen¬ 
sions ? 

6. One of the condensers used at the Bureau of Standards consists of two con¬ 
centric cylinders, whose radii are 6.26 cm and 7.24 cm, respectively, d'hey are equipped 
with suitable arrangements at the ends to eliminate the fringing of electric dux. The 
effective length of the condenser is 20.1 cm. 

(a) What is the capacitance of this condenser? 

(b) What is the capacitance if the distance between the axes of the two condensers 
is 1 mm (cylinders not concentric)? 

(c) Is the effect of this eccentricity on the capacitance of the condenser a second- 
order effect or an important effect? 



Fig. 42. Diagram of condenser-type bushing, Ihob. 8. 


7. Occasionally in the past, the mistake has been made of running unsheathed 
insulated cables in metallic conduits, with the result that sparking has taken jfface in 
the air space between the insulation surface and the conduit. This has resulted in the 
rapid deterioration and early failure of the insulation. 

Generally the cable is kinked and follows an irregular path through the duct, 
touching it here and there for .support. The analysis of what happens may be simpli¬ 
fied by treating the simple case of an insulated cable concentric with the duct; for 
example, a conductor of f-in. diameter surrounded by a ^-in. layer of varnished cam¬ 
bric in a duct of internal diameter 2 in. 

(a) If the dielectric con.stant of the varni.shed cambric is .S, and the breakdown 
gradient of air is d,(K)0,0(K) v /m, what is the difference in potential between the 
conductor and the pipe at which sparking occurs? 

(b) If the allowable working gradient in varnished cambric is 6,000,(X)() v/m, what 
is the difference in potential betw^een the conductor and pipe at which the 
cambric breaks down if the pipe is shrunk to a tight fit on the cambric, exclud¬ 
ing all air? 

8. A high-voltage condenser-type bushing for carrying a conductor through a wall 
is constructed somewhat as is shown in Fig. 42. There are five layers of equal thickness 
of oil-filled paper insulation. Each layer is covered with metal foil for substantially 
its entire length. 'Fhe surface in contact with the wall is at ground potential. 'Fhe 
lengths of the respective layers are adjusted so that the potential gradients at the 
inner surfaces of each layer are equal. Leakage currents may be neglected. 
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(a) If the maximum allowable potential gradient is 8,000,000 v/m, what is the 
maximum allowable voltage from conductor to ground? 

(b) If the dielectric constant of the insulation is 5. what is the capacitance of the 
bushing between conductor and ground? 

0. A 0000 A\\ G hard-drawn copper trolley wire is 25 ft above the ground. What 
is the capacitance per mile to ground? The ground may be assumed to be an equi- 
potential surface. 

10. When a charged cloud appears over an open-wire electric-power transmission 
line or a telephone line, an abnormal difTercnce in potential may be induced between 
the line and ground. If the presence of the cloud persists for some time, this difference 
in potential is gradually neutralized by the electric held due to charges which gradu- 
all\' leak on to the line over its insulation. If the cloud then suddenly discharges, the 
line may again be at an abnormal potential with respect to the earth owing to the 
fact that the charges wdiich have leaked on to it cannot escape instantaneously. I'his 
situation is idealized in the arrangement which follows: 

'Fwo ve^^’ extensive t)arallel conducting planes carry uniformly distributed electric 
(barges of surface density f- a and - tr, which give a resultant electric-field intensity 

at any jioint between the planes, as indicated in Fig. 45. A very long wire of radius 
r now is in.serted between the planes, {larallel to the lower plane and connected to it 
by a very high resistance. 

// r, h » r. 


+ 0 * 



Fi(.. 45. Cliaiged (loud o\cr lransmis.sion wire, I'rob. 10 


(a) If the wire has been (onneded to the lower plane long enough for wire and 
plane to acfpiire the same jiotential, what is the charge per unit length q car¬ 
ried by the wire? 

.\fter the wire has accjuired the same potential as the lower plane, the upper plane 
is suddenly di.scharged to the lower plane and comiiletely removed. (I'his simulates 
the discharge of the cloud.) 

(b) What is the initial difference in tiotential between tlie w ire and the lower plane, 
that is, the potential difference existing before any appreciable charge can pass 
through the c'onriecting resistanc'e? 

(c) What is the potential difference expressed by (b) for 


g - 1,000 v/ft [1Q9] 

h - 40 ft [200] 

^=-1,000 ft [201] 

r - 0.250 in. (0000 AWG)? [-202] 


11. A transmission line is composed of two 0000 AWG solid copper wires, their 
axes separated by 2 ft. W'hat is the inductance per mile of line, 
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(a) neglecting the flux within the wires? 

(b) considering the flux within the wires, and assuming uniform current distribu- 
tion in the wires? 

12. A double-circuit electric-power transmission line (Fig. 44) uses four 0000 AWG 
solid copper wires spaced at the corners of a 4.0-ft square. Current is in one direction 
in two of the wires (connected in parallel) and in the opposite direction in the other 
two wires (also connected in parallel). 

(a) What is the resistance of the complete double-circuit line in ohms per mile of 
line? 

(b) What is the self-inductance in h/mi of line, assuming that current is in one 
direction in the two wires in the upper plane and in the opposite direction in 
the two wires in the lower plane? The internal flux linkages in the wires may 
be neglected. 

(c) What correction should be added to the result of (b) to take into account the 
internal flux linkages in the wires, assuming that the current density is uni¬ 
form over the cross section of each wire? 



Fio. 44. Conductor ar- Fig. 45. (onductor at bottom of iron 

rangement for double- .slot, Prob. 13. 

circuit transmission line, 

Prob. 12 

13. One of the important considerations in the design of electrical machinery is the 
amount of magnetic flux which links the conductors, particularly where they are 
placed in slots in a steel structure. While in general no exact method of solution is 
available, certain methods of approximation are used which give results that arc dis- 
timtlv helpful. The following problem illustrates one such method. 

In Fig. 45, A represents a copper conductor of rectangular cross section, at the 
bottom of a slot in a piece of annealed steel. 'Phe dimensions arc as follows: 


X — 2.5 cm 

[203] 

y — 5.5 cm 

[204] 

a = 1.8 cm 

[205] 

b = 2.0 cm 

[206] 


A current of 100 amp is in A. If the steel has an infinite permeability, the conductor 
and slot are of infinite length, and the conductor fills the bottom of the slot: 

(a) How much magnetic flux per meter length of conductor crosses the slot above 
the conductor but below the top of the slot? 




PROBLEMS 


119 


(b) How much magnetic flux passes through the conductor per meter of length'' 

(c) About how much error is introduced by assuming the permeability of the steel 
to be infinite? 

14. A metal sphere of radius r is maintained at potential V with respect to a verj' 
extensive metal plate at a distance h from the sphere; h'^ r, What is the capacitance 
of the ' 5 >stem? 

15. A copper-coated steel rod ^ in. in diameter is driven 7 ft into damp soil. What 
is the approximate range of values for the ground resistance of this rod ? 

16. A mutual inductor is constructed as follows: A fiber tube 1 m Jong and 10 cm 
outer diameter is wound over its entire length with a single layer of 16 S.C.E. (Single, 
Cotton, Enamel) copper wire. The enamel insulation is 1 mil thick and the cotton 
insulation is mils thick. Around the middle of this coil, there is wound a 500-turn 
coil 10 cm long and 1 cm thick. 

What is the mutual inductance of these two coils? 

17. A power line consists of two 00 AWCi solid copper wires 4 ft apart (center to 
center) in a horizontal plane 50 ft above the earth. A telephone line running parallel 
to the power line consists of two 12 AW(1 solid copper wdres 12 in apart (center to 
center) in a horizontal plane 20 ft above the earth. The adjacent power and telephone 
wires are horizontally 50 ft apart. 

(a) What is the voltage induced electromagncticalh' in the telephone line per mile 
by a current in the power line 

/ 150 cos 577/ + 5 cos 1,131/ amp, [207J 

where / is in seconds? 

(b) How can this induced voltage be avoided practically? 

18. What is the resistance at 50 C of 1,500 ft of 10 AW(i annealed copper wire? 

19. The field coils of a shunt generator have a measured resistance of 138 ohms 
after the machine has been standing for some time in a room whose temperature is 
20 C. After the machine has been in ot)cration for 3 hr, the resistance is again meas¬ 
ured and found to be 152 ohms. The field coils are constructed of annealed copper. 

W'hat is the average temperature of the field coils at this time? 

20. It is desired to make a resistor w'hosc resistance at 20 C is 1,000 ohms and 
whose temperature coeflicient is 0.0020 at 20 C. 'Fhis is to be made by placing two 
windings in series, one waiund with wire of one material and the other wound with 
wire of another material. The following wire is available. 

Material Sizes . 1 ir(7 

Copper 20, 24, 28, 52, 36, 40 

Constantin 28,32 

Nichrome 22, 24, 26 

For each usable combination of two materials: 

(a) What is the resistance of each of the two windings? 

(b) What wire size of each material should be used to get the smallest volume of 
each wire? 

(c) What lengths of each material arc required, using the sizes selected in (b)? 

21. An immersion type of electric heating unit for heating liquids as made by 
one manufacturer consists of a helically wound coil of nichrome wire embedded in a 
jacket of compressed magnesium oxide. This combination is surrounded by a tubular 
metallic sheath. The heat is produced by passing electric current through the nichrome 
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resistance wire, whence the heat is conducted through the magnesium oxide and the 
sheath to the liquid being heated. In designing such a unit, the manufacturer wishes 
to keep costs at a minimum. 

The following data apply to nichrome wire suitable for the windings: 


AW a 

( Diameter 

In 

[ Weight 

//;/l,000// 

1 Cost 

Dollars/Ih 

[ Resistance 
Ohms/ft, 20 C 

20 

0.032 

2.915 

1.82 

0.635 

22 

0 0253 

1.807 

2.06 

1.017 

24 

0 0201 

1.139 

2.38 

1.609 

26 

0.0159 

0 719 

2.73 

2.571 

28 

0.0126 

0.454 

3.08 

4.090 

30 

0.010 

0.2845 

3.44 

6.500 


Resistance factor - RilK‘>o, Rt - resistance at / C, i^ 2 o = resistance at 20 C 

Temperature, 20 100 200 300 400 500 600 700 

Factor l.CK) 1.017 1.035 1.052 1.060 1.068 1.066 1.063 

In order to conform to a .standard line of external dimensions, the resistor element 
must be w'ound so that the length of the helical coil shall be 13.5 in measured along 
the main axis of the helix and the outside diameter of the helix shall be 0.270 in. d'he 
unit is to be rated 1 ,(K)0 w', at 230 v. W'ire smaller than 30 has insufheient mechanical 
strength and so cannot be considered for the elen\ent. 

(a) What are the si)ecifications for the resistor element if its wire is intended to 
operate at 90 C for heating w'ater: 

(1) Size of wire, AW(i, 

(2) Length of wire in inches at 20 C, 

(3) Number of turns per inch of coil, 

(4) Cost of resistor ware per 1,000 units manufactured? 

(b) What are the above specifications for a similar unit intended to operate at 
450 C for melting lead? 

(c) If the labor and overhead costs of wanding the resistor helix are proportional 
to the number of turns per unit, should any different specification be made in 
(a) or (6)? 
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Elementary Netu'ork Theory 

1. Network geometry 

The conception of two-terminal electric-circuit elements, or lumped 
parameters, is developed in Ch. I. In ])ractice, electric circuits com¬ 
monly consist of many such elements connected to form a complicatefl 
system. For ease in defining certain terms used in describing these com¬ 
binations, the nature of the individual 
elements is disregarded for the moment 
and each is rejiresented in Fig. 1 as a 
line extending between two small dots. 

The entire aggregation of elements is 
termed an electric network^ often abbre¬ 
viated network. Each element such as 
ga, fU or hlc is termed a branch. Each 
junction point of two or more branches 
is termed a nodc.^ A closed path such 
as ahlcdfga or kjfdhlk is called a loop. 

A loop wdiich cannot be subdivided 
into other loops, such as fdJilf, is called 
a nicsh.’\ The dreuit of Fig. 5a, for example, consists of seven branches, 
five being passive elements and two being voltage sources; it contains six 
nodes, three loops, and two meshes. 

A lumped-parameter circuit always can be broken down into a network 
of individual elements or branches, a process which is the preliminary to 
its analysis. More detailed treatment of network geometry is given in 
Ch. VTII; in this chapter discussion is limited to the simfiler fixed-resist¬ 
ance networks in which fixed voltages are applied. 

2. Directions of voltages and currents 

In Arts. 2 and 3, Ch. I, the conventions of direction for voltage and 
current are established. These are repeated in this section and are dis¬ 
cussed particularly from the point of view of electric-circuit relations. 

There is said to be a rise in electric potential from point b to point a if 

* It is sometimes convenient to enlarge the concept of a branch to include a combination of 
elements that has only two terminals, such as thus dropping out nodes b and c. 

t The actual elements which form a me.sh depend upon the manner in which the network 
diagram is drawn. The definition becomes meaningless for networks which cannot be drawn 
in one Surface. 



Fig. 1. For definition of network 
terminology. 


12/ 
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energy must be expended to transfer positive charge from h to a. Point a 
then is said to be at a higher potential than point or to be positive with 
respect to point b. Conversely, there is said to be a drop in electric poten¬ 
tial from point a to point 6, and point b is said to be at a lower potential 
than point a, or to be negative with respect to point a, A positive charge 
transferred from a io b gives up energy. The conception of potential (or 
voltage) rise or drop, of course, can be defined equally well in terms of 
transfer of negative charge, by statements opposite to those made above, 
but it is obviously superfluous to make the statements both ways. 

I'here is said to be an electric current from point b to point a if posi¬ 
tive charges move from b to a, or there is said to be a positive current 
from b to a. Conversely, a negative current is said to be from point a to 
point b. It is now recognized, of course, that a positive current from b to a 
may consist largely or (in the case of metallic conduction) entirely of 
negative charges flowing from a to b. 

When there is current in a resistance branch, energy is liberated in the 
form of heat in accordance with Joule’s law. Hence there is a decrease of 


a b ah 



Fig. 2, Use of polarity marks and arrows. 

potential in the direction of the current, that is, in the direction of flow 
for {Kisitive charge. Hence the resistance drop, or RI drop, so common in 
electrical-engineering parlance, always is in the direction of the current. 

All the preceding, while very elementary, is very important. Though in 
simple resistance circuits having steady voltages and currents, little difli- 
culty is encountered in keeping track of voltage and current directions, 
in more complicated circuits and more complex circuit conditions, involv¬ 
ing transient- and alternating-current phenomena introduced in the 
following chapters, much more difficulty is met. A sound method of 
systematization is needed. It is important, therefore, to develop the 
system and practice its application on simple cases wherein likelihood of 
confusion is small. 

In designating polarities, plus (+) and minus ( —) signs may be placed 
at the terminals of branches, and a symbol for voltage may be associated 
with each branch, as in Fig. 2. In this way the voltage symbols are clearly 
defined by reference to the diagram. The direction of any current may be 
designated by means of an arrow associated with a symbol for current. 
However, in some complicated circuits, this system confuses the diagram 
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with too many marks and symbols. In such circumstances recourse ma> 
be had to the system of double-subscript notation. In this system as applied 
to electric circuits, the order of subscripts indicates the direction ol 
traversal of a branch (or branches) from node to node. It is important 
to recall, however, that with voltages a symbol such as Vhc is meaningless 
unless it is known whether it stands for a voltage rise or for a voltage drop 
in the direction h — c. In the treatment of circuits in this chapter, there¬ 
fore, the symbol £ always stands for the A'QUage rise or electromotive 
force of a source, and the symbol V always stands for the voltage drop 
through a resistance, in the direction of the appended subscripts. For cur¬ 
rents, the symbol I always stands for flow of positive charg(' in the direc¬ 
tion of the appended subscripts. Double subscripts appended to resistance 
or conductance symbols hav^e no directional sense. These serve merely 
to locate the parameters with respect to loops or nodes with which they 
are associated. From Fig. 2a, by KirchholT’s voltage law, 



In this book either the system of jx)larity marks and arrows, or the system 
of double-subscript notation, or a combination of them, may be used, as 
proves to be expedient. 

In the solution of an electric network, it sometimes happens that the 
magnitudes of the voltages and currents are desired, l)ut that the actual 
fX)larities and directions are unimportant. Fven so, it is necessary to solve 
the circuit with due regard to a system which keeps track of voltage 
polarities and current directions as a relative ^natter within the circuit, 
though actual polarities and directions may never be known. That is, 
voltage polarities and current directions must be assigned arbitrarily 
and the circuit equations must be written in consistent conformity with 
the assumptions. The solution of such equations gives the correct magni¬ 
tudes for all voltages and currents. Negative values appearing for some 
voltages and currents are the means mathematics has for saying that in 
those instances the assumed polarities or directions turned out to be 
inconsistent with the rest. This situation, in fact, may arise even for a 
circuit in which, for example, the actual source polarities are known, 
because even then it is likely to be impossible to guess correctly the volt¬ 
age [x)larities and current directions everywhere. In Fig. 2b, as an illus- 
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tration, the polarity of the source may be correctly known, but the 
polarity of the resistance branch and the direction of the current are 
(obviously in this case) incorrectly marked. However, 

£ = - K' = -RI' [la] 

is the correct equation corresponding to the marking. In order to make 
the example numerical, 

E = 115 V, [2a] 

R = 265 ohms. [5] 


Flence, 


115--r', y' = -ii5, 


[3a] 


or the voltage drop through the resistance branch iti accordance with its polarity marking 
is — 115 volts. Also, 

115 = -265/', /' = - = -0.434, [4a] 

or the current in the arrow direttion is - 0.4.U ampere. 


3. TiIK APPlJCATION OF KiRCIIHOFF's LAWS 

Kirchhoff’s two laws which were discussed in Art. 22, Ch. I, are 
re.stated below: 

(a) 1'he sum of the voltage drops taken in a specified direction around 
any loop equals the sum of the voltage rises in that direction. 

(b) The sum of the currents directed away from any node equals the 
sum of the currents directed toward that node. 

'Fhe.se two laws form the bases of two 
methods of writing equations for the solu¬ 
tion of network problems: the loop method 
and the node method. In the solution of 
simple networks the systematizing of the 
work by means of one or the other method 
is not always outstandingly advantageous; 
it is in fact sometimes advantageous to use 
a mixture of the two. However, as networks 
become more complicated, some method 
for systematization of work becomes essen¬ 
tial to avoid confusion. 

In the solution of any network problem it is necessary to write a num¬ 
ber of independent equations equal to the number of unknown quantities, 
and to include all the network voltages, currents, and parameters in so 
doing. This is illustrated by means of Fig. 3, in which it is assumed that 



Fig. For illui^tration of 
methods of ^oK ing networks. 
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the source voltage (or current) ami the resistance (or conductance) of 
each branch are known. There arc, therefore^ 13 unknown quantities, 
the current and the voltage drop of each passive branch, and the current 
9 r voltage of the source. For each passive branch, by Ohm’s law: 


Vhc = l^bchc or = GiVtc, [6] 

Ved = Rcdhd or led = G 2 Vcd, [7] 

i da I'^dt Ida Or I — G,^ \ [8j 

1 <fc l^dtht or 1 ( 1 , — def 

1 rr “ ct Or I = O.fil 

f ra ^ealca Or I~ Ofil ra* [.llJ 

For loops 1, 2, and 3, 

^la — Vda + Tdt = d, [12] 

The -f- Ved + Tda ~ Rahj [h^l 

— Vde " Vcd " 0. [14] 

For nodes a, 6, r, and d, 

^ca Ida ~ lab) [h*^] 

1 he ~ lab) [lb] 

7rr + “ 7ftr — 0, [17] 

Idr — led ~\r- Ida = d- [18] 


These 13 equations all arc independent; that is, no one can be obtained 
from any other or any combination of others. Jt is evident that all possi¬ 
ble branch equations have been written; additional loop or node equa¬ 
tions evidently can be written, but a little study shows that such are not 
independent of these already written; that is, the additional loop or node 
equations can be obtained by combining existing equations. The number 
of independent equations, therefore, is just equal to the number of 
unknowns; so the problem is determinate. It is, of course, unnecessary to 
use the loops or nodes chosen. Other combinations serve equally well. The 
use of meshes when feasible in wTiting loop equations, however, makes it 
more readily apparent that the equations are independent. 

The number of independent node equations is one less than the num¬ 
ber of nodes; that is, there are five nodes and but four independent 
nodes. There are seven branches There are three independent loop equa¬ 
tions, or the number of independent loops is equal to the number of 
branches minus the number of indq^endent nodes. This is generally true 
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for complicatcfl networks as may be found by trial by building comp/i- 
Gated networks from simpler components. That is, 

f = 6 - n, [19] 

where f is the number of independent loops, h the number of branches, 
and n the number of independent nodes. In general, therefore, there are 
an unknown voltage and an unknown current for each passive branch, 
and an unknown current or voltage for each source branch, or a total of 
lb — 5 unknowns, where .9 is the number of source branches. It is possible 
to write b — s independent branch equations, F independent loop equa¬ 
tions, and n independent node equations, or 

h — s-Y^ + n = b — s + b — n + n = 2b — s [20] 


independent equations or exactly the number required to make the solu¬ 
tion unique. If certain parameters or source currents or voltages are 
unknown, a combined number of branch currents and voltages equal to 
the number of unknown parameters must be known instead. 

As is evident from the network of Fig. 3, this general method of solu¬ 
tion produces a rather formidable array of equations even for a rela¬ 
tively simple case. (\)nsiderable simplification is accompli.shed by assign¬ 
ing a circulating current to each indei)endent loop and deriving the branch 
currents therefrom or by assigning a potential to each node with respect 
to some reference node and deriving the branch voltages therefrom. The 
former is known as the loop method and the latter as the node method of 
solution. 

By the loop method. 


Loop 1: 


Voltage drops Voltage rises 

J\Rea + (/l •“ J2)Kad’\- {J1 ^ I?)Rde = 0. [21] 


Loop 2: 

4 ' (^2 J^^Rcd + {^2 J\)Rda = Eab* 


Loop 3: 


I^Rce + (As I\)Rd€ + (^3 ~ J2)Rcd — 0. 


[ 22 ] 

[23] 


Assuming that Eai, and the various resistances are known, the three loop 
currents can be computed. The writing of these equations is equivalent 
to substituting Eqs. 6 to 11 into Eqs. 12 to 14 with the branch currents 
expressed in terms of loop currents;* Eqs. 15 to 18 are automatically 


* For example, lea — tit Jda — to — /i, Ide ^3, etc. For the sake of systematization, 

all loop currents are as.«igncd the same direction in this chapter, ordinarily clockwise. 
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satisfied because each loop current passes through the various nodes of the 
loop. 

By the node method, using node c as the reference node, 

Currents leaving Currents approaching 

Node a: 

FaGe + {Va ~ Fd)G3 = [24] 

Node b: 

(F,-Fe)Gi [25! 

Node c: 

FcGs + (Fc — Vd)G2 + (Vc — Fb)Gi = 0. [26] 

Node d: 

FrfG4 + (Vd ~ F.)G 2 + (Va - FjGa = 0. [27] 

If I ah and the various conductances are known, the four node i)otentiaIs 
can be computed. As used above, the various F’s represent the ix)tentials 
of the respective nodes above the reference node. The writing of these 
equations is equivalent to substituting Eqs. 6 to 11 into Eqs. 15 to 18 
with the branch voltages expressed in terms of node \'oItages;* Eqs. 12 to 
14 are automatically satisfied because the potential of any node is inde¬ 
pendent of the path by which it is approached. 

If Eq. 21 is rewritten 

I\(R(a + I^ad + R(lf) ■“ — 0, [21a] 

the various resistances can be defined as self- and mutual resistances, 

Rll — Rta + Rad + Rde, [28] 

the self-resistance of loop 1, or the total resistance around its contour, and 

Ri2 = -Rad [29] 

/?13 = —Rdei [ 30 ] 

the mutual resistances between loops 1 and 2, and loops 1 and v3, respec¬ 

tively. Similar quantities may be defined for the other loops. Equations 21 
to 23 then may be written 


^1^11 + l 2 R \2 "b l^Rl'S = 0, 

►[21b] 

I1R2I + I2R22 + = Eaby 

►[22a] 

T\R^l + ToR^o + J'aR'62 — 0. 

►[23a] 


* For example, Va ~ Vaej Vad — Va — Vd, etc. In this chapter the symbol for node po¬ 
tential always represents the potential of the particular node above the reference node, that 
is, the voltage drop from the particular node to the reference node. It is therefore unnecessary 
to append the reference-node subscript if the reference node is clearly indicated on the diagram 
or by a statement in the text. 
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The reason for defining the mutual resistance as a negative quantity is 
purely the desire to systematize the writing of equations so as to have all 
terms preceded by + signs in the symbolic expressions. If directions of 
loop currents are assigned arbitrarily, the sign of the mutual resistance is 
negative for branches in which the loop currents are in opposite direc¬ 
tions and is jx)sitivc for branches in which the loop currents are in the 
same direction. Hxcei)t in a few simple instances, it is desirable to assign 


the current directions systematically. Obviously, 

^12 “ i^2i) etc. 

If Eq. 26 is rewrillen 

+ 6*2 + 61 ) — VtjGj — VffGi = 0 , [26a] 

the various conductances can be defined as self- and mutual conductances, 

Ore ~ 65 + 62 + 61 , [32] 

the self-conduclancc of node e, or the total conductance of the branches 
terminating upon it, and 

Gcd — *“ 62 , [3v3] 

Gch — ““ 61 , [34] 

the mutual conductances between node c and other nodes except the 
reference node. Similar quantities can be defined for other nodes. Equa¬ 
tions 24 to 27 then may be written, 

VaGaa + VaGad = — ^ abj ^[24a] 

y bGhh + V (G},c — fabj ^[23a] 

VhGch + + VdGrd — 0 , ^[26b] 

VaGdn + VcGdc + E(/6+/ =0. ^[27a] 


The mutual conductance is defined as a negative quantity purely to 
systematize the writing of equations so as to have all terms preceded by 
+ signs in the .symbolic expressions. If the node potentials are assigned 
arbitrarily above or below the reference node, the sign of the mutual 
conductance is negative for nodes designated the same polarity with 
respect to the reference node and is positive for nodes designated opposite 
in polarity. I'xcept in very simple instances, it is desirable to assign the 
node potentials systematically. Obviously, 

Gi)c Gcbi etc. [^^1 

The foregoing indicates that the number of equations required for the 
loop or the node method is ecjual respectively to the number of inde- 
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Crobb seition through building dirut (uncnt bubstation. 


The most important direc t-current networks are the street railway networks and 
the power and light networks of the high-load density areas of metropolitan centers. 
\'ery little direct current is generated, it is obtained princi])ally by conversion from 
alternating current by means of motor-generator sets, rotary converters or mercury- 
arc rectifiers in substations near the load centers. 
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Single line wiring diagram of substation. 
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Control room. 
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Battery room — the battery can su])i)ly 20,()()() amperes for 20 minutes, 
lar^iT current for shortei period. 


pendent loops or nodes. Uenee tli(' number of ecpiations required can be 
ascertained by counting nodes and Ijranclies, and ai)plying Kt]. 19; ordi¬ 
narily the method reejuiring the fewer eejuations then is selected. As the 
number of erjuations increases, it becomes increasingly important to have 
a systematic way for solving them as well as for writing them.* 

4. Voltage and t xtkrknt sotntcTcs 

The development of the loop and node methods indicates also that it is 
convenient to know the voltage of the source in applying the loop method, 
and to know the current of the source in applying the node method. Since 
a physical source of electrical energy - that is, one as found in actual 
physical apparatus- always contains resistance (also inductance and 

* Methods of simultaneous solution of linear algebraic equations arc outlined in App. B. 
An illustrative application of the method of determinants is in Art. 7 of this chai)ter. For very 
complex networks, solution is made by construction of models in which the currents and volt¬ 
ages can be measured. 
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(^potential difference between its terminals is a function 
Ijch it supplies. A physical source of direct current is 

_ ulated by an ideal voltage source^ that is, a source of con- 

stanTvoltage independent of the source current, in series with a resist¬ 
ance. The terminal voltage of a representative source, therefore, is always 
less than its electromotive force by the amount of the voltage drop in the 
resistance * With a voltage source, solution by the loop method is made 
readily by including the internal series resistance with the loop resistance; 
solution by the node method^ however, requires knowledge of the current 
of the source which ordinarily is a function of the various resistances in 
the network and hence generally unknown. It is sometimes desirable, 
therefore, to be able to convert a voltage source to an equivalent current 
source as shown in Fig, 4. It is emphasized, however, that this is not an 
essential preliminary to the use of the node method; the source current 
can remain as one of the unknowns if such choice of unknowns is advan¬ 
tageous. 




(b) current source 


Fig. 4. Kquivalent voltage and current sources. 


F, 


It 


E - RIt, 



- / - GEi. 


[36a] 


It = I - GVt, 

T', = = £ - RIt. 

Li 


[36b] 


= terminal voltage of source (function of It). 

It = terminal current of source (function of Vt). 
li — voltage-source emf (independent of Vt and It). 

I = current-source internal current (independent of Vt and It). 
R — voltage-source series resistance. 

G = current-source shunt conductance. 


Stated in words, Fig. 4 shows that any voltage source consisting of an 
electromotive force li independent of the terminal current It, having an 
internal series resistance R, can be replaced by a current source consist- 

* If the current in a source is in the opposite direction to the increase in potential generated 
by the source, the terminal \oltage is greater than the electromotive force. Under these cir¬ 
cumstances, however, the source actually recei\ es power and hence sometimes is designated 
as a sink. 
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ing of a current I independent of the terminal voltage having an inter¬ 
nal shunt conductance G. Conversely, the current source can be replaced 
by the voltage source. That is, for identical terminal conditions of volt¬ 
age and current, the terminal voltage derived for Fig. 4a can be equated 
to that derived for Fig. 4b, and the terminal current derived for Fig. 4b 
can be equated to that derived for Fig. 4a. The conversion relations 


which follow from this procedure are; 


^ 1^ 

II 

[37a] 

II 

[37bJ 


[38] 


It is emphasized that these three relations make a voltage and a cur¬ 
rent source equivalent only in that terminal voltages and cuirents are 
matched. The equivalent sources do not convert the same amounts of 
energy. For example, an efficient voltage source has a small internal series 
resistance in comparison with the resistance of the load connected to it. 
Hence the equivalent current source has a high internal shunt conduct¬ 
ance in comparison with the conductance of the load connected to it and 
is therefore very inefficient. A voltage source which loses 10 per cent of 
the converted energy in its internal series resistance and delivers 90 per 
cent to its load is represented by an equivalent current source which 
delivers only 10 per cent of its converted energy to its load and loses 
90 per cent in its internal shunt conductance. In order to supply the same 
energy to the load as the voltage source, the current source, therefore, 
must convert nine times as much energy as the voltage source. (In both 
cases all losses other than those which occur in the internal resistance or 
conductance are neglected.) For an efficient current source compared 
with its equivalent voltage source, the situation is the converse. 

Sometimes, especially in communications circuits, the condition of max¬ 
imum efficiency is not so much desired as the condition of maximum power 
output from a given source. For a voltage source, the power output is 

P = El - PRs = PRl, [39] 

where Rs is the internal resistance of the source and Rj, is the resistance 
of the connected load. By rewriting Eq. 39 to eliminate /, 

_ 

•/?.S + ^ {Rs + Rl)^ 



[39a] 
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The power is a maximuin when VRs/Rl + ^Rl/Rs is a minimum. 
This occurs for 



[40] 


whence 

Rl = Rs, [41] 


or for maximum power output the resistance of the connected load should 
equal the internal resistance of the source. For this condition, 


P max — 


4Rs 4Rj/ 


[39b] 


from which it is evident that the efficiency is 50 per cent. By a similar 
procedure it ran be shown that the maximum power output from a 
current source occurs when 

G}j — [41a] 

Only under these circumstances are equivalent current and voltage 
sources equivalent with respect to internal power requirements as well 
as for terminal conditions. 

The foregoing demonstrates that the maximum power obtainable from 
a particular source is inversely proportional to its resistance. In com¬ 
munications work, where this is an important item, the productiveness of 
a source is judged on the basis of its internal resistance. 

A voltage source is idle when the external circuit is open; that is, when 
infinite resistance or zero conductance connects its terminals. When it is 
in operation, its terminal voltage is a function of the loss of potential in 
the internal series resistance, as previously stated. A current source is 
idle when its terminals are short-circuited; that is, when they are con¬ 
nected by zero resistance or infinite conductance. When it is in operation, 
its tenninal current is a function of the loss of current through the inter¬ 
nal shunt conductance. To open the circuit connected to the terminals of 
a current source of high efficiency may be as undesirable as to short-circuit 
the terminals of a voltage source of high efticiency. The former may lead 
to trouble owing to excessively high terminal voltage caused by the entire 
sourci‘ current passing through the internal shunt conductance; the latter 
may lead to trouble owing to excessively high current caused by the entire 
source voltage being across the internal series resistance. However, there 
is no more disturbance caused by opening the external circuit of a current 
source which is the equivalent of a high-efficiency voltage source than by 
opening the circuit of the voltage source itself. The same is true for short- 
circuiting a voltage source which is the equivalent of a high-efficiency 
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current source. In other words, if a voltage source is of low efficiency, 
little change in current is caused by short-circuiting its normal load, 
and if a current source is of low efficiency, little change in voltage is 
caused by opening its normal load. 

In the circuit of Fig. the source element and the element be may be 
considered to represent a physical voltage source. Since the source cur¬ 
rent lab hence ordinarily is unknown, in ordc^r to solve the network by 
the node method the voltage source can be converted to an equivalent 
current source, though this is not mathematically essential. 

5. Solution of a simple resistance network b\ the loop 

AND BY THE NODE METHODS 

In Fig. 5 a simple resistance network is shown in two forms, (a) with voltage 
sources, and (b) with the equivalent current sources. The object is to find the branch 
currents labj Icby and h,, and the corresponding voltage drops. By the loop method, 
Fig. 5a, 

15.1/, - 5.0/2 = 2.0, [421 

--5,0/1 + 25.2/2 = - 4.0, [431 



Eio. 5. IllustratUe network for solution hy various methods. 


whence 

/j, -/i = 0.0855 amp, [44] 

1,1, =•■ -Ii = 0.142 amp, [45] 

h, = 0.086 + 0.142 - 0.228 amp. [46] 

The node potentials with respect to c are 

r„ - 2.0 - 0.10 X 0.086 - l.W V, [47] 

T,, = .5.0 X 0.228 = 1.14 V, [481 

V, = 4.0 - 0.20 X 0.142 = 3.97 v. [49] 

By the node method. Fig. 5b, 

lO.lFa-O.lOn =20, [50] 

-0.10r„ + 0.35F,, - 0.050F, = 0, [51] 

- 0.05F6 + 5.05Fc = 20; [52] 
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Fa = 1.99 V, [47a] 

F6 = 1.14v, [48a] 

Vc = 3.97 V, [49a] 

as before. The branch currents are 

lab = 0.10 (1.99 - 1.14) = 0.085 amp, [44a] 

Icb = 0.050 (3.97 - 1.14) = 0.142 amp, [45a] 

lu = 0.20 X 1.14 = 0.228 amp, [46a] 

as before, within slide-rule precision. The branch voltage drops are 

Yat = WX 0.085 = 1.99 - I.I4 = 0.85 v, [53] 

Vcb = 20 X 0.142 = 3.97 - 1.14 = 2.83 v, [54] 

Vh. = 5.0 X 0.228 = 1.14 - 0 = 1.14 v, [55] 

within slide-rule precision. 


In this problem, solution by the loop method happens to be shorter than solution 
by the node method; the former requires the simultaneous solution of two equations, 
the latter, three. In other problems the advantage may be on the side of the node 
method. In this problem, since it is so elementary, direct solution in terms of branch 
currents is in fact relatively simple. The equations are: 


lO.l/of, + 5,0/6 c = 2.0, 

[56] 

20.2/^ + 5.0/6. = 4.0, 

[57] 

lab -h Icb = he- 

[58] 


One current is readily eliminated from Eqs. 56 and 57 by means of Eq. 58; the 
former two equations then can be solved simultaneously. This method, however, 
rapidly becomes very cumbersome as the network becomes complicated, as was 
pointed out at the beginning of the section, unless considerable care is used in estab¬ 
lishing and adhering to an orderly procedure comparable to other methods presented. 

6. Application of the principle of superposition 

When several sources are present, it is frequently advantageous to 
solve a network problem by finding the currents or voltages in the net¬ 
work resulting from the presence of one source at a time and then super¬ 
posing the various currents or the various voltages for each loop, branch, 
or node. In the loop iftethod, the voltage sources omitted (exclusive of 
internal series resistances) are replaced by connections of zero resistance; 
in the node method the current sources (exclusive of internal shunt 
conductances) are replaced by connections of zero conductance, or open 
circuits. The internal series resistances or shunt conductances always 
must be retained in their respective places. 
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Appl 3 ang the principle of superposition to Fig. 5a, first considering only the 
left-hand source to be present, gives 




2.0 


10.1 -h 


5.0 X 2 0.2 
5.0 -f 20.2 


0.141 amp, 


w -5.0 

IA = X 0.141 = -0.0280 amp, 

20.2 

Iht = 2 ^ ^ “ ^-^^5 amp. 

Considering only the right-hand source to be present gives 

4.0 




20.2 4 - 


5.0 X 10.1 
5.0 + lO.f 


= 0.170 amp, 


I ah = - X 0.170 = -0.0563 amp, 

J X 0.170 = 0.114 amp 

Combining the respective results gives 

lob = 0.141 - 0.056 - 0.085 amp, 

Ich == -0.028 -f 0.170 = 0.142 amp, 

lu, = 0.113 -f 0.114 = 0.227 amp, 

as before, within slide-rule precision. From these the various voltages can be found 
readily. 

Applying the principle to Fig. 5b, con.sidcring only the left-hand source to be pres¬ 
ent, gives 

, 20 

y' -- = 1 QQ V 

* a / n nen, vx r #^\ x.yy v, 


[59] 

[60] 
[61] 

[62] 

[63] 

[64] 

[44b] 

[45b] 

[46b] 


10 + 




[65] 


0.10 + 0.20 + 


0.0.S0 X 5.0 
0.050 + 5.0 


0.20 + 


= 


OAS Xj.O 
0.05 + 5.0 


0.30 + 


0.05 X 5.0 


X 1.99 = 1.42 V, 


FL = 


0.05 + 5.0 
0.10 X 1.42 


0.20 + 
Fl = - 


0.10 

M-so xjyo = o.w 

0.050 + 5.0 

5.0 


[ 66 ] 


[67] 


0.05 + 5.0 


X 0.568 = -0.562 v. 


[ 68 ] 
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Considering only the right-hand source to be present gives 

20 


V" = 


5.0-I- 


^ 0.2 


0.050( 0.20 + 


0.10 X 10 
■ 0.10 + 10 


I) 


= 3.97v. 


[69] 


0.050 + 0.20 + 


0.1 0 X 10 

0.10 + 10 


0.20 + 




0.10 X 10 
0.10 + 10 


0.25+?:!^X^^ 


X 3.97 = 3.40 V, 


T/"_ 

V be — 


0.10 + 10 
0.050 X 3.40 


0.050 


0.20 + 


0.10 X 10 0.299 

0.10 + 10 


X 3.40 = 0.569 V, 


Vnb - 


- 10 


X 0.569 


0.563 V. 


0.10 + 10 
Combining the respective results givrs 

Vab = 1.42 - 0.56 = 0.86 v, 
V,b - -0.56 + 3.40 - 2.84 v, 
- 0.568 +0.569 = 1.14v, 


[70] 


[71] 


[72] 


[53a] 

[54a] 

[55a] 


as before, within slide-rule precision. From these the various currents can readily be 
found. 

Whether the solution of a network problem by application of the 
principle of superposition is easier than by application of the loop or node 
method depends upon wliethcr the combination of the resistances or 
conductances of the network by the rules for series and parallel combina¬ 
tions and perha])s by means of A — F or F — A transformations* is 
easier than solving a number of equations simultaneously. Application 
of the principle is particularly advantageous in determining the effect of 
an extraneous electromotive force in a network, such as a thermal electro¬ 
motive force in a Wheatstone bridge or in other situations discussed in 
Art. 11. 

7. Solution by determinantsT 

In the general case for a network having f independent loops, the loop 
equations are 


4- 12^12 4 I’aRis 4 
^iRll 4 12^22 4 4 


+ IfRit — Eij 

4 JtR2t — E2 j 


[73a] 

[73b] 


* Article 10. 

t Details of the method of determinants are in .Vpp. B, which should be read by students 
not acquainted with the method. 
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+ ^2-^32 + ^3^33 + • • • + IfRzt = -Esj 

I\Rt\ 4" T2Rf2 + ^3^r3 + * * • + tfRu = E(- 
The solution for any loop current such as I 2 is, by Cramer's rule, 

^2 — + — ho + -77- £3 + • * * + Et, 

Oji Dii IJfi 




where D/i is the determinant of the R\ of Eqs. 73a to 73f and i/ 32 , for 
example, is the cofactor of the third row and second column, ifuluding the 


sign factor That is. 



Rm 

Rii RiA ■ 

..Ru 

R-n 

R-22 R-aa ■ 

..R-z, 

Dn = Rm 

R.U R-aa . 

• • h\U 

Rn 

RrA Rn . . 

. R„ 

A'n 

Rn Ru • 

..Ru 

R'Zi 

Raa Am . 

..Rz, 

= (—!)■’ Ra\ 

Rva Ah . 

..Ru 

Rn 

Rn Rn ■ ■ 

.Rn 


In the general case for a network having n indei)endent nodes, the node 
equations are 

yuOaa + VhCiah + VcGar + • • • + V ,Xiiu ~ I ay I 77a] 

VaCiUa + 1 hCibb + + h ^^Obn = I by 177I)J 

yaGfa 4- ^'^bGch 4“ f (Gc< 4 • • * 4- 1 nG(n — I<y |77cJ 


VaGna + VbGnb 4 * VcGnc 4 " ’ * * 4 " VnGnti = In- 
The solution for any node voltage such as Vf, is, l>y ('ramer’s rule, 

Mab J . Mbb J , M,b J Mnh J 

Vb = ■ 77 ~^a 4- -J-- Jb 4- 7 - -r • • • 4- ~7; hiy 

iJa Ug 


Mnb J 

^ A; 


where Dq is the determinant of the C’s of Eqs. 77a to 77n and Mcb is the 
cofactor of the cth (third) row and ^>th (second) column, including the 
sign factor (— 1 )^^ or (—1)^“^*^. That is. 


Gaa 

Gab 

Gac 

• • Gan 

Gba 

Gbb 

Gbc 

• • Gbn 

Gea 

Gcb 

Gec 

• • • Gen 

Gna 

Gnb 

Gfic 

• • • G nn 
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Gaa Gac Gad • • • Gan 
Gha Gtc Ghd • • • Ghn 

Mch = (“1)^ Gda Gdc Gdd • • • Gdn • [80] 

Gfia Gfic Gnd . . . Gnn I 

The actual labor of evaluating the determinants and cofactors may in 
the general case be very considerable, though in particular cases many 
terms vanish, either because not all loops contain voltage sources, because 
not aiJ nodes are connected to current sources, or because certain mutual 
resistances or mutual conductances are absent. Furthermore, there are 
numerous short-cut methods which can be utilized to shorten the arith¬ 
metic.* 

For illustration, the circuit of Fig. 5b is utilized again; the solution of the circuit 
of Fig. 5a is omitted, because for a simple circuit containing only two loops there is 
no need for the degree of organization which the method of determinants introduces. 
'I'he three-node case is simple enough to illustrate the method without becoming lost 
in excessive detail. Froni Eqs. 50, 51, and 52, 


10.1 

-0.10 

0 



-0.10 

0.35 

-0.050 



0 

-0.050 

5.05 



;-.1)1+1 

(10.1) 

0.35 -0.050 

+ (-!)='+>(-0.10) -0.10 0 



- 

-0.050 5.05 

-0.050 5.05 


0.1[(0.35)(.'5.05) - 

- (-0.050)(-0.050)] +0.10[(-0.10)(S.05)] = 17.8. 

[81] 



0.35 

-0.050 



M„a = ( 

-1)1+1 

== 1.77, 

[82] 



-0.050 

5.05 




-0.10 

0 


Mab - 

Ml„ = ( 

-1)2+1 

= 0.505, 

[83] 



-0.050 

5.05 




-0.10 

0 


Mar == 

= ( 

-1)3+1 

- 0.005 (negligible). 

[84] 



0.35 

-0.050 




10.1 

0 



Mn, = ( 

-1)24 2 

= 51.0, 

[85] 



0 

5.05 




10.1 

0 


Mbc - 

= Mc6 = ( 

_ 1)2+3 

= 0.505, 

[86] 



-0.10 

-0.050 




10.1 

-0.10 



M„ = ( 

-.1)3+8 

= 3.52. 

[87] 



-0,10 

0.35 



' Appendix B. 
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Heoce 

“ W& + 0 + ^ (20) - 1.99 V, [47b] 

n » — (20) + 0 + ^ (20) = 1.14 V, [48b] 

0 nns ^ 

® + i^8 

as before, within slide-rule precision. 


8. The reciprocity theorem^ 


An inspection of Eq. 74 suggests that the respective coc^cients of the 
£’s may be regarded as generalized conductances. For example, 


M22 

te- b; 


[ 88 ] 


and 


gl2 


A/12 
o„ * 


[89] 


The former, g 2 ?, is termed the short-circuit self-conductance of loop 2. 
This means that, if all source voltages are short-circuited except that in 
loop 2, the self-conductance multiplied by the source voltage in loop 2 
gives the current in loop 2. The conductance ^12 is termed the short-circuit 
transfer cofiductance between loops 1 and 2. This means that, if all source 
voltages are short-circuited except that in loop 1, the transfer conduct¬ 
ance multiplied by the source voltage in loop 1 gives the current in loop 2. 
In terms of these symbols, Eq. 74 becomes 

I 2 = £ 1^12 + ^ 2^22 + -£ 3^32 + • • • + Etgt 2 ^ [74a] 

Since 

M 21 = Afi 2 , etc., [90]* 

therefore 

g 2 i = gi 2 , etc. [91] 

► Hence the current in any loop such as loop 2 caused by an electromotive 
force in any other loop such as loop 1 is identical with the current in loop 1 

^ J. W. Strutt (Baron Rayleigh), ‘*Some General Theorems Relating to Vibrations,” 
Proc, Land. Math. Soc., IV (June, 1873), 357-368. 

•App. B; Art. 6, Ch. VIII. 



144 


ELEMENTARY NETWORK THEORY 


caused by the same electromotive force in loop 2, all other source voltages 
being short-circuited. In other words, a pure voltage source and an ideal 
(resistanceless) ammeter can be interchanged without altering the indica¬ 
tion of the instrument. ^ 

This is called the reciprocity theorem. The theorem can be stated also 
in node terminology. By rewriting Eq. 78 


Vb = laTah + IbHh + Icfch -+■•••+ InTnby [78a] 

rib can be defined as the open-circuit self-resistance of node 6, and rah as 
the open-circuit transfer resistance between nodes a and b. The meaning 
of rbh is that, if all current sources are open-circuited except the one 
connected to node the self-resistance multiplied by the source current 
gives the potential of node b. The meaning of rah is that, if all current 
sources are open-circuited except the one connected to node a, the trans¬ 
fer resistance multiplied by the source current connected to node a gives 
the potential of node b. Since 

Mha = Mab, etc., [92] 

therefore 

Hn = Tab, etc. [93] 

Hence the potential of any node a caused by a current source connected 
to any other node b is identical with the {)otential of node h caused by the 
same current source connected to node a, all other current sources being 
open-circuited. In other words, a pure current source and an ideal (con¬ 
ductanceless) voltmeter can be interchanged without altering the indi¬ 
cation of the instrument. 

It is important to remember that 

g 22 ^ — ^ Gbb, etc., [94] 

^bb 

^ ^ ^ Gab, etc. [95] 

■^12 • '^ub 

An illustration of the use of the reciprocity theorem is in Art. 11. 

9. Thevenin’s theorem 

^ Thevenin’s theorem states that any network of resistance elements 
and voltage sources if viewed from any two j^)oints in the network may be 
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replaced by a voltage source and a resistance in series between those two 
points.*^ 

For example, in Fig. 6a, any network is represented, and a-h are any 
two points in it. Figure 6b represents the equivalent of the network as 
viewed from a~b. In order to use the equivalent, Rn and £ must be de- 



Fig. 6. [)criv'ati(m of equivalent (ircuit The\enirrs theorem. 


termined, which requires two conditions. The conditions of open and short 
circuit across a-b serve as well as any. For open circuit, 

£ = voltage drop Vab of original network. 

For short circuit, 


/ - 


£ 


Rn 


_ E _^ 

net resistance of original network between a~b^ 


hence 

Rn — net resistance of original network between a-h^ 


[97] 

►[98] 


that is, the resistance measured at the terminals of the original network 
with all its \x)ltage sources replaced by connections of zero resistance. If a 
resistance R is connected across a-h, the current in it is 

r _ 

"" Rn+R' 



Tt must be remembered that Vab is the voltage across a~b when R is 
absent. If the resistance R is in series with a voltage source £', 


__ Vab ± El 
Rn + R ' 


[99a] 


^M. L. Th6vcnin, “ Sur un nouveau theoreme d’dectricit^ dynamique,” Compter rendu^, 
XCVII (1883), 159 161, Some 30 yearsearlier (1853) Helmholtz proved that he could calculate 
the current in a resistance connected between tw'o points a and b of a large carbon rod, in which a 
battery produced current, by assuming that the carbon-rod-battery system could be replaced 
w itli respect to a and b by a fictitious generator having a constant internal voltage and resist¬ 
ance. H. Helmholtz, ‘‘ Uber cinige Gesetze der Vertheilung elektrischer Stromc in korjjerlichen 
Leitern, mit Anwendung auf die thierisch-elektrischen Versuche,” Ann. d. Phys. u. Chem.^ 
Series III, XXIX (June 1853), 222,359 363. The theorem is actually more general than stated 
for the special case of resistance networks. It can be stated in terms of current source and con¬ 
ductance if desired. 
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or, if two networks are interconnected, the interchange current is 


Vah db Vg'b' ^ 
Rn + Rn 


[99b] 


The proof of Eqs. 96 to 99b follows readily from Eq. 74a. If current I 2 
of this equation is assigned to the external loop of the network of Fig. 6 a, 
and £2 is taken as the increase in potential from a to 6 , 


-£2 = (^l — + £3 — + • • 


[74b] 

\ ^22 ^22 

^ 22 / g22 

The corresponding equation in terms of the symbols of Fig. 6 b is 


IR = E- IRn. 

Hence 


[ 100 ] 

£ = £1 ^ + £3 — + • 


[96a] 

^22 S 22 

S 22 

S 22 


[98a] 


that is, Eq. 96a follows from Eq. 74b if I 2 is zero, and Eq. 98a follows 
from Eq. 74b if £ 1 , £3 . . . £/ are zero. It should be noted that —£2 can 
be visualized as a source connected across a-ft, or as the resistance 
drop in R. In other words, the theorem is independent of the nature of 
what is connected across a-h externally and relates only to an equiva¬ 
lent substitute for what is connected to a-h inside the box of Fig. 6 a. 


As an illustration of the application of the theorem, the current /&f, Fig. 5a, is 
recomputed. In the absence of the 5-ohm resistance, 

n, = 4.0 - —X 20.2 = 2.67 V, [101] 


whence 


Rn - 

he = 


10 1 X 20.2 
10.1 + 20.2 
2.67 

6.73 + 5.0 ^ 


= 6.73 ohms; 
0.228 amp. 


[ 102 ] 

[46c] 


The application of Thevenin’s theorem is frequently advantageous 
when the current in one element of a network is particularly desired or 
when the current in an added element is desired. 


10. Delta-wye and wye-delta transformations^ 

In the application of the principle of superposition or of Thevenin’s 
theorem, conditions sometimes arise wherein the net resistance between 

* A. E. Kennclly, “ The Equivalence of Triangles and Three-jjointed Stars in Conducting 
Networks,” Electrical World and Engineer^ XXXIV (1899), 413-414. 
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two points cannot be computed by means of series and parallel combina¬ 
tions. For example, in computing the galvanometer current of a Wheat¬ 
stone bridge, Fig. 7a, by Thevenin’s theorem, it is necessary to compute 
the net resistance between a-b, Fig. 7b. If one of the triangles or deltas. 


a 



Fic. 7. Wheatstone bridge network. 


for example, the one formed by Rxf Rp, and R^, can be replaced by a wye 
as illustrated by Fig. 8, the net resistance between points a-b then can 
be computed as a series-parallel combination. 

In order for a wye to be equivalent to a delta, the resistance viewed 


a 



b 1 1 


Fig. 8. Substitution of Fig. 9. Kquivalcnt w^ye and delta, 

wye for delta. 


from any pair of wye terminals must be the same as the resistance viewed 
from the corresponding pair of delta terminals.* Therefore, from Fig. 9, 
with no external connections to any of the terminals, 


Ri + R2 


(R<i + Rb) Rc 
Ra + Rb + 


[103] 


R2 + R3 


( Rb + Rc)Ra 
Ra -i- Rb Rc 


[104] 


R ^ + >^1 


(Rc + Ra)Rb . 
Ra + Rb + Rc ^ 


[105] 


• There is, of course, no delta terminal corresponding to the common connection of the 
wye resistances. 
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Ri^ 
R 2 = 
Rs = 


RbRc 

Ra Rb -h Rc 

[106] 

RcRa 

[107] 

Ra Rb "h Re 

RaRb 

[108] 

Ra ~h Rd -t Rc 


The derivation of the delta parameters in terms of the wye parameters is 
simpler in terms of conductances. In the derivation of the wye resist¬ 
ances in terms of the delta resistances, no external connections were 
made to any of the terminals of Fig. 9. However, if the wye and the delta 
are actually eciuivalent so far as measurements at their terminals can 
determine, any connections whatever can be made externally at the ter¬ 
minals without affecting this equivalence. By taking advantage of this 
fact and of the fact that conductances in parallel are additive, conduct¬ 
ance equations idejitical in form to Eqs. 103 to 108 can be obtained by 
connecting one pair of terminals at a time: 


Ga + Gb 

= 7^ (with terminals 1 and 2 connected), 

Oi + G 2 + Gii 

[109] 

Gf, ~f“ Gc 

= (with terminals 2 and 3 connected), 

Gi + Gj + G 3 

[ 110 ] 

Gc + Ga 

_ (with terminals 3 and 1 connected); 

Gi + G 2 + Ga 

[ 111 ] 

whence 

^ G2G3 

Gi + C2 + G3 ^ 

[ 112 ] 


P G3G1 

~ Gi + G2 + 63 ’ 

[113] 


P GiG 2 

' “ o'l + + 63 ■ 

[114] 


Equations 106 to 108 and 112 to 114 can be expressed respectively in 
terms of conductances and resistances, 


Gi = 


Go = 


GaC’b -f- GbGc + GcGa 

, 

GaGb + GbGc + GcGa 

G\ ’ 


[106a] 


[107a] 
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GaGh + GhGc -f GcGa 

- G, ■ 

[108a] 

R, 

[112a] 

R, ~ 

[113a] 

R1R2 ~h R2R3 "b -^3^1 

''' - ■ /(r ^ ■ 

[114a] 

An inspection of these relations reveals an orderliness by which they 
can readily be remembered. For those which have for thei- d( nominators 
the sum of the three parameters, the two parameters composli g the j>roduct 
in the numerator represent elements which terminate at a point or points 
common to the element represented by the parameter bemg sought. For 
those which have fortheir numerators the productsof the parameters taken 
two at a time, the parameter composing the de'Kuninator represents an 
element which lies opposite to the element represented by the parameter 
being sought. The relations may be abbreviated 

11 

►[106b] 

11 

►[106c] 


►[112b] 

6'n = . etc. 

►[112c] 


Since the delta and (lie wye networks each involve only three compo¬ 
nent resistances, the three resistances viewed from the three possible ter¬ 
minal pairs formed from the terminals 1,2, and ^ (the third terminal in 
each case bein^ free) just suffice to characterize uniquely either network. 
For example, Eqs. lOvS, 104, and 105 represent the resistances viewed from 
the respective terminal pairs, the left-hand members being in terms of 
wye resistances, and the right-hand in terms of delta resistances. Likewise 
since the delta and wye networks may each be considered in terms of 
three component conductances, the three conductances viewed from 
each terminal (the other two terminals in each case being grounded) just 
suffice to characterize either network. For example, Ecis. 109, 110, and 111 
represent the conductances viewed from the respective terminals, the 
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left-hand members being in terms of delta conductances, and the right- 
hand in terms of wye conductances. 

From these facts it is evident that any three-terminal network, however 
complex, containing only fixed-resistance elements, can be replaced by 
an equivalent delta or an equivalent wye network. It is necessary merely 
to make resistance measurements between terminal pairs and solve for 
the component resistances of the equivalent delta or wye from Eqs. 103, 
104, and 105 or to make conductance measurements from the respective 
terminals and solve for the component conductances of the equivalent 
delta or wye from Eqs. 109,110, and 111. 

11. Further illustrative examples of resistance networks 

A power-distribution network is shown in Fig. 10, the generators being 
represented by circles and the loads by rectangles. The network is in 
a ring form so that any load may be supplied even though there is a break 



in the transmission lines. The circuit is symmetrical in that each wire of 
each pair has the .same resistance. Therefore, as far as voltage drops 
across the loads are concerned, the network may be simplified by assum¬ 
ing that one wire ring has zero resistance, and that each wire in the other 
ring has twice its actual resistance. The problem is to determine the line 
currents, load currents, voltages, resistances, and generator currents. 


* When it is necessar>' to diagram a wire which crosses another but is not electrically 
connected with it, the crossing is sometimes indicated by means of a jumper, thus: 

- . - - .■ . However, in complicated diagrams, the multiplicity of jumpers 

becomes confusing and tedious to draw. In this book, electrical connection of wires is indicated 
by a dot or small circle at their intersection. No other intersecting lines are to be regarded 
as electrically connected. 
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Solution: The network may be split into two independent parts, the simpler of 
which is shown in Fig. 11 . By Thevcnin's theorem this may be reduced to the circuit 
of Fig, 12. In this figure, the v'alues of E and R become 


E - 220 + 10 X - 224 v. 

R = * X 10-’ = 3.4 X KT’ohm; 


0.0080 ohm 


0.0060 ohm 



whence 


Fic. 11. Upper poilion of network of Fig. 10. 


Vla = 224 - l.CKM X 3.4 X 10 » - 221 v - r,.i„ 


221 

wwiT. = 0-221 olim, 


la 


A-La 


1,000 

230 - m 
().(K)80 


Ian- La ^ ~ 


220 -^221 
O.OOOO 


^ 1,100 amp, 


-200 amp. 


[118] 


[ 111 ] 


[ 120 ] 


[115] 

[ 116 ] 


[117] 



Fic. 12. Reduction of 
iMg. 11 by Th6venin's 
theorem. 


The other independent part of the circuit is shown in 
Idg. 13. It has lieen rearranged .slightly from wluit might 
appear to be the obvious way of drawing it in order that which is known, be¬ 
comes one of the loop currents, and the number of cipiations to be solved is therefore 
reduced. 


0,0080 ohm 0.0100 ohm 0.0060 ohm 



Fig. 13. Lower portion of network of lug. 10. 

This circuit is readily solved by mean.s of loof) i‘qualions, thus 

0.408/1 - 0.40/2 - 230, [1211 

0.416/2 - 0.40/i - 1,500 X 0.006 = -220, [122] 

1,500 X 0.0060 + l,50()/<: - O.OO 6 O /2 = 220. [123] 

The solution of the first and second equations gives 

I 2 = 620 amp = iLg-Lcf [124] 

li = 1,170 amp = Ioa- Lb, [125] 
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Igb-Lc = 1,500 - 620 = 880 amp, [126] 

= 1,170 - 620 = 550 amp, [127] 

VLb ^ 230 - 1,170 X 0.0080 = 221 v, [128] 

Vlc = 220 - 880 X 0.0060 = 215 v, [129] 

91 

Rlc = = 0.143 ohm. [130] 

Checks upon the solution mav' be obtained as follows; 

Vii, - 550 X OAO = 220 v, fl28aj 

Vl,, = 221 - 620 X 0.010 = 215 v. [129a] 

I'he total generator currents are then* 

Iua 1-200 + 1,100 - 2,300 amp, [131] 

Ian - 200 - 7(K)amp. [132] 


From these it appears that the two generators are not equally loaded. Generator 
loads are commonly exfires.sed in terms of current because the heat loss in the 
generator caused by the load current is ordinarily the element which limits the out¬ 
put of the machine. Generators having ecjual current but unecjual voltages, of course, 
do not have ecpial power load.s. It is of interest to .see what voltage generator H 
should have in order to make the two generator currents equal. 'I'o determine this 
the generator currents may be written in terms of the generator voltages as follows: 

At ~ ^ ^ li^Aip [155] 

I It ~ 1 V^AIt "b 1 [15*1] 


From the previous determinations all the l'’s and / ’s are know n for a special case, 
so that the three .t;’.s are left to be determined. The determination of f^AA is illustrated 
in Fig. 14. Using tin’s value of ta give.s 



= ^- 

7 Cl 5.11 

2300 - 230 X 116 

^AB 


1 B 

220 



~ 1 \^AB 

700 + 230 X 111 

^BB 


y,, 

220 


— = — 111 mhos, 


119 mhos; 


W'hen IA and In are equal, 

^ A^AA "b ~ "b 

~ ^iB "b 111 


[136] 

[137] 

[138] 

[139] 


* Here the values taken from Kqs. 125 and 126 are rounded off to be consistent with the 
reliability t)f the values taken from K<jy,. 119 and 120. This is indicative of the reliability of 
such computation^ in actual practice, because the precision with which the generator voltages 
can be measurt‘d is such that the uncertainty in the difference between nearly equal voltages 
is considerable. 



ILLUSTRATIVE EXAMPLES OF RESISTANCE NETWORKS 153 


0.0080 0.0100 0.0060 



0.0080 0.0100 



0.0080 



Fig. 14. Computation of input conductance g a a for circuit of Fig. 10.« 
I'hc numbers on the diagrams represent ohms. 


An alternative method of solving the example follows. For the problem as originally 
stated, with generator voltages as in Fig. 10, node erjuati(»ns can be ai)plied to Fig. 11 : 


230 - Vla ^ 220 


r 


hA 


whence 




0.008 0.006 

6 X 2.S0 -f 8 X 220 - 48 


14 


1 , 000 , 

= 221 v. 


[140] 

[141] 


125 mhos 


230 v 



100 mhos 


167 mhos 


1,500 amp j|r 



Fig. 13a. Modification of Fig. 13. 

Node equations can be written also for Fig. 13 but can be utilized more readily if the 
figure is rearranged as Fig. 13a: 

228F^^ ^ = 125 X 230, [142] 

1,500 - lOOFj.^ + 267F^^ - 167 X 220; [143] 
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_ 288 X 2,67 + 352 
- 5.09 


221 V, 


.152 X 2.28 + 288 
'ic “ 5.09 


[128b] 

[129b] 


The load voltages and other known quantities suffice for calculation of the unknown 
currents and resistances. 


0.01 ohm 0.00723 ohm 0.00259 ohm 



0.0152 ohm 0.00859 ohm 


—VWAr 



—VWsA/—• 

0.103 ohm 


65.7 mhos 

•—WAr- 



117 mhos 

9.67 mhos 



Fig. 131). Reduction of network of Fig. 13a to equivalent tt. 


For determining the generator voltages re(iuired in order to make the generator 
currents ecjual, the network connecting the two generators of Fig. 10 can be replaced 
by an equivalent tt.* 'J'he i)roccdure is first to replace the central n of F'ig. 13a by an 


0.0080 ohm 0.0060 ohm 



125 mhos 

\vwv- 


167 mhos 

—w\w~» 


> 4.53 
^mhos 


70.3 mhos 



2.55 

mhos 


Fig. 11a Reduction of network of Fig. 11 to e(iidvalent tt. 


equivalent 7",* then to add the remainder of the connecting network to the respective 
arms of the T, and then to replace that resultant T by an ectuivalent tt. The T of 

f ig. 11 then is rej)laccd tiy an equivalent tt, the 
branches t)f which then are paralleled with the cor¬ 
responding branches of the equivalent tt derived 
from Fig. 13a. 'Fhe steps are illustrated in Figs. 
13b, 11a, and 14a. The self- and transfer conduct¬ 
ances are 

^AA ^ ^ = 115mhos, [13.5a] 

«„, = -llOmhos, [136a] 
««« = 110 + = 118 mhos. [137a] 

The use of these admittances instead of those computed by the other method also 
gives 227 volts for Vlu within slide-rule precision. 

• The IT and T are identical electrically with the A and F and acquire different symbols 
merely on account of the forms in which it is sometimes consenient to draw the diagrams. 


110 mhos 
■nAAAA^^SA^— 


^5.23 

S8.45 

> mhos 

^mlios 


Fig. 14a. Kqui\ alent tt for those 
of I'igs. 11a and 131) in parallel. 
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As another illustrative problem, the circuit of the Kelvin double bridge, 
which is shown in Fig. 15, is considered. The unknown A' and the stand¬ 
ard P are both of very low resistance, and therefore they require potential 
terminals (represented by arrowheads) which are separate from the 
current terminals. Often the unknown is a cylindrical bar of metal of cir¬ 
cular cross section immersed in a tank of oi! w^hose temperature can be 
controlled. The connection A between A" and P has a resistance which 
may be of the same order of magnitude as either X or P, In order that 
the balance condition should be independent of two sets of ratio 
arms {MX and mn) are used. 




Fig. 15. Kelvin double-bridge 
network. 


Fig. 16. Modification of Fig. 15, inner 
dt*Ita rejilaced by wye. 


The balance condition can be determined as follows: First the delta 
composed of A, m, and n is transformed into a wye. The circuit of Fig. 16 
results. This is the circuit of an ordinary Wheatstone bridge, which is in 
balance when the open-circuit voltage between e and b is zero. Thus 

7 =7 q_7 =7 r_ -f- ^ Q [144] 

MX + MB + MC + MP = MX + MB + NX + NB, [145] 


Substituting the expressions for B and C, 

MAn .. . NAr.i 


A 

M[^An -f AP 4- mP + «P] 


+ MP ^ NX -f 


A m A- n 
N[AX + mX + nX -f Afn\. 


[146] 

[147] 


In order to satisfy this equation regardless of the value of A, the coefli- 
cient of A and the rest of the equation must be set equal to zero inde¬ 
pendently. Thus 


M{n + P) = N{m + X), 
MP{m + m) = NX{m + n). 


[148] 

[149] 
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Substituting Eq. 149 in Eq. 148 gives the simultaneous pair 

Mn = Nm, [ISO] 

MP = NX, [151] 

both of which must be satisfied in order to obtain a balance which is inde¬ 
pendent of , as is easily done by fixing M, N, m, and n to conform to the 
first requirement, and by adjusting P to satisfy the second requirement. 

The sensitivity of the bridge, which is the next item to be studied, 
may be defined as the ratio of galvanometer current to a small change 
AX in X from the value for balance. This ratio is very closely given by 


I 


—wvww- 


3 


sensitivity 


djo 

dX 


[152] 


Fig. 17. Reduction of 
Fig. 15 by 'rh^venin’s 
theorem. 


The value of this derivative can be found most 
readily by applying I'hevcnin’s theorem to the 
whole bridge network exclusive of the galva¬ 
nometer. The result is indicated in Fig. 17, where 
K is the same as \\h previously discussed, and 
Rab remains to be discussed later in the analysis. The galvanometer 
current is 

_ K _ 

Rab + Rg ^ 


In 


[153] 


whence 

dia 

dX 


Rab + Rc 


d^ 

dX 


/,,=o dX 




At balance, E is, of course, equal to zero, so the second term drops out. 
The derivative of E is determined from Eq. 144 as follows: 

dE -A - B- C-P + X + B 

dX " ' (A' + B + C + Py^ 

1 cd 




At balance, by substituting from Eq. 145, 


dX 


cd 


(f-)V 


+ P) 


[155] 


[156] 


There remains the evaluation of R„h. This can be determined readily 
by reference to Fig. 15. At balance, no current is in the galvanometer, so 
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by the reciprocity theorem, if Es is replaced by a short circuit and if a 
voltage is applied between a and b for the measurement of Rab, no current 
is in Rs- Consequently, Rg cannot influence the value of Rah- Therefore, 
Rh may be made an open circuit for the evaluation of Rah- The same con¬ 
clusion can be reached concerning A by redrawing the circuit as is shown 
in Fig. 18. It is shown readily by considerations of symmetry that, if a 

A 



Fig. 18. Rearrangement of Fig. 15 to show that A is without influ¬ 
ence in determination of /?«&. 


power source is inserted in series with A, the original balance equations 
150 and 151 still hold. 

The result of these deductions is that Rah can be written as 


(AI + pt + A')(iV + w + P) 

(M + w Ta) + (iV + P) ‘ 


[157] 


Incidentally, this resistance /^ah is the resistance external to the gal¬ 
vanometer which is effective in damping the motion of the galvanome¬ 
ter when no shunt is used. 

The sensitivity is then given by the equation 

sensitivity =--’ 

(Rah + R(l) (( P) 


in which Rab is determined from Eq. 157 and is determined from Fig. 16. 


As a specific case, a bridge with the following values of voltage and resistance 
marked on Fig. 15 is considered: 

(4,000) (2,000) 


Rab - 


6,000 


1 ,vS33 ohms, 


[159] 


c - . 0^00033, [161] 

3,000 

= (7,333)(9K0.W = ^ 10-»amp/ohm. [162] 
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Thus, if a galvanometer which can detect 10'*' amp is used, the detectable change in 
resistance is 


AX 

X 


3.7 X 10“_® 

To-^ “ 


== 0.37 per cent. 


[164] 


The above treatment of sensitivity is entirely rigorous and contains no assump¬ 
tions. By making some approximations, the same result can be very quickly obtained. 
If P is altered a small amount by changing the position of the potential terminal 
which is connected to «, it is equivalent to introducing a voltage IpAP in series 
with n. By applying Thevenin’s theorem to this circuit and considering that X, .4, 
and P are all zero, 

AE„, = //. AP-\x ,, - A/' = y)AP. [165] 

m 4- n 3 0.1025 


Resistance Rob may be found by again considering .Y, A , and P to be zero, whence 

, mn MN 2 X 10'* 2 4 t 

^ ^ , X 10’ 1,333 ohms. [166] 


ni -T n M + N 3,000 3 


From this Af is 


V)AP 

A/ = ^ 5.32 X 10 ^AP. 


[167] 


From the original balance eciuation AP is obtained in terms of AA' as follows: 

P = Y 
M ’ 

AP^^fAX-^AX. 
dX M 


From this the sensitivity is 
AI 


=- 5.32 X 10 ^ X - 2.66 X 10 •’’amp/ohm, 


[151a] 

[168] 

[169] 


which is a fair approximation to the correct answer of 2.82 X 10 amp/ohm. 

In view^ of the fact that the unknown is often at a temperature differ¬ 
ent from that of the rest of the circuit, the effect of thermal electromotive 
forces should be investigated. Four thermal electromotive forces (/i, h, 
fsi ^ 4 ) of ecjual magnitude are considered to be at the points indicated in 
Fig. 15. rk‘cause of its position, /] aids or opposes F.s and so cannot affect 
the balance condition. By redrawing the bridge circuit as isdone in Fig. 18, 
and applying the considerations of symmetry, it can be shown that 
is also ineffectual. Either or /.^ alone causes an error, but that they 
compensate each other approximately can be shown as follows: 
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Since X, A, and P are small compared to M, N, m, and n, it seems 
justifiable to consider X, A, and P as zero. Then the value of £, caused 
by I 2 and ti is given by superposition as 


Et = 


.y 

- U 

M + N “ 


" , __ . (Xm + X/i - Mn - .y«\ 

m + n \ (.1/ + N) (m + «) )' 


By applying the first balance equation, it is seen that Ei is 0. 

The effect of any small unbalanced thermal electromotive forces may 
be eliminated practically by making two balances with En in the two 
possible directions and taking the average of the two resistance readings. 


I'RORLEM.S 

1. Jn the circuit of Fig. 10 the resistance of each lamp of group A is 180 ohms. 

(a) What is the voltage across group of lamps 

(b) What is the resistance of each lamp of group B (assuming, the lamps to be 
alike? 


0.24 ohm 0.30 ohm 



Fjo. 19. Figliling circuit, l*rol). 1. 


(c) What is the line drop in volts between the generator and group A ? 

(d) What is the line droj) in volts between groups A and B? 

(c) What is the current in each lamp in group A and in each lamp in group B} 

2. Figure 20 represents a simplification of a situation encountered in household 
wiring. The wires are 14 AWG. The lamp is to be considered as a constant resistance. 



Fig. 20. For computation of residential voltage regu¬ 
lation, Prob. 2. 


(a) What is the lamp voltage when the refrigerator is not running? 

(b) What is the lamp voltage when the refrigerator is taking 1.5 amp? (Running 
condition.) 

(c) What is the lamp voltage when the refrigerator is taking 10 amp? (Starting 
condition.) 
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3. The following questions refer to P'ig. 21. 

(a) What is the voltage between A and 

(b) What is the current in each battery? 

(c) What is the resistance between A and 5? 


A 



B 


Fig. 21. Stand-by battery discharge circuit, Prob. 3. 

4. Figure 22 shows a three-wire distribution system which enables either 115-v or 
230-v power to be obtained. In the calculations, it may be assumed that the lamps are 
constant resistance and that the motor current is constant at 10 amp. 


0.5 ohm 



Fig. 22. Three-wire distribution system, Prob. 4. 


(a) What is the current in each of the line wires? 

(b) What is the voltage acro.ss each of the three loads? 

(c) If the middle wire is broken, what is the voltage across each load? 

(d) In which of the three transmission wires should fuses be placed? 

5. What arc the equations required for determining the currents and voltages of 
the network of Fig. 23 

(a) on the node basis, using the ground as the reference node; 

(b) on the loop basis? 



Fig. 23. Network for exercise in use of loop or node methods, Prob. 5. 

What is tlie ratio of to 7i in terms of self- and mutual resistances? 
What is the ratio for the parameters given above? 
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6. Figure 24 is a proposed circuit for a certain type of police signal system. W hen 
K\ is closed, the relay K closes the switch A' 2 , thereby connecting the load (various 
signal lamps) to the generator. The relay closes when its current rises to 9 ma and 
opens when the current drops to 3 ma. 



(a) What is the relay current when K\ is closed but before the relay closes? Will 
the relay close? 

(b) What is the relay current after A 2 closes, with A'l still closed? Will the relay 
remain closed? 

(c) What is the relay current when A '2 is closed but when K\ is open? Will the 
relay open? 

(d) How can failure of the circuit to allow Ai to exercise control over the oi)eration 
of the relay be remedied? 



7. One method of making the operation of the circuit of Prob. 0 independent of 
the polarities of the sources is shown in Fig. 25. What are the answers to the questions 
of Prob. 6 if applied to this circuit? 

8. The circuit of a private branch telephone switchboard is shown in Fig. 26, in 
which nearly all the elements have been drawn as resistances, their inductance and 
their coupling to mechanical circuits being omitted. Two relays, whose coils arc 
shown, require 12 ma coil current in order to operate. 

(a) If the resistances of the two loops are 0 and 400 ohms, respectively, which of 
the two relays operates? 

(b) With the loop resistances given in (a), one of the condensers becomes short- 
circuited. Which of the two relays operates? 
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(c) If the possibility of condenser failure is omitted, what is the maximum resist¬ 
ance that a loop may have if its associated relay is to operate regardless of the 
resistance of the other loop? 





Fig. 27. Networks for reduction to single equivalent resistances, Probs. 9, 10, and 11. 

9. What is the resistance between a and h in the accompanying circuits? 

(a) Fig. 27a, (b) Fig. 27b, (c) Fig. 27d, (d) Fig. 27c with K closed. 

What is the answer to (a) plotted as a function of a on rectangular co-ordinate 
paper? On log-log paper? 
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10. In Fig. 27d of Prob. 9 a voltage of 128 v is applied between terminals a and b. 
What arc the voltages between the bottom node and each of the top nodes? 

11, In Fig, 27c of Prob, 9, what is the resistance between a and b when the switch 
is open? 




(e) 


Fro. 28. Networks for reduction by Thevcnin’s theorem, Prob. 12. 


12. The networks of Fig. 28 (viewed from terminals a-b) are to be reduced to 
the single electromotive force E and single resistance Rt, of Thevenin’s theorem. 
I’he symbol a is a numeric. 

13. A certain direct-current power supply has an output voltage of 600 v when 
the output current is 400 ma, and an output voltage of 650 v when the output current 
is 200 ma. What are the simplest circuits that represent this power supply as far as the 
relation between output voltage and output current is concerned? Values are to be 
given for each circuit element. 

14. The following questions refer to Fig. 29. 

(a) What are the network equations required to solve for the three mesh currents 
by the loop method ? 

(b) With the two voltage sources in the above network transformed to equivalent 
current sources, what are the equations required to solve for the node voltages 
by the node method? 

(c) \^at is the current in the 40-v battery obtained by applying Thevenin’s 
theorem to the part of the circuit to the left of a~b? 
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10 ohms 



Fig. 29. Network for cxerrise in application of the loop and node methods, and 
of Th^v^nin’s theorem, Prob. 14. 


15. A complicated network of resistances has four terminals, a, b, r, and d. The 
resistance measured between a and c is 0, and the resistance measured between any 
of the remaining pairs is 6 ohms. What are the simplest circuits which may be used to 
replace this network if no conditions internal to the network are to be studied? A 
value is to be given for each resistance of the equivalent circuits. 

16. A pyrometer bridge network is connected as shown in Fig. 30. The arm P is 
made of (‘of)pcr and its resistance at 70 F is 30 ohms. All other resistors are made of 
manganin, and all cxccf)l the slide wire have a resistance of 30 ohms. The slide wire 
has a total resistance of 2 ohms. I'he galvanometer has a resistance of 30 ohms. 

(a) When the bridge is balanced, how does the displacement of the slider from 
the midi)oint vary as a function of the deviation of temperature from 70 F? 

(b) What is the temp)erature range of the instrument? 

(c) When the temperature is 70 F, and the slider is placed at a, what is the ratio 
of galvanometer current to battery current? 



Fio 30. Wheatstone bridge Fig. 31. Ring-bus distribution network, 

inTomoter circuit, Prob. lb. Prob. 17. 


17, For the purpose of insuring continuity of service, power companies frequently 
make use of loop distribution circuits. Such a circuit is illustrated in Fig. 31. 

(a) W hat arc the voltages at the loads, the resistances at the loads, and the cur¬ 
rents in the lines L\ L'z-G, and G-Lx? 

(b) A break at pwint X occurs in one of the wires of the circuit L 2 '-G interrupting 
the current therein. W’hal are the new currents drawn by the loads and the 
voltages at the loads under these new conditions? Each load may be assumed 
to be a fixed resistance. 




CHAPTER III 


Transient Response of Simple Circuits 

1. Introduction 

The conceptions of the lumped-circuit elements — resistance, induct¬ 
ance, and capacitance including the relations between their currents 
and terminal voltages or the derivatives or integrals of these currents and 
voltages, are develo[)ed in Ch. 1. It is also shown that when such ele¬ 
ments are connected to form a network, the element curnrts and volt¬ 
ages satisfy two circuit relations, the KirchhofT voltag'* law and the 
Kirchhoff current law. Utilizing the element relations and these two cir¬ 
cuit relations makes it possible to write the differential equations from 
which the currents and voltages in a network can be determined. Eejua- 
tion 1(1, p. 114, is an exam])le of siu'h a differential equation. 

This chai)ter considers the solution of such ecjuations for simple circuits 
to which constant voltages or currents are suddenly applied, beginning 
with very simple circuits, analysis of which is already somewhat familiar. 
Though the solutions obtained are useful to the electrical engineer, the 
methods by which they are obtained are even more useful, for they serve 
as a foundation for the study of more comidicated circuits. Emj)hasis 
therefore is laid on the general principles by which lump(‘dq)arameter 
circuits are analyzed and, incidentally, useful results are obtained. Once 
these principles, in both their physical and mathemiitical as})ecls, are 
clearly understood as aj)plied to the simpler cases, their aj)plication to 
more complicated networks is relatively simple in })rinciple though often 
laborious arithmetically. 

The parameters 7?, L, and .S' as used here are subject to the limitations 
imposed by the assumptions used in fleriving them in (4i. I. Idiese limi¬ 
tations do not affect the mathematical analysis by which the solution of 
a given differential eciuation is obtained but rather the accuracy with 
which the differential equation describes an actual physical circuit, and 
therefore the agreement to be expected between mathematical and experi¬ 
mentally observed results. With the conditions and a}>paratus used in 
elementary experimental aspects of this subject, however, the experi¬ 
menter's technique, or lack <3f it, and not the limitations of lumjK'd- 
parameter theory, is the probable source of any observed discrej)ant'ies 
between theory and experiment. 

In this chapter the use of ideal elements is assumed; that is, that the 
resistance is resistance alone, that the inductance has no resistance or 
capacitance effects, and that the elastance has no resistance or inductance 
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effects. In nearly all cases a series resistance element accompanies an 
inductance element to represent the resistance of the coil, which is usually 
not negligible. The assumj^tion is also made that voltage sources have 
negligible internal resistance and negligible inductance and capacitance 
effects — assumptions that can often be realized in practice provided 
care is taken. Appreciable internal series resistance or inductance of a 
source can be added to the parameters of the external circuit for purposes 
of analysis. 

Four simple circuits are first considered, namely, the series resistance- 
inductance or RL circuit, the series resistance-elastance or RS circuit, 
the series resistance-inductance-elastance or RLS circuit, and the paral¬ 
lel resistance-capacitance or RC circuit. 


2. Directions of voltages and currents when functions 

OF TIME 

At this point it is advisable to review the conventions of direction for 
voltage and current mentioned in Art. 3, Ch. I, and more particularly 
set forth in Art. 2, Ch. II. These preceding discussions apply to the 
work of this chapter if it is merely understood (1) that the time function 
which rejiresents a potential difference always rej)resents the amount by 
which a designated point is higher in potential than another designated 
point algebraically, in accordance with the f)olarity markings on the dia¬ 
gram, or the double-subscript notation, and (2) that the time function 
which represents a current always represents the amount of current in a 
particular part of a circuit algebraically, in accordance with the arrow 

mark on the diagram, or the 
A- double-subscript notation. For 
example, in Fig. 1, f(/), or iab{l)^ 
ib the amount of current in the 
' arrow or a b direction as a func- 
^’(0 tion of time. If i(t) is known in 
terms of a mathematical expres¬ 
sion which can be evaluated for 
any instant of time /, the result 
gives the amount of current in the 
arrow direction at that instant. 
This result may conceivably be a negative number, perhaps -10 am¬ 
peres. A current of -10 amperes in the arrow direction of course merely 
means a current of -flO amperes in the opposite direction. Similarly 
v{t), or ivlOi is the amount by which the potential of point b{+) exceeds 
that of point r(-) as a function of time. If v(l) is known in terms of a 
mathematical expression which can be evaluated for any instant of time i, 



c 


Fk;. 1. Series RL circuit. 
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the result gives the amount by which the potential of point h is liighcr 
than that of point c at that instant. This result also may conccivabl\ Ik- 
a negative number, perhaps —50 volts. In spite of the polarity marks, a 
potential difference of —50 volts of course merely means that point c 
is +50 volts with respect to point b at the particular instant under 
consideration. 

It should be recalled from Arts. 2, 3, and 22, Ch. I, that the expres¬ 
sions Ri, L — 
dt 

arrow direction assigned to the current in the particular branch. 

3. Notation 

The symbols used for current i{l) and potential difference v{f) can be 
described as functional notation. They mean respectively that current i 
and potential difference v are functions of time t only For example, 
i(x^y) means that i is a function of both x and y. However, since in this 
and several succeeding chapters time is the only independent variable, 
the lower-case letters are generally used alone: v, 7, and so on represent¬ 
ing the dependent variables as functions of time*, except that occasion¬ 
ally functional notation is used for clarity or emphasis. For example, 
i(5) means the current when / is five units of time and means the 

current when time is zero. In a switching operation means the 

current just before the switching operation, i(0+) means the current 
just after the switching operation. This notation is useful when the func¬ 
tion is discontinuous at the instant of switching. Capital letters jire in 
general used to represent constants. As a further development of the con¬ 
vention established in Ch. II, the symbol e{l) always stands for the 
electromotive force of an active element (a source), and the symbol v[t) 
always stands for the voltage drop through passive elements (resistance, 
inductance, capacitance) in the direction of the appended subscripts if 
double-subscript notation is used. 

4. Series RL circuit 

The series combination of resistance and inductance illustrated in 
Fig. 1 is discussed first. It is assumed that the switch K is so arranged 
that the constant-voltage source may be inserted or removed instantane¬ 
ously, always leaving the circuit closed. 

When the electromotive force is first inserted, a current is established 
gradually, since the rateof increaseof the current is limited by the indiu t- 
ance L. The inductance property of the circuit is associated with energy 
storage in the magnetic field. Upon removal of the voltage source this 
energy momentarily remains, and so it is reasonable to suppose that the 


, and 5 Jidt represent algebraically voltage drops in the 
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current does not instantly cease but dies out gradually as the stored 
energy is dissipated in the form of heat in the resistance element. The 
problem is to determine more precisely the manner in which this process 
of build-up and decay goes on, and how it depends upon the circuit 
parameters, the value of the applied electromotive force E, and the 
sequence of switching operations which may be carried out. 

The simplest situation is probably the one in which the switch K is 
originally in f)osition 2 and the current i is zero. This is called an initial- 
res/ condition. At a given instant, which is designated the initial instant 
at which tis zero and from which time is counted, the switch is thrown to 
posilion 1, thus suddenly in.serting the electromotive force E. Thereafter 
the switch remains in position 1. The problem is to determine the manner 
in which a current is established. 

I'he potential drop across a resistance is Ri, and the potential drop 
di . 

across an inductance is L , , in the direction of the current. In the direc- 

dt 

tion assumed positive for current, a potential rise of E occurs in the 
source. This may be described eciually well as a potential drop of - E in 
the same direction. Applying Kirchhoff’s voltage rule to the potential 
drops around the circuit gives the differential equation 

L^ + Ki-E-O. [,) 

It is shown in elementary physics courses that if the electromotive 
force E is applied to the ( ircuit when / is zero, as in this case, the solution 
of this differential equation is 

Equation 1, it should be observed, is a linear differential equation with 
constant coefficients. The solution of such an eejuation can be resolved 
into a steady-state term (denoted by the subscript s) and a transient 
term (denoted by the subscript /). Thus in this solution, the term E, R 
represents the steady-state current, and the term — (E 'R)e~^^^ repre¬ 
sents the transient current. The current /(/) is at all times equal to the 
algebraic sum of these two components, as is shown in Fig. 2, p. 176, in 
which the curve for the current /(/) is the sum of the curves for 
E/R and - {E' 

Examination of both Eq. 2 and the curve shows that: 

(a) When / is zero, the resultant current i{0) is zero; so the transient 
current at this instant must have a negative value equal to the 
positive value of the steady-state current. 
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(b) As i increases, the transient current, which is numerically nega¬ 
tive, diminishes in magnitude, and thus the resultant current 
i increases in magnitude. 

(c) The magnitude of the transient current decreases at an exponen¬ 
tial time rate, so that theoretically it takes an infinite time for the 
transient to reach zero and for the resultant current to reach the 
steady-state value. 

A study of the differential equation 1 and its solution discloses that; 

(a) When t and i arc zero, the potential drop across the resistance is 
zero. Since the total voltage drop around the circuit is always 
zero, all the applied voltage at the first instant is impressed as a 

di 

voltage drop L across the inductance L. In other words, the 

entire electromotive force of the source is being used to accelerate 
the flow of charge through the inductance, or to give the current 
a rate of change. 

(b) When t is infinity, and i is E/R, the voltage drop across the resist¬ 
ance equals the electromotive force £; that is, all the applied 
voltage is used in maintaining a current through the resistance. 
Since the current is no longer changing in value, the voltage drop 
across the inductance L is zero. 

5. A GENERAL METHOD OF SOLUTION 

In the simple case considered in the preceding article, it is possible to 
separate the variables so that the differential equation 1 can be inte¬ 
grated simply by direct methods. More usually, this method is not appli¬ 
cable and a somewhat broader view regarding the solution of differential 
equations is necessary. 

Generally the .solution of a differential equation is not obtained by an 
explicit process, such as sini{)le differentiation or integration, that can be 
performed by a simple formula. Rather it is the process of finding ~ by 
any means whatsoever-- a function that satisfies both the differential 
equation and at the same time any suitable initial or boundary condi¬ 
tions that can be arbitrarily specified. This conception of a solution is 
that used in the application of differential equations to physical problems 
and is in contrast to that of the mathematician who usually considers 
any function that has the necessary number of arbitrary constants or 
functions to be a solution. It applies to differential equations both of the 
ordinary type that contain only one independent variable and of the 
partial type that contain more than one independent variable. Only 
the restricted form of the ordinary type that arises from the study of 
simple linear circuits is now concerned. 
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The mathematical formulation of dynamic-equilibrium conditions in 
lump)ed-parameter circuits that contain the kinds of elements discussed 
in Ch. I leads to a restricted type of ordinary differential equation. This 
equation has the general form 

+ ■ ■ ■ ^ + aoy =/W [3] 

which has the following restrictions: First, the a’s are all constants. 
Second, the dependent variable y and its derivatives are functions of t 
only and appear only in the first power; no term contains a product of y 
and a derivative, or the product of two derivatives. Because of the 
second restriction, the equation is said to be linear. Because of the first 
jt IS said to have constant coefficients. Equation 3 is therefore said to be 
an ordinary linear dijjcrcnlial equation with constant coefficients. Its order 
is that of the highest derivative appearing in it, Eq. 3 being of the nth 
order and Eq. 1 of the first order. Equations reducible to this type are 
dealt with in this and following chapters. In this chapter/(t) is merely a 
constant. In Ch. TV and subsequently it is commonly a sinusoidal function 
of the independent variable, time. 

The nature of the equations that are to follow having been indicated, 
the solution for the simple series RL circuit is developed next by the same 
methods that are used for the higher-order equations of more compli¬ 
cated circuits. The reasoning used is given in considerable detail in order 
that the process of thought may be clear before situations more involved 
in their details are discussed. 

The first step in the solution of an ordinary linear differential equa¬ 
tion with constant coerficients, as typified by Eq. 1, is usually a con¬ 
sideration of the term not containing i, which here is the constant E. 
For this purpose Eq. 1 is rewritten as 

t.% + Ri-E. [ 1 .] 

Here E represents the agency, or energy source, or driving force causing 
current in the circuit. Generally the current may be expected to vary 
with time in the same general fashion as the driving force, at least after 
any initial disturbances have died down. In this case the driving force is 
a constant after it is applied. Since the current may well be expected to 
be constant, at least eventually, this assumption is tried: i is taken as /„ 
a constant. Substituting in Eq. la, remembering that its derivative is 
zero, gives 



[ 4 ] 
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which is an entirely correct solution of Eq. la. Although Eq. 4 satisfies 
the differential equation, it can easily be shown not to satisfy arbitrary 
initial conditions. It is, therefore, not a complete solution of Eq. la but is 
only the steady-state term or, in mathematical terminology, the particular 
integral. 

The subject of initial conditions as related to this problem can be 
approached by solving Eq. la for di/dt, giving 

di E - Ri • 

dt ■ — t’J 

Equation 5 shows that if L is not zero, di/dt is finite, unless E or Ri is 
infinite, a condition which does not occur in practice. In other words, 
the current in this circuit, because of the inductance, can change only an 
infinitesimal amount di during an infinitesimal lime interval dt. In fact., 
the current in any inductance cannot in general change instantaneously. 
This statement can be justified also from energy considerations, since 
magnetic stored energy is associated with a current i in an induct¬ 
ance L, An instantaneous jump in current requires an infinite rate of 
change of stored energy, which is physically impossible. This is an impor¬ 
tant property of inductance that should be noted carefully, as it is a neces¬ 
sary prerequisite to understanding initial conditions in an inductive 
circuit. 

As applied to the present situation the finite rate of change of current 
in an inductance has the following effect: If at the instant before the 
switch is moved from px)sition 2 to f)osition 1 in Fig. 1 the current in L is 
/(O —) then, assuming that the switching occurs in a negligibly short 
time, the current in L and therefore in the entire circuit is still ^*(0 —) at 
the instant after the switch reaches position 1. But there is no reason 
for ^’(0 — ) to be equal to as given by Eq. 4 because /(0-) can be 
given any reasonable value by a suitable experimental procedure in an 
actual circuit. Thus the paradox develops that the solution of Eq. 4 calls 
for one value of current even though it has been demonstrated that the 
current may have any value at the instant of switching. 

The paradox can be resolved by showing that Eq. 4 is merely a solu¬ 
tion but not the complete solution of Eq. la. This can be done as follows: 
If it is a solution of 


L|-bi?f = 0, [6] 

which is the differential equation of the circuit of Fig. 1 with E removed 
and replaced with a short circuit, then /« -f- it is a solution of Eq. la, as 
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can be demonstrated by substituting it inEq. la. 

i — If it, 


[7] 


di 


^-R{I. +it) 

+ "• +( 4 '+ 


[ 8 ] 


Since /«is a constant, and by Eq. 6 the expression in parentheses is zero, 
Eq. 8 reduces to Eq. 4, and Eq. 7 is a solution of Eq. la. 

Next to be found is the current i/, which is a solution of Eq. 6. Putting 
it in Eq. 6 gives 

+ [9] 


which can be integrated by separating the variables. Thus 
dii R , 

[ 10 ] 

tt 

In it = - + k, [11] 

i, = [ 12 ] 


which is written in functional notation for subsequent convenience as 


it{t) = Ae 


-Ui/L)t 


[12a] 


In mathematical terminology, the equation in which the force-function 
term is replaced by zero — in this case Eq. 6 is known as the reduced^ 
equation. Its solution — in this case Eq. 12 — is known mathematically 
as the complementary function, while physically it is known as the force- 
free or transient component of current. 

The constant A in Eq. 12 is equivalent to the constant of integration k 
in Eq. 11 and can have any finite value whatsoever, as far as the differen¬ 
tial equation 6 is concerned. It is the undetermined nature of this constant 
A that enables i as given by Eq. 7 to satisfy an arbitrary initial value of 
the current as well as the final steady-state value given by Eq. 4. This 
is an important idea which is illustrated in practically every complete 
circuit solution in this and subsequent chapters. 


The terms auxiliary and homogeneous also are in use. 
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Substitution of Eqs. 12 and 4 in Eq. 7 — using functional notation — 
gives 

f(0 = /. + u(t) - I + [13] 

K 

This relation has some interesting properties. By the properties of the 
e.\ponential 

itiO) = A, [14] 

/<(*)= 0 [!5j 

and, consequently, 

7(0) =^j^ + A, [16] 

i(ot) ^ 7., + 0 = ^ [17] 

Thus the final or steady-state current i{^) has the value given by Eq. 4, 
whereas the initial current i{()) may have any finite value whatever. This 
is precisely the kind of i{t) that is needed to satisfy both the original 
differential equation 4 and the arbitrary initial value of the current. Thus 
if / is taken as zero at the instant when K is switc hed from 2 to 1 in Fig. 1, 
and the current /(()—) in the inductance immediately prior to switching 
is known, it can be said that 

/(()) = /(0-), [18] 

since the inductance current cannot change instantaneously. Then 

^ = _^ + /(()) = -^ + 7(0-), [19] 

and the final complete solution of Eq. la, including the specified initial 
conditions, is 

/(/) =^ + [i(0-) ^[20] 

If the initial current in the inductance is zero, Eq. 20 reduces to Eq. 2, 

which can be obtained by direct integration. 

It is worth while to note that A is the initial value of it, and that 

7(0) = /. + i.(0) [21] 


or 


7,(0) = 7(0) - 


[21a] 
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Thus at the initial instant the transient current i«(0) equals the dis¬ 
crepancy between the actual current i(0) and the value demanded 
by the steady state. Thus the transient current it{t) serves as a shock 
absorber for whatever initial discrepancy may exist and gradually (expo¬ 
nentially) retires this discrepancy so as to leave only the forced current 
demanded by the intensity of the source. This physical significance of the 
transient may he applied to all problems in circuit-transient behavior. In 
other words, the initial value of the transient component must be such 
that when it is added to the initial value* of the steady-state component, 
the sum is the actual value that physical considerations require to exist 
at that instant. 

It should be noted that in the circuit of Fig. 1 one physical initial con¬ 
dition can be arbitrarily specified, namely, the current. The solution of 
the reduced equation also provides one arbitrary constant of integration. 
Thai the number of initial conditions of the circuit that can be specified 
is ecjual to the number of arbitrary constants of integration in the solu¬ 
tion of the reduced equation is not accidental. For any lumped circuit — 
or lumped-parameter physical system, for that matter—the general 
solution of the differential equation of the system must provide as many 
arbitrary constants of integration as there are independently specifiable 
initial conditions in the system. This is an important and essential corre¬ 
lation between the physical system and the mathematics describing it 
that is emphasized frequently henceforth. 

In order that the main thread of the argument used in this solution 
may stand out clearly from the details of manipulation, the steps in the 
solution which in principle are similar to those used in the solution of 
all ordinary linear differential equations with constant coefficients when 
the applied forces are constants - are recapitulated: 

(a) The current that exists in the circuit after steady conditions have 
been established is determined. 

(b) The reduced differential equation is solved. This solution, which 
gives the transient component of current, must include one arbi¬ 
trary constant. 

(c) The value of the constant of integration, that is, the initial value of 
the transient current, is determined from the known initial values 
of the actual and of the steady-state component of current. 

The application of the method of this section to a numerical example is 
given in Art. 7. 

* When the applied force is not a constant, the particular integral or steady-state term 
N not always a constant. 
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6, Time constant of series RL circuit 

One characteristic of the transient component, it of the current is inde¬ 
pendent of all conditions of the problem except the circuit parameters. 
This characteristic is the rate at which // disappears, or dies out, and is 
often of more significance than the magnitude of the transient. At first 
thought one might expect to measure this characteristic b,v the time for 
the transient to die out completely, but it is immediately seen that the 
exponential factor which causes the transient term to decrease 

mih. time, approaches zero only asymjUotically. In other w^^rds, theoreti¬ 
cally it takes an infinite time for the transient to disappear. Practically, 
it, or the dilTerence between the steady component /« ar.d the actual 
current f, usually becomes too small to detect experimentally within a 
relatively short time. 

A convenient measure of the duration of ^he transient is the time 
constant T given by 

/ = [ 22 ] 

at which time the transient term reduces to or 0.368 of its initial 
value. Thus 

it(T) = = 0.368f,(()). [23] 

In the interval between T and 2T the transient is also reduced by a factor 
so that 

it^lT) = f,(())6“2 = (0)0.368 X 0.368 = 0.135/,(0). [24] 

The same reduction by a factor of 6“^ occurs in each succeeding time inter- 
\al T. A table showing the fraction of the initial value persisting at any 
integral multiple of T is readily prepared as follows: 


t 

0 

T 1 

2T 

ST \ 

4r 

5T 

0 0067 

lor 

0 000045 

uil) 

im 

1 

0 368 

! 

0 

0 0498 

0 0183 


67 ’ 

IT 1 87 ' 

97 

1 

0 0025 

0 00091 

0 00034 

0 00012 


Alternatively, the number of time constants required to reduce the value 
of the transient by various negative integral powers of ten is as follows: 


t .(0 

*•<( 0 ) 

1.0 

0 1000 

0.0100 

0.0010 

0 0001 

t 

0 

2 303r 

4.605r 

6 . 908 r 

9 . 210 r 
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Thus the transient is approximately one per cent of its initial value at a 
time equal to 4.6 time constants and is 0.01 per cent at 9.2 time constants. 

Another useful interpretation of the time constant is indicated in 
Fig. 2. This is the time that would be required for the transient to dis- 
app)ear if its rate of change at the initial instant continued. This can be 



Fir. 2. Current build up in series RL circuit. 


shown from Ecj. 12, which is the general form of the transient term. The 
initial value of it is A , and the initial v^alue of dit dt is 


dit 

dl Lo 


KA 

L 




RA 
L ’ 


[25] 


the negative sign merely indicating a decrease. Thus the time A/ required 
for it to disappear at this rate is 




[26] 


L 


It is seen easily that if in an RL circuit the inductance is made vanish¬ 
ingly small compared to R, the duration of any transient in it is vanish¬ 
ingly small, and the steady state is ai)proached with exceeding rapidity. 

Idgiire shows the effect of different values of T on the shape of the 
curve of the transient component of current. 

The order of magnitude of time constant obtainable practically in cir¬ 
cuits consisting of inductance coils without any added series resistance 
is of interest. The air-core coil which has the highest ratio of L>R that 
can be obtained with a given weight of conductor is a circular coil with 
a square winding cross section. Its mean diameter is approximately 3.0 
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times one side of the winding section.^ Such a coil is commonly called a 
Maxwell coil or, more accurately, a Maxwell-Shawcross-Wells coil. For 
this or any air-core inductance coil of given shape, weight, and conductor 
material, the L R ratio is independent* of the size of conductor used, 
since both L and R increase 
by the same factor when the 
conductor size is reduced and 
the number of turns is in¬ 
creased. Furthermore, it can be 
shown readily that increasing 
all linear dimensions of an air- 
core coil by a factor A’ increases 
L R by a factor and in¬ 
creases the weight by k'^\ 

L R therefore increases as 
(weightA Maxwell coil 
lontaining slightly over two 
pounds of copper has a time constant of 0.010 second For T equal to 
0.10 second about 70 pounds oi copper are reciuired. 

Even with an iron core the L R ratio can be made as high as 10 seconds 
only by using many hundreds of pounds of material. 

7. Illustrative example of series RL emevn 

Figure 4 shows the essential features of the field circuit of a special 
direct-current generator called an exciter, which is used to furnish direct 
current to the field coils of a large alternating-current generator. Under 


E - 250 V 

A = 55 h 

Rl == 12.6 ohms 


ITr,. 4 Held circuit of exciter 

certain conditions it is neces.sary to build up the exciter field current / 
very rapidly from a relatively small normal value. This rapid increase is 
accomplished by having normally in series with the field coils a relatively 
large resistance /?i, which is short-circuited by the contactor K in the 
event that a rapid increase of i is required. An actual circuit, of course, 

^ H. n Brooks, “ Design of Standards of Inductance and the Proposed Use of Models in 
the Design of Air-Core and Iron-Core Reactors/’ J. Res. Nat. Bur. Stand., VII (Aug., 1931), 
289-328, gives an excellent and comprehensive treatment of the subject. An abridged treat¬ 
ment is in the volume on magnetic circuits and transformers of this textbook series, ch. vii. 

* Except for the influence of thickness of insulation. 


A’, Rl 
T'VvvwvA-r^wv^ 








Fig. 3. ICfTect of time constant on current 
build-up, scries RL circuit. 
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contains other features, but these are irrelevant to the particular problem 
considered here, which involves these questions: 

(a) If the circuit is operating under normal^ steady conditions with K 
open and Ri so adjusted that i is 5AO amperes, what is the rate of 
increase of i immediately after K is closed? 

(b) How many seconds after K is closed are required for the current to 
reach 14.00 amperes? 

(c) If, 5.00 seconds after K is closed, the abnormal condition requir¬ 
ing a large coil current is removed, how many seconds after 
K is opened are required for i to return to within 10 per cent of its 
final steady value? 

(d) What power in watts must Ki be capable of dissipating continu¬ 
ously in the form of heat ? 

(e) How much energy is converted into heat in i?i from the instant 
when K is initially closed until some time t when the transient of 
part (c) following the o})ening of K has substantially subsided? 
How does this energy compare with that so converted over the 
same period of time under normal operation, that is, with no 
switching? 

(f) For what maximum j)otential difference must contactor K be 
designed to operate, assuming that under some conditions K may 
not be opened until i has reached its final value? 

Solution: In this solution, instead of merely substituting numbers in formulas, 
the reasoning of Art. 3 is paralleled numerically to emi)habize principles. 

(a) Since after K is closed, the current remains momentarily unchanged in L at 
.S.4() amp, a potential drop is caused in Kl in the direction of i of 5.40 X 12.6, or 
68.0 V, and 2.S0 — 68.0, or 182 v drop is left across the inductance. That is 

= [27] 

or 

Jt ^ ^ 

(b) For the condition with K closed the final, steady-slate current is 

250 

= 19.84 amp. [29] 

The initial current is 5.40 amp; hence the transient component it must have a value 
immediately after K is closed such that 

f(0) = /, + it{0), [30] 

or 

5.40 = 19.84 -h it(0). [30a] 

Hence 

fi(0) = 5.40 - 19.84 = -14.44 amp. [31] 
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The forni of the transient is 



it = 

[12] 

From the foregoing results, 

A = —14.44 amp, 

[321 


f = W = 0.229 see-*. 

[33] 

Hence 



i(0 - 

h + itiD = 19.84 - 14.44e-®-5»‘. 

[341 

To find the time /j such that i(/i) is 14.00 amp, one writes 


t(/i) 

14.00 = 19.84 - 14.44f “ 

[34al 

* 14.44 ~ 

[35] 

0.22<J/ 


[36] 


0-9W) , 

0.229 = 

[37] 

(c) When time is 5.00 .sec, 


/(5.00) - 1<).84 - 14.44f 

(i,23vf,.(.o _ p, g 4 _ ,4 44 ^ 0..317 = 1.1.25 amp. 

[38] 


Tlv's is also the current immediately after K is opened. The new steady-state current, 
with K open, is 5.40 amp. Since the actual current is 15.25 amp and the steady-state 
value for the new condition (A' o[)en) is 5.40 amp, there must be an initial tran.sient 
component 

iiiO') - 15.25 - 5.40 = 0.85 amp, [30] 


measuring the time t' from the instant K is opened. For this condition, the circuit 
resistance is 



R' =" ? ^ 46.3 ohms 

5.40 

[40] 

and 


[41] 

Then 

i(/') - 5.40 H- 9.8.5t-® '«“'. 

[42] 

The time t[ 
obtained from 

at which i{i') is within 10 per cent of its final value of 5.40 

amp is 


1.1 X 5.40 - 5.40 + 9.856-® «<‘'i 

[43] 



[44] 
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Thus 

"■**‘<-‘" 0 ^ 47 -“* 

t[ - 3.46 sec. [46] 

The current as determined in (a), (b), and (c) is plotted in Fig. 5. 



Fig. Plot of current in field circuit of Fig. 4. 

(d) The series resistance Ri is 

Ki - 46.3 - 12.6 - 33.7 ohms. [47] 

Power dissipated in Ki at 5,40 amp is 

P rR 5.40“ X 33.7 - 984 w. [48] 


(e) If no switching takes place, the energy converted into heat in Ri\s 984/ joule. 
Asa re.sult of the switching, the energy so converted, after K is initially closed, is 

nv 

0 ' Rdt ^ I i-Ril(' = 33.7 / (5.40 f 9.85e '' 

t-o •/r = o «/o 

= 33.7[5.40- f 2 X 5.40 X '>.85t " + 9.85'-* ' ; [49j 


The transient has substantially .subsided when the exponential terms have become 
negligible, 'fhus when /' is large compared with the time constant 7'i, which is 
1, 0.841 sec, 


W . 3.1.7 [5.1<1V , ^ 

= 984/' + 4,250 + 1,940 jouk-s 


2 X 5.40 X 9.85 9.85n 

I.682J 


/' ?> 7'. 


[49a] 


If is expressed in terms of /, as / — 5.00, the expression for W — for t greater than 5.00 
sec - • ■ becomes, 

ir - 984(/ - 5.00) + 6,190 ] 


= 984/ - 4,920 -t- 6,190 
= 984/ + 1,270 joules 


I > 5.00 and / - 5.00 » Ti. 


[49b] 
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This energy exceeds that which would have been converted into heat during the same 
time (under normal operation) by 1,270 joules. 

(f) The maximum potential difference occurring across Ri is the iRi drop for the 
maximum possible t, since the inductance maintains i momentarily unchanged after 
K is opened. Thus 

Maximum voltage across Ri = 19.84 X 33.7 = 668 v. [50] 

8. Series RS circtttt 

The circuit considered in this section is shown in Fig. 6; it consists of a 
resistance R and elastance S in series that can be connected by switch K 
either to a constant-voltnge source E (position 1 ) or to a short circuit 
(jx)sition 2). 'J'he problem is to find the current and ((unienser ciiarge 
resulting from any sequence of 
operations of K that may be 
specilied. This problem proves to 
be mathematically identical with 
that of the series RL circuit con¬ 
sidered in the foregoing article^, 
but the corresj)onding dei)endent 
variables and coefficients repre¬ 
sent (juite different physical quan¬ 
tities. It is worth while, therefore, 
to reason through the solution in 
detail both because of the different physical (oncepts involved and for 
further practice in solving ordinary linear differential equations with 
constant coefficients. 

The differential equation for the circuit of Fig. 6 can be written from 
the current-voltage, or charge-voltage, eejuations of Art. 20, Ch. 1, and 
Kirchhoff’s voltage law. For switch K in position 1 the differential equa¬ 
tion in terms of condenser charge is 

+ = [51] 

while in terms of current the equation can be written 

J^i + sj'idt = £, [51a] 

in which Jidt is understood to mean^ idt + g(0). It is important to 

note also that q{l) represents the amount of positive charge on the top 
side of the condenser, and that a charge of equal magnitude but of o])po- 
site sign always resides on the other side. Hence when i(t) is [)o.sitive, 
q(f) is increasing; that is, the top side is acquiring positive charge (or 


AAAAAr 



t'lo 6. Series/\\S’cirruit. 
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losing negative charge) and vice versa. If K is in position 2, E becomes 
zero in Eqs. 51 and 51a. Equation 51a contains an integral and no deriva¬ 
tive and is sometimes called an integral equation. In reality it contains 
the same information as Eq. 51 but is written in terms of or dq/dly 
instead of in terms of q. 

As pointed out in discussing the KL circuit, the solution of a differential 
equation for a particular system is a function that satisfies both the 
differential equation and the initial conditions. For the present problem, 
Fq. 51 is the differential equation. The initial conditions may be specified 
as follows: \i an instant from which time is measured, switch K is moved 
instantaneously from position 2 to position 1. At the instant before K is 
moved, the clastance has a charge ^(0—) resulting from some previous 
operation of K. The details of this previous operation need not be known 
provided the charge q(0—) resulting from it is known. The problem is to 
find the function q(l) that satisfies Eq. 51 or Eq. 51a and these initial 
conditions. 

Because of its similarity in form to Eq. la, Eq. 51, rather than Eq. 51a 
is treated first, by exactly the same procedure as with Eq. la. The initial 
step is to find the charge ()s on the condenser after steady conditions have 
been established. Since the applied force li is a constant, a reasonable 
assumption for (),, to be verified by substitution in Eq. 51, is that it is 
a constant. The expression 

E 

Qa = o ~ constant [52] 


satisfies Eq. 51, and therefore is taken as the steady-state component of q, 
Asin thepreviousproblem,(^« and q(0 — ) are generally not equal because 
()„ is fixed by Eq. 52 and q(0 — ) can have any specified value. Unless the 
condenser charge can change instantaneously, ()« alone cannot constitute 
a solution of the problem. By solving Eq. 51 for 


dq _ E — Sq 

Tt ” ~'r ' 


[53] 


it is seen that the actual condenser charge q can change only at a finite 
rate if R is not zero and the other quantities are finite — conditions that 
are true in any physical circuit. The conclusion is that q cannot change 
instantaneously and that therefore ()« is not the complete solution but 
merely a part of it. 

By reasoning as in Art. 6, it can be seen that if qt satisfies the reduced 
equation 


[54] 
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Qt + 9 i satisfies Eq. 51. It can be verified readily by sei>arating the 
variables in Eq. 54 and integrating, or by substituting Eq. 55 in Eq. 
54, that 

g, = [55] 

satisfies Eq. 54, A being any constant. Taking 9 as the sum of Qt from 
Eq. 52 and gi from Eq. 55 gives 

g = | + [56] 

in which A has not been determined. Since the charge g cannot change 
instantaneously, 

g(0) = g(0-). [57] 

Therefore for the initial instant 

q = q{0-) = ^ ^ [58] 

or 

^=9(0-)-|- [58a] 

Substituting Eq. 58a in Eq. 56 gives 

<7(0 = (?. + . 7 . = I + [<7(0-) - I] ^[59] 

That Eq. .S9 is the desired solution can be verified readily by showing 
that it satisfies Eq. 51 and that ^(0) satisfies the initial conditions. This 
verification is suggested as an exercise for the student. 

Equation 59 has exactly the same mathematical form as Eq. 20 with 
q corresponding to i, S to and Rg to L, Rl being the R of Eq. 20 and 
Rs the R of Eq. 59. This being the case, the curves of Figs. 2 and 3 when 
relabeled in terms of this problem are applicable without change. The 
student may find it instructive to rephrase the discussion of the curves in 
these figures in terms of the RS circuit. 

It is well to note that in this example the transient component of 
charge again serves as a shock absorber gradually to retire the initial 
discrepancy between the charge actually present on the condenser and 
that called for by the steady state. Transients in lumped-parameter 
linear circuits in which constant forces are instantaneously applied, 
removed, or changed in magnitude result from the fact that in nearly all 
cases the charge on a capacitance and the current in an inductance cannot 
be changed instantaneously. Any solution of such a circuit must there- 
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fore provide for a gradual change of each capacitance charge and each 
inductance current from initial values to final steady values. The final 
value of each is its steady-state component alone. The initial value of 
each is the sum of its steady-state component and the initial value of its 
transient component. This is a fundamental conception of transient 
behavior. 

9. Time constant of series RS circuit 

From the parallelism between the series RL and RS circuits pointed out 
in the preci-ding article it is evident that the mathematical discussion 
relating to the time constant Tl, or L R, applies throughout to the time 
constant 

[60] 

for the RS circuit and need not be repeated here. However, a few com¬ 
ments on the physical aspects of Ts are appropriate. 

In general, the series re.sistance associated with a condenser is so small 
as to be negligible in all but very relined work, so that the marked time 
lag indicated by curves similar to Figs. 2 and 3 is obtainable ordinarily 
with a series combination of a condenser and separate resistor. This 
condition is in marked contrast to that of the inductance coil, whose 
a.ssociated series resistance is seldom negligible. In a high-quality con¬ 
denser the time constant T^y as obtained by short-circuiting it when 
charged, is often under second. The actual time limit for discharge 
is as likely to be set by inductance effects as by series resistance. 

A condenser also has another and (juite unrelated time constant 
determined by its capacitance and its leakage, or shunt, resistance. This 
time constant is a measure of the time of self-discharge of a condenser 
left on open circuit. In Art. FS, Ch. I, it is stated that a leakage resist¬ 
ance of 1,000 ohms per daraf is not uncommon. The corresponding time 
constant of self-discharge is 1,000 seconds, or roughly, 15 minutes. Under 
excej>tional conditions values measured in days are obtainable. This 
leakage resistance, however, is ordinarily not a constant but is a function 
very complex in behavior.* 

From the considerations of the two preceding paragraphs it can be seen 
that the series resistance of a high-quality condenser is likely to be 
negligible unless the condenser is used in a circuit having a time constant 
less than 10“^^ second. Similarly its shunt leakance is likely to be negligi¬ 
ble unless the condenser is used in a circuit whose time constant is greater 
than one second. These limits are rough but indicate orders of magnitude 


* Dielectrics are discussed in the reference volume, Ch. I. 



SOLUTION OF SERIES RS CIRCUIT IN TERMS OF CURRENT JS5 

and show that resistance effects associated with condensers are much less 
important than those associated with inductance coils. 

10. Solution of series RS circuit in terms of current 

If the current instead of the charge is desired for the series RS circuit, 
it can be obtained from Eq. 59 by differentiation. Thus 

7 = =r ^ ~ ^[611 

(It R ■ ^ 

Figures 7 and 8 are analogous to Figs. 2 and 3, respectively, for current, 
if 1 /( 0 ) is zero. 

It is worth while, however, to solve the differential (Miuation 51a 



including initial condition^ directly for the current, since the process 
introduces certain ideas that are used subsequently. The basic procedure 
remains the same as before. 

By considering lirst the steady-state solution, it can be seen that zero 
current is a solution of Eq. 51a, 
for, once idt has reached the 
value E/S, the condenser is 
charged to the full voltage of the 
battery and no potential differ¬ 
ence remains across the resistance 
10 ) cause current in it. 

At the instant of switching, 
however, the condenser voltage is 
Sq(0~), which in general is not 
the same as £, because q(0-) 
can be specified arbitrarily. Since 
q cannot change instantaneously, this same condenser voltage is present 
immediately after switching. The initial current can therefore be calcu¬ 
lated from 



see 

Fig. 8. Effect of time constant on current 
decay in series RS circuit. 


i(0+) 


E - Sq{0-) 


R 


[62] 



186 


TRANSIENT RESPONSE OF SIMPLE CIRCUITS 


For the true RS circuit there is nothing to prevent an instantaneous 
change of current from any previous value to i(0+). Physically it is, of 
course, impossible to have a circuit without some inductance, though in 
the usual RS circuit the inductance is likely to be extremely small. The 
effect of this small inductance is to cause a finite, but very small, time to 
elapse before the current completes its change from whatever value 
i(0 —) it may have had prior to switching, to i(0+). Usually this time is 
so small compared to the time constant Tg that when the RS transient is 
plotted this initial current change appears on the plot as indistinguishable 
from a vertical line. The current i(0+), therefore, is considered to be that 
given by Eq. 62 regardless of the value of 

Since is zero, evidently i(()+) must consist entirely of transient com¬ 
ponent it, which must satisfy the reduced equation 

Ri -i- S J*idt = 0. [63] 

To prevent confusion of its meaning by constants of integration, 
Eq. 6v3 is differentiated once to remove the sign of integration. Thus 

R-*^ + Si = 0 [64] 

is the reduced form of the differential equation for the circuit, A new 
procedure useful in more complicated cases is employed to solve Eq. 64, 
instead of the direct method of solution. As a trial, it is assumed that an 
exponential function satisfies Eq. 64. The previous solution of the same 
problem gives good reason for the assumption. As a mattc'r of fact, it is 
found subsequently that an exponential function satisfies the reduced 
form of the general, ordinary linear differential equation with constant 
coefficients, Eq. 3. As a trial, then, subject to verification, it is assumed 
that 

it = [65] 

in which B and p are unknown constants. Substituting Eq. 65 and its 
indicated derivative into Eq. 64 gives 

{pR + S)B€^^ = 0. [66] 

This is called the conditional equation, since it expresses the conditions 
which must be satisfied if the exponential solution is to succeed. Since 
cannot be zero at all times, Eq. 66 can be satisfied only if 

5 = 0 [67] 

or 



[68] 
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It is emphasized that Eq. 67 is a correct solution of Eq. 66; it means that 
the circuit is at rest and in the absence of any driving force continues at 
rest. This .solution is ordinarily of no particular interest and so in mathe¬ 
matical terminology is called triviaL The other possible solution of Eq. 66, 
namely, Eq. 6S, leaves B undetermined. Thus Eq. 65 is a solution of 
Eq. 64 provided p is equal to — S/R, and B may have any value that may 
be necessary to satisfy the initial conditions. When this value of p is put in, 
Eq. 65 becomes 

i, = (691 

But when / is zero (just after switching) f(0+) is as given by Eq. 62. 
Hence evaluating B from Eqs. 69 and 62 gives 


I ^ I - ^ 

t - t ,- ^ e 




which is the complete solution by this method. It is identical with the 
solution obtained by the first method, as of cour'.e it should be. 

As a corollary to this method of solution, it i^ pointed out that if the 
algebraic quantity p is written in jdace of tlie differential operator d/dl 
in the reduced ecjuation 64 of the conditional eejuation 

{Rp + S)i = 0 [66a] 

is obtained. Hence if the characteristic equation 

Rp + S ^{) [66b] 

is written immediately, the value of p can be determined immediately 
without the intermediate steps of testing the validity of the exjK)nential 
solution once it is known that such a function satisfies a particular type 
of equation. This same short cut or trick can be applied to the RL case 
and, as appears later, to the LS case, to the RLS case, and, in fact, to all 
ordinary linear differential equations having constant coefficients, of any 
order whatever. It is strongly emphasized, however, that in all cases p 
is an algebraic quantity, that it is not identical with the differential 
operator djdt, and that the validity of putting p in place of d/dt in 
order to solve for p by writing the characteristic equation immediately 
by inspection of the reduced equation rests solely upon the knowledge 
that an experimental procedure such as that carried out in this article 
has previously succeeded. 

Equation 66b is called the characteristic equation because it deter¬ 
mines the character of the transient solution. The form of the transient 
depends only upon the circuit parameters (and the circuit connections) 
and in no way upon the driving force applied to the circuit. This statement 
is true of any linear circuit, however complex. 
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11 . Illustrative example of series RS circuit 

In Fig. 9a is shown a circuit used to obtain a small known time delay, 
which operates as follows: With switch K open, condenser C is discharged 
to zero voltage and point a has a potential of — 55 volts with respect to 
point c. When K is closed, the condenser becomes charged and its volt¬ 
age L'uilds up, making the potential of a positive with respect to b. When 
'/ reaches a potential of -h50 volts with respect to b, its potential with 



£,=100v 
Ef=S5 V 

J^y=l,00x 10 ohms 
J^2=^»00 X lO^ohms 
C= O.OlOOjuf 


Fid. 9a. Circuit for obtaining known time delay. 


respect to c becomes —5 volts and the gas-lilled thermionic tube T 
suddenly becomes conducting, producing a finite current ip. The interval 
between the closing of K and the sudden appearance of ip is desired. It 
can be assumed safely that the current in lead ag is negligible and that ip 
apjiears at the instant that the potential difference Vau between a and b 
reaches 50 volts. The current ip has no effect on the circuit to be 
considered. 


Solution: The steady-state solution for the charge q on the condenser is readily 
obtained by inspection, by noting that R\ and R-z are in series and that C’ has no 
steady-state component of current. Thus 




- R. 


1.00 X lO'^ 
1.10 X lo-' 


== 90.9 V 


[70] 


and the steady-state condenser charge Qs is 

Qs - eVab = 0.0100 X 10 « X 90.9 = 0.909 X lO"® coulomb. [71] 

Since the actual charge q on the condenser is zero before K is closed, and cannot 
change suddenly, ^(0 + ) is 0, counting time from the closing of K. Thus the initial 
value + ) ^f transient component of charge must be or —0.909 X 10~® 
coulomb. 

Next the form of the transient component of charge is considered. This must 
satisfy the reduced or force-free differential equation of the circuit. Such an equation 
can be written in either of two ways. In the first, the impressed force — the voltage 
El—\s included in the equation (or in this case two simultaneous equations), and E 2 
is then replaced bv zero. In the second and, in this case, easier way, the circuit dia- 
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gram is redrawn, omitting the driving force, and the equation for the force-free circuit 
is written. Figure 9b shows this force-free circuit in which is zero; that is, the 
battery is replaced by a short circuit. This immediately makes clear that as far as 
determining qt is concerned, Ri and R 2 are in parallel and can be replaced by a single 



Fig. 9b. Simplified force-free circuits from Fig. 9:i 


resistance R\ or RiR^ (Ri + R 2 ), which is the resista ice of the parallel combiimtion 
of Ri and R 2 . For this simple circuit the ditferential equation is 




f72] 


whose solution is 




A being an arbitrary constant. When / is 0, ^^(0) is —0.909 X 10“^ coulomb and 
equals A. ALso 


A 

R' 


S{Ri 4- A^2) ^ X \M) X lO^ 
RiR2 0.0100 X 1.00 ~X 10^ 


1.10 X lO^sec-*. 


[74] 


Hence 


and 


qt(t) = -0.909 X 10-V :''>^"'9 


<?(/) = Q, + gt(l) = 0.909 X 10-®(1 - e-' inxioX). 


[7.S] 

[76] 


Therefore 

Vah{l) = Sqil) 


0.909^10 
0.0100 X 10 “ 


(1 - t ' '"'■''’X) = 90.9(1 


J- I.I0X10«<J 


[77] 


The time h at which VaiAh) ii- SO.O v is found from 
50 = 90.9(1 - 

Whence 

^ = 0.450, [79] 

1.10 X 109, = 0.798, [80] 

,, = X 10-< = 7.25 X 10-5 [81] 
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12. SeriEvS LS circuit 

The RL and RS circuits for which solutions have been developed in 
the preceding articles both occur widely in practice. They are important 
for the present purposes both because of this fact and because they afford 
a good starting point for transient-circuit analysis. The circuit next to be 
considered does not have this practical justification, for it cannot be 

realized physically. It is the 
series inductance-elastance cir¬ 
cuit without resistance, shown 
in Fig. 10, which is not realiz¬ 
able actually because self-induct¬ 
ance is unavoidably accom¬ 
panied by an appreciable and 
usually a significant amount of 
resistance. The justification for 
considering this ideal problem, 
apart from its theoretical inter¬ 
est as a limiting case, lies in its 
usefulness as a medium for the development of certain very important 
ideas relating to complex numbers and functions which prove so valuable 
in circuit theory. In the LS circuit these ideas appear with a minimum of 
complicating detail. 

The result of suddenly moving switch K from position 2 to position 1 
in the circuit of Fig. 10 is now considered, assuming that this is accom¬ 
plished without interrupting the current in the main circuit, and that, 
immediately prior to the switching, the charge (/(O—) on the condenser 
and the current f(0—) in the inductance can have arbitrary values 
resulting from the previous history of the circuit. These assumptions 
constitute the initial conditions. 

By application of the Kirchhoff voltage law, the differential equation 
of the circuit with K in position 1 is readily written, in terms of the 
charge q on the condenser, as 

d^Q 

L-^^ + Sq = E. [82] 

Charge rather than current is selected for the dependent variable as a 
matter of convenience. 

First is sought the steady-state component of charge, which, as is seen 
presently, has little physical meaning unless there is a slight amount of 
resistance present. However, 



E 
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and 



are solutions of Eq. 82, and the circuit is in equilibrium with zero current 
with this charge on the condenser. 

Turning next to the transient solution and its relation to the initial 
conditions, inspection of Eq. 82 shows that d^qjdt^ or di/dt, must be 
finite, and that the current cannot change instantaneously. Neither can q, 
which is the integral of i, change instantaneously. Therefore 

9 ( 0 +) = 9^1“-) [85] 

and 

i(0+) = i(0~), [86] 

and the transient solution must contain two uiu’ct ^rmined constants, 
one to allow the initial current ?(0+) to be different from the steady 
current /&, the other to allow the initial charge /(()+) to he different 
from the steady charge 

The reduced or force-free equation to which the transient charge qt 
must be a solution is 

j2 

L J + S<j = 0. [871 

As stated before, the exponential function is always found to satisfy such 
a force-free equation. The reason is rather evident if one notes that any 
derivative of an exponential function contains the same ex})onential as a 
factor and that when an exponential function for q is substituted into 
such an equation as Eq. 87 it reduces to an algebraic polynomial times 
the exponential. Carrying out this process with the assumption 

qt = Ae"', [88] 

in which A and p are undetermined constants, gives the conditional equa¬ 
tion 

Lp^Ae^^' + 5Ae^" = 0 = (Lp^ + [89] 

A nontrivial solution of this equation requires that 

Lp2 + 5 = 0, [89a] 


of which the roots are 



[90] 
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or 


= ±jyM> 


[91] 


in which 

j ^ V-l. [92] 


Equation 89a is the characteristic equation of this circuit which as a 
consequence of proof just given can be written immediately by inspection 
of the reduced equation 87. 

In mathematics and physics the symbol i is used instead of j to repre¬ 
sent the square root of minus one, but electrical engineers use j to avoid 
possible confusion with the symbol i used for current. Thus far a number 
which is the square root of a negative number has not been encountered 
and before it is used its i)roperties should be examined to determine 
whether or not the usual processes of algebra are applicable to it. Yet in 
order not to interrupt the continuity of the argument it is assumed tenta¬ 
tively that / can be manipulated like any other algebraic quantity and 
the solution of the j)roblem is carried on. 

From Eq. 91 it is seen that two values of p, 


Pi = 

[93a] 

and 


P 2 = 

[93b] 

using the convenient abbreviation 


Is 

“0 = \ 

[94] 

satisfy Eq. 89a. From this it may be inferred that both 


qi = 

[88a] 

and 


92 = A2e'’'' 

[88b] 


are solutions of Eq. 87, Ai and A 2 each being an arbitrary constant. 
Furthermore, if either qi or ^2 substituted in the left-hand side of Eq. 87 
reduces it to zero, their sum qi + ^2 does likewise. The transient com¬ 
ponent of charge qt is therefore tentatively taken as 


+ ^2 = Ai€^i^ + A2 €^2<^ [95] 


which — and this is very significant — provides two independent arbi¬ 
trary constants Ai and A 2 that will allow both of the two arbitrary initial 
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conditions to be satisfied. It is always found that the mathematical solu¬ 
tion if correctly carried out pro^ddes exactly the <ame number of undeter¬ 
mined constants as the number of initial conditions that can be arbitrarily 
specified in the circuit. 

Combining Eqs. 83 and 95, using Eqs. 93a and 93b in the latter, gives 
the general solution 

E, 

q = Q. + qt = ^ + + A 2 €“^"o^ [96] 

Differentiating gives 

/ - 0 +7cooAie^“o' - [97] 


which must be made to satisfy the initial conditions, Eqs. 85 and 86. 
Thus, putting E(j. 85 in Fa[. 96, and Eq. 86 in Eq. 97, gives 


^(0 — ) = + Ai i- A 2 

[98] 

and 


f(0— ) = 0 + ycuoAi — ywoA2. 

[99] 

Solving this pair of equations gives 



[100] 

and 


A,-2[,(0-)-,,- J- 

[101] 


Putting these values in Eqs. 96 and 97 gives the final solution, with all 
constants evaluated, as 



►[ 102 ] 


►[103] 
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or, for the special case of initial rest conditions, that is, q{0 
i(0—) each zero, 

2 A 

E 

J2 / 

These equations were obtained from the tentative form, Eq. 95. That they 
satisfy the differential equation can be verified by substituting them in it. 
I'hat they also satisfy the initial conditions can be seen by letting t 
become zero. Therefore Eqs. 102 and 103 constitute a solution of the 
problem, and the assumed form Eq. 95 is justified. 

To give these expressions meaning one must examine the nature, 
properties, and interpretation of the quantity j which appears for the first 
time in this problem but which is used extensively in electric-circuit theory 
from this point on. 

13. Complex numbers^ 

In solving the characteristic equation 89a it is necessary to remove 
the factor (—1) from —S/L before taking its square root; and then 
merely to indicate V— 1. Thereafter \ —1, indicated by j, is used 
exactly as any other algebraic factor such as a or x. It is now necessary to 
determine whether or not this procedure is justified and, if so, how a 
result exi)ressed in terms of j is to be interpreted. Some of the steps by 
which the conceptions of numbers arose are briefly reviewed in order to 
clarify the significance of j. 

The simplest, and undoubtedly the first, historical concept of number 
was that of a fiositive integer developed by the process of counting. To 
such numbers the processes of addition and multiplication could be 
applied readily, as could also division and subtraction under certain 
conditions. Division could be performed provided the result was also an 
integer. To permit the idea of division to be applied in all cases, the idea 
of fractional numbers had to be invented. In a somewhat similar way, 
subtraction could be carried out always only if negative numbers were per- 

^ A very reiuiahle reference on this subject, which might be entitled “ The story of 1,’* 
is in W. F. Osgood, Advanced Calculus (New York: The Macmillan Company, 1929) Ch. xx. 
Accepted engineering terminology uses the term vector in the same sense as complex number 
which exists only in a plane and hence cannot be manipulated according to the rules for space 
vectors. Plane vectors, however, have the same rule for addition as complex numbers and can 
be conveniently located in the plane by the use of the e.xponcntial or polar form. In some 
cases the rule for the dot product has useful meaning when applied to complex numbers. In 
other cases the application of the rules of vectors to complex numbers, or vice versa, is either 
meaningless or impossible. 


~) and 

[104] 

[105] 
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mitted as a result. To this grov/ing concept of number the early mathe¬ 
maticians added the notion of irrational numbers such as \ 2, tt, and e 
tJiat cannot be expressed as the product or quotient of the foregoing, or 
rational, numbers. Every addition to the concept of number required 
testing by the rules of arithmetic to see that it could be treated by the 
methods previously used. A next ste}) occurred when mathematicians 
wished to solve an equation such as 

X- + 4 ^ 0 [ 106 ] 

(the problem that occasions this discussion), th(‘ result of which again 
required an extension of the concept of number, the result }>eing 

= ±2V-T, [107] 

or in engineering notation 

.r - ±J2. [107a] 

Along with the concept of number had grown the geometrical interpre¬ 
tation of number as a })osition on a line. Thu. all positive numbers 
integer, fraction, and irrational - can be plotted along a line such as ba 


-1-1-1-1-H 

-6 -5 “4 -3 “2 -1 


r VI € ^TT 

■ 4. t-.| J , I-U|J-f- 

0 12 3 4 


H-h-flC 

5 6 


Fk;, 11. Scale of real numbers. 


of Fig. 11. Negative numbers are easily taken care of by (‘xtending this 
same line to the left of zero. But, asked the perturl>ed mathematicians 
first trying to use /, where on this scale of numbers (an / be placed? 
Evidently there was no place for it, and they therefore concluded that it 
must be not a real number but an imaginary number, using “ real ” and 
“ imaginary ’’ in their usual nontechnical senses. 

Thus arose the term imaginary number. Since that time imaginary 
numbers have become so well understood that anyone dealing with 
even elementary mathematics finds them no more difticuit to use than 
real numbers. In fact the term " imaginary,” while still applied to num¬ 
bers containing 1, has long since lost its meaning of unreality in this 
connection and has become a purely technical term parallel in usage to 
“ negative or “ irrational.” The theory of numbers has of course passed 
far beyond this point; for the purpo.se in hand, however, more detailed 
consideration of the properties and uses of only imaginary numbers and 
combinations of real and imaginary numbers is necessary. 

A real advance in the theory of imaginary numbers occurred when 
Argand suggested in 1806 that geometrically numbers need not be con- 
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fined to a line but might be allowed to occupy a plane, the real numbers 
being plotted along the x axis and imaginary numbers along the y axis 
as shown in Fig. 12. 

This suggests the following idea: The negative number scale can be 

obtained by rotating the scale 
for positive numbers about zero 
through 180 degrees from Ox to 
Ox'. This rotation is taken as 
positive in a counter-clockwise 
direction, in accordance with 
established convention. By this 
concep)tion, multiplying a num¬ 
ber by — 1 is equivalent to 
rotating it -fl80 degrees. The 
next idea is that multiplying 
a number by \^—1, or may be 
represented by rotation through 
half of 180 degrees or 90 degrees. 
Thus JA becomes the line seg¬ 
ment 04 rotated through 90 degrees. Also 

70'4) =/4 = (-1)4 = -4 [108] 

is 04 rotated through 180 degrees. Similarly 

-r(i4) = (-1)J4 = -i4 [109] 

is 04 rotated through 270 degrees, and 

jH = (f) {f)A = (-1) (-1 )4 = 4 [110] 

is 04 rotated through 360 degrees, or back to its original position. 

Thus far numbers have been placed only on the four lines Ox, Oy, Ox', 
and Ov'. The next question is: Why not utilize the entire plane and have 
numbers such as 4 + j3, which is interp)reted as four units of real number 
combined with three units of j? Such a number may be associated with 
point P in the plane and also with the line or plane vector OP. By this 
procedure a new kind of number called a complex number is invented, so 
that three principal kinds of numbers — real, imaginary, and complex — 
are now devised. The plane in which these three kinds are plotted is 
called the complex plane. 

The ideas relating to imaginary and complex numbers and their geo¬ 
metric interpretation have been presented only as conceptions, without 
justification. Complex numbers are justified if they prove useful. They 
are useful if they can be manipulated mathematically, especially if the 


j6 
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Fig. 12. The complex plane. 
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rules of manipulation are the same as those for real numbers. These 
conditions are met if the rules are suitably interpreted to fit the circum 
stances. 

Dealing first with addition and with the inverse process, subtraction, 
two complex numbers a + jh and c + jd are considered, a, fr, c, and d 
being real. They are added by adding like components; that is, their sum 
is defined by 

(a + jh) + (c -\- jd) ^ (a + r) +j{b + d) 

and is a complex number with a real part {a + c) and an imaginary part 
jib + d). Numerically, for example, 

(4 +jZ) + (-2 +jl) = (4 - 2) +7(3 + n = 2 74 . [112] 

When these two complex numbers and their sum are plotted in the com¬ 
plex plane, they add geometrically according to the force, or parallelo- 



Fic. 13. Addition and subtraction of complex numbers. 

gram, law, their sum being representable ])y the point R or the plane 
vector OR. Subtraction is carried out in the obvious manner as 

(a + jb) - ic +jd) = (a - c) +j(b - d), ►[113] 

or, numerically, 

(4 + ji) - (-2 +;1) = (4 + 2) +yf3 - 1) = 6 +>2. [114] 

These operations are illustrated geometrically in Fig. 13. 

Multiplication of complex numbers is done according to the usual laws 
of algebra as follows: 

(o + jb) {c + jd) = ac + jad + jbc + j^bd 1 ^ 

= (oc — bd) +j{ad-\r be) J 
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or, numerically, 

(4 +;3)(-2 + yi) = -8 +y4 -j6 +f3 = -11 -J2. [116] 

This result is illustrated in Fig. 14. 

Another rule for multiplication that is sometimes simpler numerically 
is given subsequently. 

A special and important instance of multiplication is that in which the 
two factors are conjugate complex numbers. Two complex numbers are 
said to be conjugates if their real parts are equal and their imaginary 



parts are equal in magnitude but opposite in sign. Thus c + jd and 
c — Jd are conjugates. Their product, 


(c +jd)ic - Jd) = + d^, [117] 


is seen to be a real number. 
Division is indicated by 


a +J b^ 
c + Jd ' 


[118] 


but as the result stands it is not in the simple form of a complex number 
used thus far. It can be made so by the device of multiplying both numera¬ 
tor and denominator by the conjugate oi c + Jd, which is c — Jd. Carry¬ 
ing out this operation on Eq. 118 gives 

g +j b ^ (a +jb)(,c - jd) ^ ac - jad + jbe - fbd ] 
c + jd (c + jd) (c — jd) — jtd + jdc — jH ^ 

_(<«: + bd) + j{ — ad + he) 


►[119] 
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Numerically, 

4 +;3 (4+y3)(~2~il ) 

—2 +.71 (■" 2 +yi)(~ 2 —yi) 

^ ~8 + 3+i(-4-6) 

4 -f 1 

This result is also shown in Fi^;. 14. As with multiplication, another rule 
which is often simpler to apply numerically is given subsequently. It is 
suggested that the student verify the fact that the result of Eq. 119 when 
multiplied by c -f jd gives back a + jh. 

In the foregoing discussion a complex number has i)e<‘n d^'scribul in 
terms of its real and imaginary components or, geomelric Mhv, in terms o^ 
Cartesian co-ordinates. It can equally well be described, on the basis of its 
geometric representation, in polar co-ordinates. This description assumes 
that the geometric interpretation of a complex number T)rovcs to oe useful 
and self-consistent. Thus the a + jh plane vector has a magnitude 
\ (T + Ir and makes an angle tan~^ hja with the abscissa axis, or axis of 
reals. This is often written 

A = a + 7/7 — (\ [121] 

(9= [122] 

A ^ Va^ + [123] 

the syrobol /B meaning “ at an angle 6." In Eq. 123, A is called the 

magnitude or absolute value of the complex number, while 0 is called its 
angle. Both A and 6 are real numbers. The equality signs in Eq. 121 do 
not represent an analytically demonstrated equality but merely a same¬ 
ness which is based upon geometrical considerations and an understand¬ 
ing as to the meaning of A and ^ in terms of a and jb. The following is a 
numerical example of this operation; 

4 +i3 = = 5 /36.9° . [124] 

The form a + jh is called the rectangular form, and the form is called 
the polar form of expressing a complex number. Reversing the process -- 
that is, converting from polar to rectangular form — is done in the 
geometrically obvious way: 

Al^ = A (cose +y sin d) = a + jb. [125] 

By means of the rectangular form in terms of trigonometric functions 
the useful polar form for multiplication referred to above can be derived. 


-8-j6-j4-j^3 

4+j2-j2-jH 


-I.00-j2.00. 
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For example, a second complex number also can be written in the same 
forms 

c -\-jd - = B (cos <l) +j sin 0 ). [126] 

Then taking the product of the trigonometric forms of Eqs. 125 and 126 
by the rule of Eq. 115 gives 

(a + jb) (c -f jd) = AB [(cos 6 cos <f> — sin d sin </>) 

+ j (sin 6 cos (l> + cos 6 sin </>)] 

= AB [cos (^ + <#>) + j sin (d + </>)] [127a] 

= AB /e + (j) . [127b] 



The last step follows from the fact that the angle in the polar form Eq. 121 
is also the argument for the sine and cosine in I".q. 125. liquation 127b 
supj>lies the additional rule for multiplication of complex numbers: The 
magnitude of the i)roduct of two complex numbers is the product of their 
individual magnitudes, and the angle of the product is the sum of their 
individual angles. It can be written 

(a +Jb){c + jd) — {A/0){B/<t)) — AB fS -f <j> . ^[128] 

By considering the same numerical examples, 

4 + = 5 !^, [120] 

-2 +il = \ 

(4 + j3){-2 +;i) = 5 v/5 /36.9° + 15.^.4° = [131] 


(- 2 ) 




[130] 


This can be checked with the result of the numerical illustration of 
Eq. 116. Thus 


■11 -;2 = n'(-Yi? + (-2)^y'tan-i 

= \Y25 /190.3° = 5x/5/19().3". 


[132] 


The use of the polar forms for division follows easily from the rule for 
multiplication and can be written 


c+jd B/<t, - 


►[133] 


that is, magnitudes arc divided and angles are subtracted. 

A'et to be indicated is one of the most useful and elegant forms in 
which to express a complex number, especially for the analytical work 
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associated with electric circuits. This is the exponential form which can 
readily be derived from Eq. 12vS. For convenience, only the part ol 
Eq. 125 that expresses angle, cos^ +j sin is considered, and written 
in terms of the power series, for the sine and cosine. It is known that 


cos 6 

= 1 

2 ! 

4 ! 


+ • • •, 

[134] 


= e 






sin 6 


5 ! “ 

1 ! 

4 • • •, 

[135] 

j sin 0 

= Jo 


. e-‘ 


.0^ 


3 ] 

+ ■^5' 

f 


[136| 


But by substituting v' - 1 fory, Eqs. IM and 136 can b(‘ wnlten 

c„„ ., + + OW ^ 0.)* 

2 ! 4 ! 6 ! 

. . „ . (JO)-' (joY' iioY 

ysinO - -f , f 


[134a] 

[136a] 


and their sum is 
t-oaO -h J sin 0 — 


I + JOY 


+ 


(jey^ 

3 1 


4 


(py , uey , ipy 

4 ! 5 ! 6 ! 



►[1-^7] 


'I'he last step follows provided the assumption is made* that the series 
definition of the exj)onential function holds for imaginary, as well as for 
real, values of the argument. Tliat it does is substantiated by the fact 
that, when defined in this way, the exponential function with an imagi¬ 
nary argument (or comj)lex as is seen presently) forms a part of a consist¬ 
ent mathematics of complex numbers. 

When the geometrical interjuetation of Kq. 137 is examined, it is 
readily seen by applying Ec^ 123 that cos 0 -+ J sin f) has a magnitude of 
unity, and that cos ^ + / sin d is represented in the complex plane by a 
plane vector of unit length at a jKisitive or counterclockwise angle of 0 
measured from the axis of reals. Furthermore and this is a very im- 
I)ortant idea — is also repre.sented by a unit-length plane vector 
at an angle +0 with the axis of reals. For example, 


== -1, 

[138] 

^j(7r/2) 

[139] 

^-i(7r/2) ^ 

[140] 

^-j(3ir/2) 

[141] 

^ 32 . = 1. 

[142] 
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The last expression is perhaps the most remarkable of all from one point 
of view: In it two irrational or unmeasurable numbers, e and tt, are com¬ 
bined with the imaginary number 7 to equal the simplest possible num¬ 
ber, one. The nonmathematically minded can scarcely conceive as 
being more useful than its equivalent, one. Yet the exponential form may 
be much more useful. 

From h]qs. 125 and 137 it can be seen that the complex number a +jb 
can also be written 

a +jb = A (cos d +j sin d) = [14v3] 

The polar product form Kq. 127b fits in nicely with the exponential law of 
additive exponents. Thus if 

a + 76 = Ae^^ [144] 

and 

c+Jd== Be^^, [145] 

{a +jb)(c + jd) - = ABe^'^^-^^K ►[146] 

Much detail has been inevitable in developing the ideas and processes 
associated with complex numbers. The principal features may be sum¬ 
marized thus: 

(a) A complex number may be written in the following forms: 

A = a + jb = A (cos d + j sin d) =■ Ae^^ = A jd, ►[147] 

in which 

0 - tan“^ [122] 

and 

A ^ + b'\ [123] 

(b) Two complex numbers (a + jb) and (r + jd) are added or sub¬ 
tracted : 

(1) + 7 ^) ± +jd) - {a ± c) +j{b ± d), ►[111, 113] 

( 2 ) graphically according to the force, or parallelogram, law. 

(c) Two complex numbers {a + jb), or A/^, and {c + jd) or J 3 /</), are 
multiplied: 

( 1 ) in rectangular form by 

{a +jb){c +jd) = {ac - bd) +j{ad + be), ►[ 11 ‘ 5 ] 

( 2 ) in polar form by 

{A^){B/^) = AB/e + <t>, 


►[128a] 
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(3) in exponential form by 

►[146p] 

(d) Two complex numbers a + jb, or A% and c + jd, or 5/^ arc 
di^’ided: 

(1) in rectangular form by 

a +Jb ^ {a + jb )(r - jd) ^ (ac + bd) + j{ -ad + be ) 
c + jd (f + jd){c — Jd) + dr ’ 

(2) in polar form l)y 


A , 


(3) in exponential form by 

Af_ _ A 
BeJ"^ ~ B 




►[119a] 

►[133a] 

►[148] 


(e) A complex number may be represented graphically: 

(1) In plane ('artesian co-ordinates l)y a point P whose abscissa is the 
real part a and whose ordinate is the magnitude h of tlie imaginary part. 
I'or this purpose the abscissa axis is known as the axis of reals, the ordi¬ 
nate axis as the axis of imaginaries. The plane defined by these co-ordi¬ 
nates is known as tlie complex plane, that is, a ])lane on which to plot 
complex numbers. 

(2) In polar co-ordinates in the complex plane by the same point P 
which is at the end of a radius vector of length A , drawn from the origin, 
and making an angle 0 with the axis of reals. Positive values of 6 are 
measured counterclockwise. 

The radius vector 0/^ as well as the i)oint P may be considered to 
represent the complex number. 


14. Complex fitnctions of a real variable and rotating 

PLANE VECTORS* 

In the foregoing article the ideas relating to complex numbers are 
developed and their arithmetic is related to the arithmetic of real num¬ 
bers. But in the realm of real mathematical quantities the idea of fixed 
numbers has long been too confining, .so that men have learned to think 
in terms of variables and functions. 4b thc.se are ai)]ilied the laws of 
algebra, which are the same as the laws of arithmetic. So, too, in the realm 
of complex quantities it is necessary to extend the ideas developed for 
complex numbers to complex functions. Thus the conceptions and 

* The latter part of footnote on p. 194 should be reread. 
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processes associated with the complex number a + jh are extended with¬ 
out chan^^e to the complex function a{x) + jb{x), x being a real variable, 
and a{x) and b{x) real functions. In cases to be encountered shortly, 
X may also be a complex variable. Evidently if a and b are functions of x, 
the corresponding polar variables A and B are also functions of x, as given 
by Eqs. 121, 122, and 123. 

When the ideas relating to complex numbers are extended to complex 
functions, the processes of manipulation remain unaltered, so that the 
only additional aspects that justify discussion are the properties of these 
functions. These are developed as they are needed. The functions that 
occasion this consideration of complex numbers and functions are the 
exponential ones of Eqs. 104 and 105. Since these are very important in 
circuit theory, it is worth while to consider them in some detail. 



-7 

Fig. 15. Plot of vector components of cosine function. 


From the preceding article it is evident that can be plotted in the 
complex plane as a plane vector of unit length making an angle of coo/ 
radians with the axis of reals. This is in fact the most useful interj^retation 
of this function for the present purpOvSe. Similarly is re])resented 

by a unit-length plane vector at an angle of — coo/ radians. These two 
vectors are shown in the complex plane of Fig. 15. The angle wo/ of the 
vector increases linearly with time; that is, this vector rotates at a 
constant angular velocity of wo radians per second. Likewise the 
vector rotates at a constant angular velocity of — coo radians per second. 
Between / equal to zero and such a time that ztcoo/ is equal to zb27r, each 
of these vectors makes one complete revolution and has returned to its 
initial position along the axis of reals. This time for one complete revolu¬ 
tion is called the period T of the function and is given by 

u3qT = lir [149] 

or 



Wq 


[149a] 
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Thus the exponential function of an imaginary variable is periodic in the 
same way that the trigonometric functions are periodic; namely, it.s 
\alues are identical for values of its argument that differ by any integial 
multiple of lir. Thus 


or 




[150] 




[ 151 ] 


in which k is any integer. 

This similarity between the exjionential function with an imaginary 
argument and the trigonometric functions is not accidental in fact, these 
two functions are very intimately related as suggested alrea-lv by I^qs. 125 
and lvS7. This relation can be seen graphically from Fig 1". The sum of 
and as can be seen by adding them graphically, evidently lies 

along the axis of reals and has the value 2 cos c^o/, or 

- - -= cos V [152] 


This expression also follows readily from Eq. \M. Thus if 


cjO _ 


cos d + j sin 0, 


it follows that 




cos ( — 0) + j sin ( —0) = cos 0 — j sin 6 , 
Adding these two exi)ressions and dividing ])y two result in 




+ e' 


■iB 


- ('OS 0 , 


[137a] 

[ 1371 )] 

fl52a] 


which is the same as Eq. 152 when 6 is given the value wo/. This result can 
also be readily verified from the series exjiansions for the functions. 

One further relation is useful at this point. It is often convenient to 
consider only the real ]>art of which is cos 0 . This can be written 

cos d 

and is read “ the real part of 'Jlie notation f7{e[e-^®] appears at first 
sight to be a clumsy substitute for cos 6 , but it is found very convenient 
presently. It should be noticed that 

= ^e[€-^']. [154] 

Thus there are several ways of expressing the cosine function, each of 
which is found of use for certain purposes. They are 

cos 6 — ^ 




[155] 
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By use of Eqs. 154 and 155, Eq. 104 can now be rewritten as 


S\ 2 

= - (1 - COS coot) = - 


\ E E 
j = ^--cos«o/ 

(1 - 


[ 156 ] 


which is readily interpreted physically. Before this equation is discussed 
further, however, the combination of exponential functions occurring in 
Eq. 105 should be examined. 

If the exponential terms in Eq. 105 are plotted for some convenient 



Fig. 16. Plot of vector components of sine function. 

value of coq/, the result may be shown as in Fig. 16. The sum of and 
is seen to be j2 sin wo/, that is, a vector of length 2 sin o^ot located 
along the j axis. If this vector is rotated backward 90 degrees, a manipula¬ 
tion which is equivalent to dividing hyj, and then is divided by two, it is 
the real function sin wq/. It is often convenient, however, to dispense with 
this — 90-degree rotation, as the value of the projection of on the 
/ axis is sin coq^. Thus, for representing sin coq/, 

^= sin a;o/ [157] 

may be used, being read “ the imaginary part of 3 .nd under¬ 
stood to mean the coefficient of j; that is, is a real function. Its 

value is understood to be a real number and to include the sign preceding 
the term. For example, the value of is —5. That 


i2 


— sin (jjqI 


[158] 
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i? true can also be seen analytically by subtracting Eq. 137b from Ecj. 
137a, dividing the difference by /2, and replacing 6 by coq/, or from the 
series expansions for the functions. 

The sine of 6 can thus be expressed in several ways, each useful for 
certain purposes. They are 

sin <? = — = 3[e’^] = [159] 


By returning again to Ecj. 105 it is seen tluit i can be expressed as 


i 


VSL\ J2 ) 


E . 

- — sin toi)< 
\ SE 


\ SE 


[160] 


15. Serifs LS circuit initially at rest 

By means of the theory of complex numbers and functions, Eqs. 104 
and 105 are converted into the forms of Eqs. 156 and 160. Thus in a 
series LS circuit, which is initially at rest and to v hich a constant voltage 
is instantaneously applied, the charge q on the condenser and the current 
i are given in the forms most useful for interpretation by 

^ (1 - cos coo/) = J ►[156a] 

i = —^^sin«o/ = if I ►[160a] 

\ SE L\ SE J 

In the exponential forms the coefficients K/S and E/ \ SL have been 
put inside the brackets and have become a part of the complex functions 
of which the real or imaginary part is wanted. That multiplication by a 
real number and taking the real or imaginary part of a complex number 
are commutative operations can readily be seen either graphically or by 
trial with Eq. 143. For exami)le, the real part of is also ten times 

the real part of or l()/\ 2. Multiidication by a complex number 

and taking the real or imaginary part of a complex number are not com¬ 
mutative operations, however. Thus, using the rectangular form, 

{a + jb)U(^[c + jd] = c{a + jb) 9 ^ +jb){c + jd)] = ac - bd. [161] 

In Fig. 17 the trigonometric and exj3onential forms of Eqs. 156a and 
160a are plotted in order to show more clearly the relations between them 
and also to facilitate their physical interpretation. Equation 160a, 
plotted in the lower part of this figure, shov^ how the sine curve for i is 
related to the rotating plane vector {E/VSL)e^'^^^ which is shown at the 
instant coq/ is equal to t/6. The value of its imaginary part is the ordinate 
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of the i curve. That is, as this vector rotates in the complex plane the 
value of its imaginary part at each position is used as the ordinate of a 
point whose abscissa is the value of coq/, the result being the sine curve 
shown. 

Next the plot of q, which is a cosine curve of amplitude E/S displaced 
upward by an amount equal to its amplitude, is considered. Its geometri- 
val construction from the rotating vector is most easily accomplished by 
locating the center of the complex plane at the distance E/S above the 


TT 



wq/ axis of the q versus wo/ co-ordinate system. The real part of the 
{E /vector when rotated backwards to a vertical axis becomes the 
ordinate of the cosine curve. This construction is shown for the instant coo^ 
is equal to t/6 . 

With Eqs. 156a and 160a plotted, they are considered from the physical 
point of view, noting first that q{0) and /(()) are both zero as specified 
for this particular solution. Both current and charge then oscillate about 
their steady-state values —zero for the current and E/S for the charge. 
It is easily seen geometrically that the current curve has the form of the 
time derivative of the charge. These oscillations continue undiminished 
in this idealized circuit containing no resistance. Any physical coil always 
has a finite resistance the effect of which, as appears later in the chapter, 
is to cause the transient oscillations to die out gradually, leaving eventu¬ 
ally only q equal to E/S and i equal to zero. 

The angular frequency wo, or VS/ L, of the characteristic oscillation is 
a very important parameter of this circuit. It is called the characteristic 
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angular frequency or natural angular Jrequeficy of the circuit, since it is 
determined entirely by the constants of the circuit and not in any way by 
the nature of the driving force applied to the circuit. This characteristic 
oscillation has a period Ir ojo w^hich is entirely analogous to the period 
of a freely swinging pendulum. Jusl as the period of a freely swinging 
pendulum is quite independent of the nature of the disturbance or force 
that sets it in motion, so the period of free oscillation of charge in an LS 
circuit is independent of the nature of the disturbing force that initiates 
the oscillations. 


16. Series LS circuit with initial charge and (ttrrent 


Further consideration of E(js. 102 and HM for the I.S circuit with 
initial charge and current leads to certain additional ideas lelating to the 
exi)onential function and its use in circuit analysis The rather compli¬ 
cated Kqs. 102 and 10.^ can be expressc^d almost as compactly a.- Eqs. 104 
and 105 are condensed in Ecjs. 156a and 160a. 

As a first step in the simplification of Eqs. lu. and 103, they can be 
written 


(] — ^ Hi cos (ji^t — J?2 sin [f ^ 2 ] 

i = — ^0^2 cos (0()/ — .sin a>o/, 


by using Eqs. 155 and 158. The constants and B 2 have the values 




E 

s' 


[164] 


B. - 


-/•(()-) 

£ 0 „ 


[165] 


AlthouRh the forms given in Eqs. 162 and 163 can be interpreted readily, 
they can be made more useful if the sine and cosine terms are combined. 
Thus in the equation for q, if these terms alone are considered, one can 
write 


Bi cos coq/ ~ Bi sin coq/ = B cos (oio/ + 5), 

[166] 

provided 

[167] 

Bi ^ B cos 5, 

B 2 ^ B sin 6, 

[168] 

as can be verified by putting Eqs. 167 and 168 in Eq. 166. From Eqs. 167 

and 168, by squaring and adding, one obtains 


Bl + Bl - B^ (cos" 5 + sin" 8) = 5", 

[169] 

sin 8 B 2 
tan 6 = “ 'e = TT ‘ 
cos 8 By 

[170] 
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Thus q can be written, using P3q. 166 with B and 6 as given by Eqs. 169 and 
170, and Bi and B^ as defined in Eqs. 167 and 168, 

P 

^ ^ ^ COS (wo^ + b). [^71] 


The student can verify that 

i = —(jOqB sin (aJo/+ 5). [172] 

The change back to an exponential form is next made by writing 
Eq. 171 

= I + 

B = = Bi +jB2. [174] 



The term is the real part of the product of a complex number 

B and a complex function 



Fig. 18. Vector interpretation of transient charge 
in series LS circuit. 


3 ^ magni¬ 
tude B and a phase angle 5. 
The second, has a 

magnitude one and an 
angle coq^ that increases 
linearly with time at the 
rate of coq radians per sec¬ 
ond. Since the product of 
two complex numbers has 
a magnitude equal to the 
product of the magnitudes 
of the individual numbers, 
the magnitude of is 

B, Since the product has 
an angle equal to the sum 
of the angles of the fac¬ 
tors, the angle of is 

wq/ + 5. Thus can 


be plotted in the complex 


plane as a vector of magnitude B and angle a>o/ + 5 as shown in Fig. 18. 


When a>o/ is zero, 


B€^"o« = = B. 


[175] 
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From the figure it is apparent that 

B cos(a;orf 5). [176] 

Since its real part is the transient component of charge, may well 

be called the transient-charge time vector^ sometimes shortened to transient- 
charge vector. 

This method of including the phase angle 5 in the coeflicient B by mak¬ 
ing B a complex number gives expressions that are more easily manipu¬ 
lated than those in which 5 is added to Lo^t in the argument of the exponen¬ 
tial. That is, the form is usually found more convenient to use 

than 

Equations 162, 171, and 173 provide three different ways o^ writing the 
function q, namely, 


^ ~ cos ojo/ — sin coq/ 

o 

►[162] 

E 

q — ^ ( OS (coot + 6) 

►[171] 

9 = 1 + 

►[173a] 


Ttie choice of the one to use is purely a matter of convenience. Although at 
first sight the last form may aj)pear more awkward than the other two, in 
reality it is usually the simplest to use. 

The current i as given by Pa]. 160 is considered next. Carrying through 
the same kind of processes that were used with q obtains a form for i 
similar to Eq. 173a. It is much sim})ler as well as more instructive, how¬ 
ever, to take the derivative of the exponential form of q. In order to do 
so, one needs to know how to differentiate the real jxirt of a (omf)lex func¬ 
tion. For this differentiation, the complex function A(/) of the real 
variable t is written in rectangular form as 

A(0 =/!,(/)+i^2(0, [177] 

A lit) and ^2(0 being real functions. It can be seen by the usual process 
of obtaining a derivative as the limit of a c|uotient of increments that 

|a(0 = 1^,(0117*] 

In words, the real part of the derivative of a complex function is the 
derivative of the real part of the function, and the imaginary part of the 
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derivative is the derivative of the imaginary part. Another way in which 
this can be expressed is 



[179] 

1-1 

< 

1 _ 1 

II 

1—1 

w 

[180] 


That is, the operations of differentiation and of taking the real or imagi¬ 
nary part are commutative. 

Thus one can write for the current function in question, from Eq. 173a, 

= 0 + f rf ►[181] 

at at {_dl J 

The differentiation of q to obtain i has the effect of making the transient 
com}>onent of i differ from the transient comix>nent of q by the factor 
yooo. In words, the transient-current vector is 7r/2 radians or 90 degrees 
ahead of the IraiiMcnt-charge vector and is coo times as large. This 90- 
degree angle by which the current vec tor leads tlie charge vector is the 
general relation between any sinusoidally varying charge and the corre¬ 
sponding current. This phase relation can be seen trigonometrically also. 
If a charge is given by the sine function, the current is given by the 
deriv^ativc, or cosine function, which is merely a sine function advanced in 
phase by 90 degrees. This phase relation will be encountered frecjuently in 
alternating-current theory. 

Jn Kqs. 173a and 181 the complex coefficient B can be determined by 
Eq. 174 from Bx and Bo as given in Eqs. 164 and 165. It is instructive and 
illustrative of the simpler method generally used, however, to determine 
its real and imaginary components B\ and Bo, respectively, directly from 
the initial conditions. Thus it is quite unnecessary in an actual problem 
to go through all the stei)s used in proceeding from the initial solutions 
Eqs. 96 and 97 to Eq. 173a or Ec[. 181, once the nature of the result 
has been found. Therefore Eqs. 173a and 181 with / equal to zero are 
set equal to the given initial conditions: 

9(0-) = ^ + =^ + Bu [182] 

i(0—) = = ^Rfi\JiA)Q{Bi +yB2)] = '~-^oB2\ [183] 

whence 

S, . ,(0-) - . [184] 

Wo 


[ 185 ] 
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Putting these values in Eqs. 173a and 181 gives for q and t. 

i = [9(0-) - I 

= +io,o(g(0-) - e-o<j 

17 . IlLUSTRATR'E example of series LS circuit 

It was stated in introducing the series LS circuit in Art. 12 that such a 
circuit is physically unrealizable because self-inductance is unavoidably 
accompanied by resistance. However, this circuit is sufhciently important 
on two grounds to justify considering a numerit al example. The first is 
that the effects of resistance may sometimes be negkcted with fair 
approximation in a practical case. The second is that this circuit offers 
a simple and rigorous introduction to complex numbers as applied to 
circuit analysis. 

A comment regarding the term steady state as used in this example is 
necessary. In general, the term as applied to a component of current or 
charge means that component remaining after the transient has sub¬ 
sided completely. Because there is no resistance in this particular theoreti¬ 
cal circuit, the transients never subside and the foregoing definition of 
steady state has no meaning. However, if the circuit contains even the 
smallest amount of resistance, the transient does subside. Furthermore, 
the remaining steady-state components are independcuit of the value of 
the resistance in this series circuit. The.se same steady-state values are 
therefore arbitrarily taken as the correct ones in the limiting case of zero 
resistance. 

The diagram of the illustrative circuit is shown in Fig. 19. Switch K is 
operated in the following sequence: With K in position 1 the circuit is 
assumed to have reached the steady state, as defined, with i equal to zero. 
Switch K is then moved suddenly to position 2, where it remains for 
0.00110 second, and is then suddenly moved back to position 1. The 
problem is: 

(a) To calculate and plot the current and the charge on the elastance 
as functions of time; 

(b) To find the maximum positive value of i which follows the last 
operation of K, and the time at which it occurs; 

(c) To find the instant following the last operation of K at which the 
elastance voltage is maximum, with plate a positive with respect to 
plate 6, and the value of this voltage. 


[186] 

[187] 
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In making the solution the foregoing theory is used only as a guide in 
the reasoning; numbers are not merely substituted in the expressions 
there obtained. This procedure is usually found to be quite as direct as 
mere substitution, and it avoids the frequent difficulty of interpretation 
of a formula in terms of the particular circuit under consideration. 


9 



5=0.250 X 10®daraf9 
Z,=0.040 h 
2^=assumed negligible 
£i=15.0 V 
£ ==30.0 V 


Fig. 19 Diagram for series IS circuit having initial charge. 

Solution: The first step is the determination of the steady-state charge on S with 
K at 1 and i equal to 0. Since positive charge displaced around the arbitrarily assumed 
arrow direction is described by a positive number, a positive value for q means that 
h is at a positive potential with respect to a. Summing the potential drops in the 
arrow direction and equating to zero, with /«i equal to 0, give 

Ei -f Sq = 0; [188] 

whence 

<7 = == — i X 10“*^ = —60.0 X 10 ® coulomb. [189] 

The symbols ()«i and Is\ are used to designate the steady-state components of q and i, 
respectively, with K in position 1. 'Fhc negative value of q agrees with the obvious 
physical fact that a is at a higher potential than h. 

Next to be considered are conditions following the movement of K to position 2 
at an instant from which time / is measured. 'Fhe first step is to find the steady-state 
component (),2 of charge for the new condition, using the term steady state as 
explained before in this example. Since the driving force is a constant voltage and 
there is a series condenser in the circuit, the final steady-state component /s 2 of the 
current is known to be zero, and the entire battery voltage appears across the con¬ 
denser. Since the voltage Ei has such polarity as to displace charge in the positive 
direction, it is seen by inspection that 

0 ^ “coulomb. [190] 

This result is also easily obtained by summing the potential drops in the arrow direc¬ 
tion, with /, equal to zero, giving 

-f SQ,2 = 0, [191] 

from which 

Qm 2 - 120 X 10“® coulomb. [192] 
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The initial conditions are next analyzed. Before K was moved to position 2, the 
condenser charge (/(O — ) was —60.0 X 10~® coulomb. The new steady-state value ih 
120 X 10~® coulomb, and because of the inductance the charge cannot be displaced 
instantaneously. Hence, the actual charge on the conrlcnser is the same ininiediateJ>' 
after K is moved to position 2 as it was before; that is, 

g(O-f) = g(0~) = Qsi = -60.0 X 10"®coulomb. [193] 

Just after switching there evidently must be such a transient component qt 2 fhat 

= —60.0 X 10"® coulomb = (>«2 + ^cjCO-f-) = 120 X 10 ® + gt2(0-\-) [194] 

or 

^<2(04-) = (-60 - 120)10"® = -180. X 10 '‘coulomb. [194a'’i 

Since 

i(O-) = i(O-f) - 7,2 - 0, [195] 

there is no initial value of transient current; that is, 

fr2(0 + ) - 0. [196] 

The steady-state components and the initial values '>f the transient components 
of charge and current having been found, the roots of the chin acteristic equation 
are evaluated: 

. r~S = 1 0.250 XJ 0‘ = = Jr;2,500sec-'. [197] 

‘ \l~ L \ 0,040 

That is, 

Wo = 2,500 radians sec. [197a] 

The results of Art, 16 show that the tran.sient comiK)nent of charge can be expressed 

g,(l) = [198] 

in which B is a complex number, 


Also differentiating Eq. 198 gives the transient component of current 

»,(/) - [199] 

The two componentsof B are readily found from the initial values <,,(0+) and f,(0+). 
Thus 

^,(0+) = -180. X 10- = f^.[B] = Bi, [290] 

,-,(0+) = 0 = +JB-2)1 = -wo/l2, [201] 

B = -180 X 10 ' +j0 = 180 X 10 Vl80° vector coulomb. [202] 

The unit for B is conveniently described as a vector coulomb because it has the 
physical dimensions of charge and is at the same time a comply number, or plane 
vector. To B itself no simple physical inteq.retat.on can be attached. Ajl that oan 
be said is that when it is multiplied by the exponential time function e » , the real 
part^f tL product is the transient component of the actual charge, which is a meas- 

urable quantity. 
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Putting the numerical value of B in £qs. 198 and 199 gives for the transient com¬ 
ponents of charge and current 

qi{l) = X 10" Vl80° coulomb, [198a] 

i,{l) = fl{4;2,500 X 180 X IQ- V 180° ] 

= g;,r0.450 /-90° t^=^°"»'] amp. | 

7"he graphical interpretation of these expressions is a great aid in visualizing their 
meaning. The time vectors of which qt(t) and it(t) are the real parts are plotted in 
the complex plane in Fig. 20. The charge time vector 180 X 10^ Vl80° is 

shown for two instants. It is at Om when / is 0, and at 0« when / is 0.00110 sec, or 
Wo/ is 2.75 radians, or 157.4°. The current time vector 0.450 / —90° is also 

shown for the same two instants at Op and Or, respectively. The length scales for the 


r 


charge vector 
1 for/'-O 


.180x10 loulomb 



current vector 
ior/=0.00110sec 
(0.00110) 
\= 0.173 amp 
\ 



I >^,?/(O.o0llO)~166x 10 coulomb 


charge vector 
fqr /=0.00110seo 


j./current vector 
Pfor ^^0 


Fio. 20. Vector interpretation of transient components of charge 
and current qf(/) and it(l) for circuit of Fig. 10. 


current and charge time vectors are of course quite different. At any given instant 
the transient component of charge or current is the projection of the appropriate 
vector on the axis of reals. The current vector in each case is 90° ahead of the charge 
vector, as pointed out in the preceding section. 

When the expressions for the transient components of charge and current have 
thus been found, the expressions for the actual charge and current are readily obtained 
as the sums of the transient and steady-state components. These are 

q(0 Qs 2 + qi(0 =- 120 X 10-6 -h 9{e[180 X 10“6/180° coulomb, [203] 

t(0 - Is2 + h(0 = 0 -f [0.450 /^-90° €^2.500/] ^mp, [204] 

for / between 0 and 0.00110 sec. The conditions immediately prior to the second 
switching operation, which occurs when / is 0.00110 sec, are considered next, in order 
to find the charge and current that serve as initial values for the period subsequent 
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to the second switching. At this value of /, 

9(0.00110) = 120 X 10-« + g{,fl80 X 10-»/180° | 

= 120 X lO"' - 180 X 10^® cos 2.75 | 

f(o.oono) = f)?,r-;0.450e^'-^T = -y0.450(cos 2.75 +;• sin 2.75)] 

= 0.450 sin 2.75. 

Evaluating these expressions, 

cos 2.75 = cos 157.4° = -cos 22.6° = -0.92.1, 
sin 2.75 - sin 157.4° = sin 22.6" « 0..185, 

9(0.00110) -- (120 4 180 X 0.92.1)10 I 

= (120 4 166)10 - 286 X 10-« c.'u'omb, j 

/(0.00110) - 0.4.50 X 0.,185 = 0.17.1 amp. 


[2051 

[206] 

[2071 

[20«1 

[20yj 

12101 


The transient components of ^(0.00110) and / (0.00110) arc indicated in 1 20. 

For expressing the current and charge subsequent to 0.(X)110 sec, it is convenient 
to measure the time from this instant. That is, a new lime variable 

/' / - 0.(X)110 sec [211] 

is taken whose value is zero at the instant that K is mov^ed from 2 back to 1. 

For greater than zero, it is evident that the steady-state components ()^t and 
7,1 are those found at the beginning of the solution, namely, - 60.0 X 10 coulomb 
and 0, respectively, while the actual values of charge and current at /' ecjual to zero 
are those just found for / equal to O.OOl 10 sec: 

0) = q{t - 0.00110) =- 286 X 10 ® coulomb, f209al 

/(/' ^ 0) - iii - 0.00110) - 0.17.^ amp. [210a] 

Thus there must be transient components qi\ and bi such that at the initial instant, 
/' equal to zero, 

qij.^ = 0) = ()|ti -f qt\{i^ ~ 0) [212] 

and 

f(/' - 0) + bi(/' -= 0). [213] 

Consequently the initial values of the transient components for /' greater than zero are 

(7n(/' = 0) = q{\' - 0) - - [286 - (-60)110 « 1 

- 346 X 10 coulomb,] ^ 

bi(/' = 0) = i{t' = 0) - 7,1 0.173 ~ 0 - 0.173 amp. [213a] 

By considering next the form of the transient, one sees that the characteristic 

equation is the same for both the 1 and 2 positions of K and that one can write 

qn{l') - (;?.[DeW'], [214] 

Ml') = fi{.fja,oD*^“-‘'], r21.S] 

D^Di+jDi. [216] 
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The symbol D is used to indicate the complex coefficient instead of B to avoid con¬ 
fusion with the value for the preceding interval. Putting in values for equal to zero 
gives 

346 X 10~« = - ^1, [217] 

0.173 = = 9{e[y60o(Di +^ 2 ) 2 )] = — CO 0 D 2 , [218] 

A = - 2 5^^ = -69.2 X 10 «. [219] 

I) = (346 —^69.2)10“® = 353 X 10" ®/ — 11.3° vector coulomb. [220] 
Using the numerical value of I), one can write for the transient components, 

quit') = fJie[353 X 10 -11.3° coulomb, [214a] 

= L^4i2,500 X 353 X 10 ®/ -11.3° 

- fJ?.[0.883 /78.7° 6-^-®®®^'] amp. 

The intcrj)retation of ^ as l /9Q° i s used in obtaining the last expression. Plots of the 
transient time vectors are shown in P'ig. 22. 

The actual charge and current are given by 

q{i') == (^1 + 1 

= -60 X 10- « + ‘^.[353 X 10 coulomb J 

i{l') = /.I + jn(/') = 0 + !Jt.[0.88. 3/78.7° amp [222] 

for /' > 0, or / > 0.00110 sec. 

The calculations for part (a) of the problem are complete, the results being given 
by Eqs. 203 and 204 for the time interval during which K is in position 2 and by Eqs. 
221 and 222 for the succeeding time interval, during which K is in position 1. These 
equations are plotted as functions of time in Fig. 21. 

The maxima of parts (b) and (c) arc readily determined by inspection and are 
I)articularly well seen by plotting the transient-charge and current time vectors in 
the complex plane, as shown in Fig. 22. From this figure it is evident that it has its 
maximum positive value when its vector has rotated to the positive axis of reals, as 
occurs at 78.7° -f cjOqI', or 360°; whence 

281 3 

coq/' = 281.3° ^ = 4.90 radians [223] 

180 

and 

4 90 

/' = —- = 1.960 X 10-3 sec. [224] 

At this instant i has the value 0.883 amp, its maximum value. 

Part (c) shows that terminal a of the condenser is most positive with respect to 
h when q has its most negative value, because a positive displacement of charge around 
the circuit makes h positive with respect to a. From Eq. 221 it can be seen by inspec¬ 
tion that q(t') has its greatest negative value when the transient component qt(t') is 
most negative. From Fig. 22 it is seen that this situation occurs when the transient- 
charge vector has rotated to the negative axis of reals or when 

0 ) 0 /' = 180° -f 11.3° = 3.34 radians. 


[215a] 


[22S] 
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At this instant 

^ ^ 2I0O sec, [ 226 ] 

q{t' = 1.335 X 10-3) - (-60 - 353)10 “ = -413 X IQ-® coulomb, [227] 

and the potential drop from a to 6 is 

Vab = 413 X 10-X 0.250 X 10^ -- 103 v. [228] 



These maxima can also be located readily from a time plot such as Fig. 21, but it 
is found that the vector diagrams are usually simpler to draw and easier to use. This 
problem illustrates how switching may cause the voltage across the condenser in such 



Fig. 22. Vector interi)retation of transient components of charge 
and current and it(l') for circuit of Fig. 19. 


a circuit to build up to high values. Thus if the switch is oi)erated numerous times in 
succession at such instants as to make the transient amplitudes as large as possible, 
arbitrarily large voltages theoretically can be obtained. 
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18 . Series RLS circuit 

The few preceding articles analyze the series LS circuit, which has 
limited practical applicability but which furnishes a relatively simple 
means of gaining familiarity with the application of complex numbers to 
circuits. Adding series resistance to this circuit provides a circuit that is 
physically realizable but one that is slightly more complicated to handle 
analytically. The analysis applicable to this series RLS circuit is of par¬ 
ticular interest, however, because of the imj)ortance of this circuit and 
because of the large class of mechanical and other physical systems that 
are described by the same form of differential ec[uation. That is, by merely 
redefining the symbols used for the coefficients and variables, the differen¬ 
tial ecjuation next to be considered, and its solution, can be applied with¬ 
out change to any of a wide variety of important practical equipment. 
Examples that may be mentioned are the moving systems of many varie¬ 
ties of indicating instruments, automatic control devices, and many 
mechanical systems containing inertia and clastancc. Because of its 
importance, the development of this analysis is considered in detail as 

applied to the RLS circuit to which a 
constant driving force can be suddenly 
applied. 

In Fig. 23 is shown a series RLS circuit 
which can be short-circuited or connected 
to the constant-voltage source E by 
putting switch K in position 2 or position 1, 
respectively. As in the preceding case the 
analysis is somewhat more conveniently 
carried out in terms of charge rather than current as the dependent vari¬ 
able. Writing the Kirchhoff voltage equation for potential drops in the 
arbitrarily selected arrow direction, with K in position 1, gives 

di . r 

^ -f- Ri -\- Sj idt = £, [229] 

which can be written in terms of charge as 

In Eqs. 229 and 230, q and j idt mean the actual charge on the elastance. 

Equation 230 is a linear differential equation with constant coefficients. 
It is of second order because the highest order of derivative is the second. 

As in the preceding cases of linear differential equations that are con¬ 
sidered, the solution of Eq. 230 consists of two parts. The first is the 
steady-state solution; the second, the transient solution. In mathematical 



Fig. 23. SeVies RIS circuit. 
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nomenclature these are respectively the particular integral and the com¬ 
plementary function. 

The steady-state solution satisfies Eq. 230 identically. It represents 
conditions in the circuit at sufficient time after any change in the circuit 
for a steady state to be reached — a state that remains unchanged until 
the circuit or forces are changed. By intuition one expects that ulti¬ 
mately, with K in position 1, the current becomes zero and the elastance 
is charged to the battery potential. Thai is, one expects the steady- 
state component (^.s of charge and the stendy-stute comjxmcnt of cur¬ 
rent to be, respectively, 


a - 


E 

S 


[83] 


and 


/, = 0. [84] 

The correctness of this result is easily verified I'.y noting that this value 
of (),s‘ satisfies Eq. 230. 

By the same reasoning that was u.sed in the preceding cases, it is observed 
that, while the values of Kqs. 83 and 84 satisfy the differential ecpiation 
230, they do not necessarily satisfy the initial conditions. 'The ('urrent in 
an inductance cannot be changed instantaneously; neither ('an the iJiarge 
on an elastance that is in series with either a resistance or an indiu tame. 
If at the instant before K is moved to position 1 ther(‘ is current in tlie 
circuit or charge on the elastance, this current and this charge are unal¬ 
tered by the switching ojieration, assuming, as before, tliat /< is so made 
that its movement does not open the circuit. In othcT words, the actual 
current and charge liave the same values immediately after A' is moved as 
they’^ had immediately before. It is easily sc*en that tli(*s(‘ value's gencTally 
are not those called for by the steady-state solutic^n l^cjs. 83 and 84. Thus 
arises the need for the transient, or te^'i])orary, comixinents of current 
and charge having such values immediately after K is moved that when 
they are added to the .steady-state value's the sums are respectively 
equal to the then existing values or initial values. As thc'se transient 
components gradually die out, the charge and current undergo a con¬ 
tinuous or smooth transition from their initial to their steady-state values. 
These ideas have been stated in the preceding articles but are rei)eated 
here for emphasis, for they are fundamental to the understanding of cir¬ 
cuit transient behavior. 

In order to express the foregoing ideas quantitatively, time is measured 
from the instant when K is moved; then whatever the values /(O-) and 
g(0~) are at an instant immediately before K is moved, the values 
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*'(0+) and ?(0+) immediately thereafter are 


i(0+) = f(0-) 

[231] 

and 


y(0+) = (7(0-). 

[232] 

But it is known that 


9 ( 0 +) = (?» + ?<(o+) = ^(O— ) 

[233] 

and 


f(o+) = /, + 14 ( 0 +) = /(O— ), 

[234] 


in which ^«( 0 +) and are the initial values of the transient com¬ 

ponents of charge and current, respectively — their values, that is, 
immediately after K is moved. Thus 

qtiO+) = (Z(O-) - Qs [233a] 

and 

u(0+) =f( 0 ~) [234a] 

But q must satisfy Eq. 230. The component Qs does. However, if qt satis 
fies the reduced or force-free equation 

then q satisfies Eq. 230. 

To find the qt that satisfies Eq. 235 is not an explicit operation, but it is 
well known that an exponential function in general satisfies such an 
equation. It is therefore assumed — subject to verification by direct 
substitution into Eq. 235 — that 

qt - Ae^\ [236] 

in which A and p are constants. This gives the conditional equation 

Lp^Ae^^ + RpAe^^ + = 0 = {Lp'^ + Rp + S)Ae^*, [237] 

which is satisfied if A , or the expression in parentheses is zero. The first 
possibility is trivial because it merely makes qt equal to zero. The second 
possibility also is trivial because, in order to have Eq. 237 satisfied for all 
values of /, p must ecjual minus infinity. Eliminating the first two possi¬ 
bilities shows that Eq. 236 is a solution of Eq. 235 provided 

Lp^ + Rp + S = ^ [237a] 

or 



[ 238 ] 
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Thus there are two values of p. 



[238aj 

and 



[238b] 


that satisfy Eq. 237a, that is, for which Eq. 236 becomes a solution of the 
force-free equation 235.^ 

The values of determine the nature or form of the transient, that is. 
the way in which it varies with time. The characteristic equation, 237a, 
from which they are determined contains the circuit paraniete s L, A, and 
5 but in no way involves the impressed force R. It is emi.hasized again 
that the form of the transient depends only on the circuit parameters (and 
the circuit connections) and in no way upon the driving forces applied to 
the circuit, a statement found to be applicable to all linear circuits. As a 
consequence of the foregoing analysis, the chara. teristic equation can 
be written immediately by iiis])ection from the :educed equation, 235, 

From Eqs. 238a and 238b it (an be seen that the expression under the 
radical may be positive, negative, or zero. Since these three possibilities 
lead to quite different forms of transient, they are treated in the following 
articles separately and in the order mentioned. 


19. Cask I: Overdampkd ctrcitit 


A series RLS circuit is said to he overdamped, for reasons that become 
apparent subsequently, if 


S 


[239] 


The radical is then real, so that both roots are real. However, since the 
value of the radical is always less than R/ (2L), both roots are negative. 
This is to be expected, since if these roots were positive, the corresjX)nd- 
ing terms of the form Eq. 236 would grow exponentially. This behavior is 
not possible in a network containing no .source of energy, that is, in a 
passive network. 

^This general method is further considered in an outstanding paper by G. A. Campbell, 
“ Cisoidal Oscillations,” A.I.K.E. Trans., XXX, Part'2 (1911), 873-913. Other treatments 
are given by V. Bush, “ Oscillating Current Circuits by the Method of Generalized Angular 
Velocities,” A.I.E.E. Trans., XXXVI (1917), 207 234; and A. E. Kennelly, “The Imped¬ 
ances, Angular Velocities, and Frequencies of Oscillating Current Circuits,” I.R.E. Proc., 
IV (1916), 47-94. The discussions immediately following this last paper are particularly 
interesting. They present a number of additional points of view and, by reference to original 
sources, shed valuable light on the history and development of the methods. 
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The following discussion is simplified somewhat if one uses the abbre¬ 
viations 



the second of which is introduced in the nondissipalive case, Art. 12. 
The condition Eq. 239 then corresponds to a greater than coq,* that is, 
half the resistance to inductance ratio of the coil is larger than the corre¬ 
sponding nondissipative characteristic angular frequency of the circuit. 
If one uses the further abbreviation 

0 = ^/^2 ~ 
then the roots for this case are given by 

[238c] 

and 

p2 — —a — [238(1] 

The transient solution is composed of the sum of two terms of the form of 
Eq. 236, one for each of these roots. Thus the complete charge solution 
becomes 

^/ = a + <7/ = ^ ^[^42] 

in which Ai and A 2 are c'onstants. The corresponding current solution is 
i = 0 + (-« + + (- « - ►|24.^] 

The integration constants Ai and A 2 are evaluated by using the initial 
current 7(0+) and the initial charge ^(0 + ). Writing Eqs. 242 and 243 
for / ectual to zero gives 

9'(0-l-) — -f + A 2 J [244] 

f(0 + ) = 0 + (-a + p)Ai + {- oi- P)A 2 . [245] 

In any given problem Eqs. 244 and 245 are readily solved simultaneously 
for AI and A 2 - 

As in the preceding cases, the number of arbitrary constants provided 
by the mathematical solution — in this case two is just sufficient to 



CASE II: UNDERDAMPED, OR OSCILLATORY, CIRCUIT 225 


suit the physical nature of the problem. Thus and A. can be any real 
numbers and Eq. 242 satisfies Eq. 2v^(). Their values are uniquely deter- 
minod, however, when Eqs. 242 and 24o are required to satisfy not only 
the differential equation but the two initial conditions, Eqs. 231 and 23^ 
asweP. 

Equations 242 and 243 are sometimes expressed in terms of hyperbolic 
functions, but the simple exjxinential forms giv'en arc fully as convenient 
for calculation and interpretation. I'heir only deficiency lies in a certain 
lack of mathematical eleganc e which appears when comparisons are made 
among the three cases of this circuit. 

This case of the overdainj)c‘d RLS c'ircuit is illustrated numeric'ally in 
the example of Art. 23, in which the characneristic l)t‘ha\i'>r of smli a 
circuit as contrasted with that of an underdamjuul circuit becomes very 
apparent. The reasons for the* terms umlcrdampcd and overdamped become 
evident at that point. 


20. Cask TT: I'ndkrdaaipkd, or oscillatory, c ircuit 
If in a series RLS circuit 


A’" 


AI/ 


< 


.9 

i2 


1246] 


the circuit is said to be undrrdanipcd. Wnen this c‘ondition obtains, the 
expression under the radical of luj. 238 becomes negaiixe, and it is found 
convenient to rewrite Ec[s. 238a and 2381) as 

- — a f 238(‘] 

= - juidy [238f] 

in which 






and, as before, 


Wo = 



[241a] 




_ ^ 

2L * 


[240] 


A word regarding the notation for the components of p may be helpful 
at this jxiint. The symbol a?u is used to denote the angular frec|uency of the 
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force-free, or characteristic, oscillations of a circuit containing no dissi¬ 
pative elements, that is, no resistance, as illustrated by the series LS 
circuit. If a small amount of series resistance is added to such a circuit, 
its force-free behavior is still oscillatory but the oscillations have a 
slightly lower angular frequency denoted by wj, and they gradually die 
out, as is shown in the following analysis. Angular frequencies coo and 
are characteristic of the circuit parameters and connections and in no 
way depend upon the driving forces. Chapter IV and following chapters 
discuss the behavior of circuits subjected to sinusoidal driving forces 
whose angular velocity is denoted by to without a subscript. It may be 
mentioned that a is often called the damping constant. 

Before proceeding, the status of the problem under consideration 
should be recapitulated. The steady-state solution is given by Eqs. 83 
and 84. The initial values of the transient charge and current are given 
by Eqs, 233a and 234a, while the form of the transient is given by Eq. 236, 
for which the two values of p are those of Eqs. 238e and 238f. For the 
transient component of charge one may assume an expression containing 
two terms, one for each value of p, which provides two arbitrary con¬ 
stants. Thus 






(—a— 


[247] 


in which B/2 and D/2 are arbitrary constants to be evaluated from the 
initial conditions. Here B/2 and D/2 are written, rather than B and D, 
merely in order that the 2’s shall disappear from forms which are used 
more often subsequently. That this expression satisfies Eq. 235 can be 
verified readily by direct substitution. From Eq. 247 differentiation gives 

= ^ = (-« +>d) \ + (-a -ju>a) I [248] 


Equations 247 and 248 are the general forms of the transient charge and 
current. 

The constants B and D can be evaluated from the known values of 
qt{0+) and as given by Eqs. 233a and 234a. Thus putting t equal 

to zero in Eqs. 247 and 248 gives 

^i(O-t-) ~ ^ [249] 

fi(0+) = (-a +y«d) “ + (-a —jcod) [250] 

in which B and D are the only unknown quantities. These are easily 
solved for B and D. It is interesting that B and D are conjugate complex 
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numbers, that is, their real parts are equal, while their imaginary part*, 
are equal in magnitude but opposite in sign. This latter is required by tlu' 
fact that both 9 j( 0) and it(0) must be real. In rectangular and jx)lar 
form, 

B = +JB 2 = B/s, [251] 

D = Bi -jB2 = B/-S, [252] 

in which 

B = [253] 

^ = tan ' [254J 


If Eq. 247 is written using Eqs. 251 and 252 and is factored out, 
the transient component of charge appears as 




[255] 


Inspection of these expressions shows the signiikant fact that the two 
terms in the bracket are conjugate complex functions; that is, the first 
term has a magnitude B and makes an angle h -f with the axis of 
reals, while the second term has the same magnitude but makes an angle 
— (5 + wdO with the axis of reals. Since these two terms arc conjugates, 
their sum is real and has a value of twice the real part of either. This fact 
allows the expression for qt in even simpler form. Thus one can write 

r247a] 

The transient current can be obtained directly from Eq. 247a by differ¬ 
entiation, remembering that differentiation and taking the real part of a 
complex function are commutative operations. First the real function 
is put inside the brackets, as can be done since is merely a real 
coefficient. Taking the real part and multiplying by a real coefficient are 
also commutative operations when applied to a complex function. Thus 

di dl 

Equations 247a and 248a are good forms for numerical calculation of 
the transient components of charge and of current. A simple procedure 
for finding Bi and B 2 in any given case is to recall that qt can be written 
in the form Eq. 247a, considering B as a complex constant still to be 
determined. Then by setting t equal to zero in Eqs. 247a and 248a and 
equating the resulting expressions to the known initial values Eqs. 233a 
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and 234a, the two components of B are readily found. Thus 

?<(0) = 9(0-) - <2s = 3 (e[B] = Bu 

ii{0) = i(0~) - Is = +jo3d){Bi +jB2y\ 1 

= —aB\ — oidB2, { 

from which Bi and B 2 are readily calculated. 

The complete expressions for charge and current can now be written as 

q = Q,+ q>(l) = I + [258] 

i = /, + it{t) = 0 + [259] 

Equation 247a for the transient com|>oncnt of charge is often written in 
the trigonometric form obtained as follows: 

q, = e“"'9?c[/iA€'“-''] = ] 

— cos (a)<// + 5). | 

The similar change for the transient component of current is 

i, = + 7e'“-'n = €-“';;j.[a.»/ie^'“'''+‘^^>] | 

= UfjBt cos + 5 + 7 )) I 

in which 7 is defined by 

7 = tan ^ - 

— a 

Generally it is found that the exponential forms for the transient com¬ 
ponents as given in Eqs. 2vS8 and 259 are the simplest forms to use for the 
determination of the constants and for all analytical work. For numerical 
calculation the exponential forms are readily changed to the trigonometric 
forms as shown. 

The angle 7 is that of the complex number — a + jwrf. This number lies 
always in the second quadrant because its real part is negative for any 
passive network, and ojj is a positive number. If the real part ( — a) of 
— a + jiiid were positive, the exix)nential term would increase with¬ 
out limit. This fact, in turn, implies a current or charge that grows without 
limit, an obvious absurdity for passive networks. It may be remarked that 
the analysis of networks containing vacuum tubes, which may serve as 
concealed energy sources, sometimes leads to roots of the characteristic 
equation that have positive leal parts. 


[247b] 


[248b] 

[260] 


[256] 

[257] 
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21 . Vector interprp:tation of solution 

The solutions for series circuits containing inductance and elastance 
without resistance and with resistance — make possible some very 
interesting and instructive comparisons. For this purpose the exponential, 
or vector, form of the results is most effective. Furthermore, it is con¬ 
venient to divide the solutions into their steady-state and transient com¬ 
ponents, since, for this circuit, resistance has no effect on the steady-state 
component, whereas it changes the tran.sient component in a significant 
way. 

For making the comparisons Fiqs. 17.1, LSI. 2.SS, and 2,S9 are u.seo' 
primarily for the cases without and with resistance. 'I'l-.e steady-state 
components (), an<l /, are identical in the two circumstain i)oint that 
is further discussed subseciuently. 'I'his being so, at tention i ■ < timed jirima- 
rily to the transient conijxments. The.se art repeated here, those for zero 
resistance and finite re.sistance being indicated oy added subscriittsU and 
R, respectively. 




for circii!:. 


[2f.1] 


itl{ - -f 


[26.1] 

for RLS circuit. 

[26-1] 


As the first jioint in the comparison it should be observed that as a 
approaches zero in E({s. 247a and 2-18a, these eiiuations rediue imnieili- 
ately to Fqs. 261 and 262. T hus B,,. aiqiroaclies B„, u,/ aiqiroaehes to,,, 
and approaches one as it apjiroaches zero. Ibis is to be exjx'cted, for 
there is no essential or sudden change in the circuit as its resistance is 
made smaller and smaller and reaches zero. A more detailed study of how 
the introduction of a small amount of re.sistance into the LS circuit alters 
its behavior shows three effects: First and most imiiortant - ajipear!- 
the dam pins' Jador whifh makes the entire transient shrink in size 
exponentially with time. Thus the RLS-vinmi tran.sient i decrease with 
time and eventually di.sapiiear becau.se of this damping factor 
whereas the Z,5-circuit " transients ” jiersisl indefinitely with undi¬ 
minished amplitude. The second effect of the introduction of resistance 
is to reduce the angular frectuency of oscillation from to wa, a \cry 
minor change unless the circuit is rather highly damiied. A third and 
rather minor effect is the change in the coefficients from B„ and y«i,B() to 
Bie and (-a -hiai„)Bff, respectively. This alters somewhat the initial 
magnitudes and angles of the time vertors, of which the real parts are the 
transient charge and current, respectively. Since this third aspect is rela- 
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tively obvious and also unimportant as far as the nature of the transient 
is concerned, it is not discussed in further detail. The first two, however, 
merit further attention. 

The first effect of resistance, namely, the introduction of the damping 
factor can be seen graphically by comparing the charge time vectors 
for the LS and RLS circuits. Since for each circuit the current time 
vector differs from the charge time vector only by containing an addi¬ 
tional constant complex factor, for simplicity only the charge time vectors 
are considered. 

For concreteness two very simple cases are compared quantitatively, 
in both of which ^«(0), if(0), and wo are each unity but in one of which 
a is zero, while in the other a is 0.2. Plots of the charge time vectors in the 



Fig. 24. Interpretation of transient component of charge in underdamped 
series RLS circuit in terms of shrinking vector. 

complex plane, as calculated by Eqs. 261 and 26v3, using these values, are 
shown in Fig. 24. Here the locus of the tip of the charge time vector is 
seen to be a circle for a equal to zero, that is, for the case of zero circuit 
resistance. This vector rotates at the rate of wq, or one radian per second, 
or 57.3 degrees per second. It continues to do so indefinitely or until some 
change is made in the circuit. Its length meanwhile remains unaltered. 
In contrast, the tip of the charge time vector for the case of a equal to 
0.2 traces a spiral locus. That is, this vector as it rotates also decreases 
in length. In unit time it rotates through an angle of or 0.98 radian, or 
56.1 degrees, which correspxinds to a slightly lower speed than that of the 
first vector. It also decreases in length by the end of each unit time 
interval to or 0.819 of its value at the beginning of the interval. 

The initial vectors Bo and Br, while having different magnitudes and 
angles, have the same projection on the axis of reals. That they must 
follows from the fact that the initial value of the transient component of 
charge is the same in both cases. 

The contrast between the charge time vectors for the circuits with and 
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without resistance can also be seen by comparing the \'clocitics of the 
tips of the two charge time vectors. 

^ For the LS case, the current time vector,is the time deriva¬ 
tive of the charge time vector, The current time vector therefore 

may be interpreted as the tip velocity of the charge time vector. As illus¬ 
trated in Fig. 25a, the tip of the charge vector moves in a direction 90 
degrees ahead of the direction of fhc charge time vector, with a linear 
speed 0)0 times the length of the lime charge vector. 



Fig. 25. Vector interpretation ol transient <omponcnt of 
charRe in IS and RIS circuits. 


For the RLS case, the current time vector — 
likewise is the time derivative of the charge time vector, e 
and may be interpreted as its tip velocity. Here the tij) velocity may be 
conceived as made up of two components, which is 

OL times the length of the charge time vector and displaced ISO degrees 
from it, and which is times the length of the charge 

time vector and is in a direction 90 degrees ahead of it. These are illus¬ 
trated in Fig. 25b. The first represents a component which causes the 
charge time vector to shrink in length at a rale that is always a times as 
large as the vector. The significance of 1 ^a as a time constant is discussed 
subsequently in this article. The second is essentially the same as the 
actual tip velocity of the charge time vector for the LS case and may be 
called the tangential comix)nent. "J'his component differs from the tif) 
velocity of the charge time vector for the LS case because is slightly 
smaller than coq and also because the charge time vector for the RLS case 
is itself changing in length, and its tip tangential velocity is profxirtional 
to its length as well as to wj. Since 

0)0 — + o?, [241b] 

the magnitude of the actual tip velocity of the charge time vector for the 
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RLS case is wq times its instantaneous magnitude, as in the LS case. For 
the RLS case the tip has an inwardly directed radial component, how¬ 
ever, whereas in the LS case the tip moves tangentially only. 

The effect of adding resistance on the behavior of the charge functions 
themselves is now considered. As shown by Eqs. 261 to 264 and by the 
j)receding de\Tlopments of the vector representation of functions, the 
charge and current as functions of time arc merely the real parts of the 
(orresponding time vectors. For the two examples under consideration, 
therefore, the charge functions are 

= 1.41 cos (1.00/ - 45°), [261a] 

(]tR = = 1.58€-''2' cos (0.98/ - 50.8°). [263a] 

In these expressions the arguments of the cosine functions are given in 
mixed units, 1.00/ and 0.98/ ])eing in radians and the phase angles —45 
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and —50.8 being in degrees. While this form is inconsistent mathemati¬ 
cally, it may be justified as a matter of convenience i)rovided no ambiguity 
arises regarding the meaning. 'Fhese functions are plotted in Fig. 26. 

Another useful comparison showing the effect of resistance in this circuit 
is made in Fig. 27. Here coo and ^/(O) are each unity, //(()) is zero, and 
a takes the various values indicated. In addition, a curve is shown for the 
critically damped case (discussed in the next article) together with curves 
for ovenlamped cases. For the values of a that are less than coo, that is, 
for the underdamped cases, the charge curve is a sinusoidal function 
modified at every instant by the factor 6”“^ Thus the curves may 

be said to be an envelope inside which the sinusoid is confined. Such a 
sinusoid with exponentially decreasing amplitude is called a damped 
oscillation. If the amplitude decreases relatively little per cycle, the 
oscillations are said to be slightly damped, or the circuit in which they 
occur is said to be highly oscillatory. This condition obtains when a is 
small compared to coo, or when coo and co^ differ by a negligible amount. 
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On the other hand, if the oscillations substantially disappear after 
a few cycles, the oscillations and the circuit are said to be highly 
dartped. 

The coefficient a may well be thought of as the reciprocal of a time 
constant. Thus 1/a, or 2L/R, which has the dimensions of time, is the 
time required for the charge time vector to decrease its length to 1/e, or 
0.368, of its initial value. From the nature of the exponential function it 
is evident that the vector length decreases by this same factor during any 
time interval of the same length. This is illustrated l)y the shrinking 
vector of Fig. 24. Thus when / is six its length is 1 e of its length when 



Fig. 27. Plot showing the effect of \arious values of K on qi(t) 
in a series RLS circuit having constant L and S. 


t is one, or when / is ten its length is 1 e of its length when / is five. The 
same effect of a is seen also in Fig. 27. Here the factor causes the 
envelope inside which the charge function oscillates to decrease in height 
as time increases. The statements previously made toiuerning the effect 
of the factor on the length of the charge time vector apjily without 
change to its effect on the height of the envelope. Thus 1/a is the time 
(luring which the envelope decreases in height by the factor 1 /e equal 
to 0.368. This condition can be seen more readily perhaps if qtR is rewritten 
with the e~“^ term outside the bracket as 

q,R = [263b] 

Thus the real part of the rotating vector which is a sinusoidal 

function of time, is multiplied by the shrinking function 

Another useful interpretation of the time constant 1/a is obtained as 
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follows: At any given time h, the function e is changing at the rate 



|«=i, 




[265] 


units per second. If this rate of change, which is a decrease, were to 
remain constant, the value of the function e““‘ would be reduced to zero 
in a time A/ such that 

e““‘* - = 0 [266] 

or 

Al = - • [266a] 

a 


Stated in words, 1/a is the time that would be required for the transient 
to disappear if its rate of decrease at any given instant were to continue 
unchanged. Thus the envelope for a equal to 0.2 in Fig. 26 has a slope at 
every point such that if this slope remained constant the height of the 
envelope would be reduced to zero in a time 1/a, or five seconds. For the 
KLS circuit 1/a equal to 2L//{ is exactly twice the time constant for an 
J^L circuit having the same L and R. 

As stated near the beginning of this article, the principal effect of 
resistance in an oscillatory circuit is the reduction in the amplitude 
of the oscillations by the factor The second effect mentioned, which 
is the reduction in the characteristic angular frequency from coo to coj 
radians per second, is discussed next. 

In an RLS circuit that is to any appreciable extent oscillatory — that 
is, one in which oscillations of appreciable magnitude persist for at least 
a few cycles - co,i is found to differ but little from wo. This statement 
can be verified by considering a particular case. If a and evu are such that 
during one cycle, that is, the interval equal to 27 r, the amplitude 
decreases to 1/e of its value, then 



II 

II 

e 


[266b] 

or 





a = ajt// 27 r. 


[266c] 

and 

1 -7^ 

______ 



0)0 = Void + = a)<ry 1 + {- 

1 

-) = 1.013o)d. 

TT/ 

[241c] 


Thus an oscillation so highly damped that it decreases by nearly two- 
thirds in each cycle has an angular frequency differing from the undamped 
frequency by only slightly over one per cent. It may be concluded there¬ 
fore that the effect of resistance on the characteristic angular velocity 
is small as long as the circuit is distinctly oscillatory, the ratio of wq and 
in this case being very nearly unity. 
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22. Case III: Critically damped circuit 

While the critically damped case of the RLS circuit might seem to be a 
rather special one which merely separates the underdamped from the 
overdamped, it is in reality of practical importance, especially in numer¬ 
ous analogous mechanical systems such as those of indicating instruments. 
The results for this case are readily obtained by taking a limit in either 
of the other two cases. 

An RLS circuit is said to be critically damped if 



Since a single exponential term for the transient component of charge 
provides only one arbitrary constant instead of the necessary two, it 
appears that for this particular case a modified procedure must be used. 
The simplest way is that suggested in the preceding paragraph; namely, 
to take the limit of the underdamped solution as approaches zero, or 
as a approaches wq. 

By solving Eqs. 256 and 257 for Bi and B 2 , one sees that the imaginary 
term in Eq. 268 apparently approaches infinity as a approaches wq 
because approaches zero in the denominator of B/?: 

= L(0) - ^ [i,(0) + a<7,(0)]je^“-‘ [268] 

I Wrf J 


Further consideration shows that the angle of in this equation at the 
same time approaches ±7r/2 [depending on the signs of the numerical 
values of if(0) and (//(0)J. Since the form looks somewhat formidable* 
to evaluate, recourse is had to Eq. 247; the imaginary parts of B 
and D are opposite in sign and may lead to a form more simply evaluated 
than Eq. 268. Putting the value of B/^ from Eq. 268 in Eq. 247 gives 

2?« = rL(0) - ^ [^-,(0) + a9,(0)]| 

L\ o)ci J 

+ jg«(o) + ^ [/t(o) + «g,(0)l} 

- ^ [i*(0) + 

J 


[247c] 
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= c-“‘ |gt(0) cos uj - ^ [it(0) + agi(0)]j sin wd<| 

f y V / n ] 

= e""' 9«(0) cos tod/ + [i<(0) + «?,(())] ^ 


[247d] 


In the last step but one the trigonometric-exponential relat' )ns Eqs. 152 
and ]5h were used. Equation 247d is readily evaluated as Ud approaches 
zero since 


and 


which gives 


lim cos 03dt = 1 

[269] 

ci)d’—*‘0 

sin wdl 

lim = i, 

[269a] 

o>d-*0 03d 

<qi(0) + R((0) + ag,(0)]/}. 

[247e] 


The limit of (sin aj,//)/aj,/ is readily obtained by I’llopita^’s rule or by 
ext^anding the sine function into a scries and noting that higher-order 
terms become negligible for all hnite values of / as co^/ approaches zero. 

While Eq. 247e may be used directly in solving a problei^, it is usually 
more convenient to express the transient solutions in the form 

qt = €““'(ai + a2t), 

it = ^^qt = € + (^1 + a2/)( —. 

= (a2 ~ oca I — aa2t)e~^^ 


►[270] 

►[271] 


and to evaluate the two unknown real constants Oi and 02 from the 
known initial values of transient charge and current. 

The behavior in the above critically damj>ed circuit is in general like 
that for the overdamped circuit, except that the surge is briefer; in fact, 
the critical case is the one for which the surge in a nonoscillatory RLS 
circuit is substantially over in the shortest time. Thus, if a condenser is to 
be discharged through an inductance and a resistance in the minimum 
time, the resistance should be adjusted to the critical value. There are 
many electrical, as well as mechanical and electrochemical, devices in 
which this principh' is employed. Thus an instrument (voltmeter, amme¬ 
ter, or galvanometer, for instance), the needle of which has a tendency to 
swing back and forth (oscillate) when suddenly excited, may be made to 
assume its final p)osition most rapidly by introducing mechanical friction 
or electrical resistance as a dissipative element of sufficient magnitude to 
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establish the critical condition discussed here. This case is considered in 
the treatment of devices of similar kind in Ch. XII. 

It is well to bear in mind the mechanical analog - - a pendulum or a 
weight on a spring — in connection with the physical interpretation of 
the circuit here treated. If charge and mechanical displacement are made 
analogous, the overdamped discharge of an initially charged condenser 
corresponds to the motion of an imiially displaced pendulum immersed 
in a liquid of high viscosity. When such a pendulum is raised from its 
equilibrium position and released, it settles slowly back to its equilibrium 
position. Similarly, when a condenser is charged and then connected to 
the RL elements, the charge on the condenser slowly j)asses around the 
circuit until the condenser is discharged. Thinning the lictuid surround¬ 
ing the pendulum so that the bob descends more swiftly corresponds to 
reducing the circuit resistance so that the discharge occurs more ra])idly. 
If the lictuid is made very thin, the bol) oscillates back and forth with 
decreasing amplitude about the ectuilibrium tx)int in a way analogous to 
the way in which the electric charge oscillates if the circuit resistance is 
made very small. For some critical value of the liquid \ iscosity the bob 
just fails to overswing on the first descent. Similarly, for some critical value 
of circuit resistance, the charge just fails to reverse its motion during the 
discharge. These two cases in which oscillation just fails to take jilace are 
the critically damped cases for the mechanical and electrical systems, 
respectively. 

23 . Illustrative example of series RLS circuit 

In Fig. 28a is shown the circuit diagram of a device known as a Marx 
surge generator, which is used to apply a very rajiidly rising voltage 
similar to that resulting naturally from lightning or from switching - 
to apparatus for test purposes. Its development and use have greatly 
facilitated the design of electric-power apparatus with suitable insulation 
to withstand lightning voltages without injury. 

The voltage surge is obtained fn)m numerous condensers that are 
charged in parallel at a moderate voltage and suddenly and simultane¬ 
ously discharged in series to yield the high voltage. The charging process 
is relatively slow as the charging resistors Rr have a relatively high resist¬ 
ance. When the condensers are charged to a predetermined voltage 
slightly under that at which the spark gaps break down if undisturbed, 
a spark is started from the auxiliary electrode a, which immediately 
causes a spark across the main gap gi. This immediately results in addi¬ 
tional voltage across the second gap which breaks down, and so on. In an 
extremely short time interval all the spark gaps have become excellent 
conductors and the combined voltage of all the condensers in series is 
applied to the remainder of the surge-generator circuit. 



238 


TRANSIENT RESPONSE OF SIMPLE CIRCUITS 


The additional part of the circuit consists primarily of the two resistors 
Ri and K 2 , the apparatus to be tested being connected to the terminals 
of R 2 . Often the capacitance C ’2 of the tested apparatus significantly 
affects the behavior of the surge-generator circuit. In this particular case, 
however, the specimen is assumed to have negligible capacitance and, 
prior to breakdown, a negligible conductance. The circuit also unavoid¬ 
ably has a small inductance, which is sometimes increased and which plays 
d significant part in the circuit operation. 



Fig. 28. Circuit diagram for a Marx surge generator. 


When the spark gaps are broken clown the voltage applied to the test 
si)ecimen rises very rapidly within a few microseconds at most — to 
its maximum value and then usually decreases much more slowly. How¬ 
ever, in (\ise the test specimen “ breaks down - that is, becomes 
highly conducting or an arc forms around it in air, the voltage across 
the specimen decreases rapidly, and the current may become large. 

For the purpose of calculating the performance of the surge generator 
the eciuivalent circuit of P'ig. 28b is found to represent the actual circuit 
rather accurately. In case the specimen brcciks down electrically, R 2 is, in 
effect, temporarily short-circuited. Ordinarily, the voltage drop in the 
generator spark gaps can be neglected during the condenser-discharge 
period, as can the current in the charging resistors. These two effects are 
therefore not represented in the equivalent circuit. 

In this problem the condensers are each charged to 20,000 volts prior 
to initiating the surge. The specimen is assumed to break down 3.0 
microseconds (3.0 X 10“^ second) after the surge is started, and to have 
negligible resistance during the discharge period following breakdown. 
The problem is to determine: 

(a) the curve of A'oltage applied to the specimen prior to its breakdown; 

(b) the maximum value of this voltage and the time at which it occurs; 

(c) the current in the specimen during the test. 
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While certain of the foregoing assumptions might need to be recon¬ 
sidered for accurate results in actual practice, the salient features of surge- 
generator behavior are illustrated by this problem. 

Solution: The surge generator described in the problem evidently reduces for analy¬ 
sis to a simple RLS circuit, to which the treatment of the preceding articles applies. 
It is therefore permissible to omit the usual first step, which is to write the differ¬ 
ential equation of the circuit, and to proceed at once to the solution of this equation, 
f'ollowing the methods previously developed, one finds, first, the steady-state com¬ 
ponent; second, the initial value of the transient component; and, third, the complete 
expression for the transient component. 

After the tripping of the generator, the circuit is assumed to contain no sources 
and therefore reaches a steady state with zero condenser charge and zero current. 
The justification of this assumption of no sources when the 20,0(K)-v charging circuit 
remains connected is left to the reader. 'Fhus 

Q. - 0, [83a] 

and 

- 0. [84] 

Prior to tripping of the generator the resultant elastance Si is charged to 50( — 20,000), 
or —1.00 X 10® V, or with a charge 

1 00 V 10® 

= -0-0125 coulomb, [272] 

while 

/(0-) =0. [273] 

The condenser is charged negatively in order that the discharge current shall be in 
the positive direction. Therefore the initial values of the transient components are 

^^(0 + ) = c/(0-) - ft = -0.0125 coulomb, [233b] 

and 

ii(O-f) = i(O-) - - Oamp. [234b] 

Next the nature of the transient for the time interval prior to the breakdown of 
the specimen is determined; that is, whether it is under or over or critically damped 
is a.scertained by calculating a and wo: 


a 


Ri + R2 


5100 _ 
2 X ooo’xlb 


- = 2.83 X 10® sec- \ 


[240a] 


Wo 




80 X 10° 
900 X 10 “ 


10*^0.0890 = 2.98 X 10* radians/sec. f94a] 


Hence a is greater than wo, the circuit is overdamped, and the solution has the 
general form 


9(0 = 9,(0 = 

,-(/) = ,V (0 = (-a +|3).4,e(-“+^)‘ + (-a - 


[242] 

[243] 
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Proceeding with the evaluation of pi and pi, 

p = - <4 = 10^2.83^ - 0.298* = 2.82 X 10«, 

pi = -a + -« I - “d)*' “ » —« + (a — ia“‘«d +•••)> 


/», « - 


2a 


2.98^ X 10"’ 
X 10« 


-1.58 X 10^ 


[241d] 

[238g] 

[238h] 


Pi ^ -a - S = -3.65 X 10«. [238i] 

In evaluating pi the first two terms in the binomial expansion of — «o are used 
to avoid taking the difference of two nearly equal numbers. 

Just after tripping the generator, 

g(0 + ) =9(0-) = - 0.0125 = .4, + .42, [274] 

,(0+) = 0 = -1.58 X lOMi - 5.65 X 10'^2- [275] 

Solving simultaneously, 

.4, = -1.25 X 10-2, [276] 

Ai = +3.51 X 10 •’>, [277] 


and 

q(0 = -0.0125e-1-3.51 x 10“ V’'coulomb, [278] 
>■(/) = 198e ' - 198t •'■“’^"’“'amp. [279] 

1'he voltage drop Vi across the si)ecimen is 5,000;, 

Vi - 5,(X)0t - +0.991 X to’’* ' - 0.991 X 10®*-’' “=’^'““'v. [280] 


To determine the time at which is maximum, 

f = 0= (-a A /3)-Ait< + (-a - l3)-Ait<-‘^ 

at 

\-a ftl)2..1, 


[281] 

[282] 


I = 


1 ( 3 ) 2 , 1 , 

2d " ■ ('-a rd)’'+i ■ 


For this particular case, from ;(0+) equal to zero, 

dj _ _ ( ~« ~ . 

Ai (~« + d) ’ 

hence 

1 -a -d 1 -5.65 X 10® 

' " 2d‘” -a + d “ 2 X 2.82 X 10® “ -1.58 X 10® 
= 1.042 X 10-® sec. 


[283] 


[284] 

[285] 


Putting this value of I in the expression for »2 gives for the maximum value of Vi, 
vtmax - +0.991 X 10®t- > ii8xio<xi.o42xio-‘ _ 0.991 X ioV® ®®><'®®x’ ®®2xio-c ^ 

= 0.991 X 10®(+e-® ®’®®-e- ® ’®) [ 

= 0.991 X 10® X 0.980 = 0.971 X 10® v. 


[ 286 ] 
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When / < quals 3X10 sec, Ri becomes zero because of the breakdown of the 
specimen; hence for i greater then 3 x 10“ ® sec a new solution must be worked out: 


too = 2.% X 10'’ as. before, 

.^1 _ 100 _ 

“ 2Z ~ 2'x‘'XX) X lO"^ 


5.56 X 10^ 


[94b] 

[240b] 


Jfen(X* 0)0 is greater than a, and the circuit is oscillatory. 

For convenience the time 

/'-/-3xl0-® [287] 

is measured from the instant of breakdown for this new solution. Again the steady- 
st.ite components of charge and curient are zero, so that 

qif') -= qt{t') [288] 

and 

/(/') - //(/')• [289] 

The initial values - 0) and //(/'-0) are found as follows, it being remem¬ 
bered that neither condenser charge nor current can ehange instantaneously in this 


circuit: 


qt{l' - 0) = q[l = 3 X IQ-”) 

and 

[290] 

i,{l' - 0) = t(/ - 3 X 10 •'). 

Kvaluating these initial values, 
q{t - 3 X 10-«) = - 1.25 X 10-=e-> w^'o^x.tvio • -j 

[291] 

+ 3.51 X 10 6 

- — 1.20 X 10 = coulomb, 1 

[290a] 


= 3 X 10"^) — 198 (T€ ^ C _ ^-5.65X10<^X3XI0 

^ 4 189 amp. 

SiiKc the transient is underdamped or oscillatory, the charge and current can be 
assumed to have the form 

q{t') - = ‘i?.[Be'-«'^“-'''], 

i{l') " 

B = B, +;B;, 

Bi and being real constants. I'hesc tan be evaluated after calculating 
uij = = 10<V^w78“ - 5.50= = 2.9,8 X 10^ 

When the specimen breaks down, 

qtit' - 0) = -0.0120 = Bi, 

ii{t' = 0) = 180 =• a + ju>ri){Bi +JB 2 )] = —olBi — oidB^ 

- 5.56 X 10‘Bi - 29.3 X lO^Bj. 

From these equations, 

Bi = -0.0120 


[247f] 
[248c] 
[251 a] 

[241c] 

[292] 

[293] 

[294] 
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Oscillograms of output voltage of surge generator used to study the effec t of change in param¬ 
eter values and to justify the prediction of performance of the actual complicated circuits 
from simplified approximate equivalents: (a) no load on generator except stray capacitance 
to ground, no external series resistance added to condenser bank C*; (b) same as (a) but with 
external series resistance of 600 ohms added in in order to render discharge nonoscillatory; 

0 42,000 kilovolt-ampere transformer load, 300 ohms external series resistance added in 
[Taken from P. L. Bellaschi, “ Characteristics of Surge Generators for Transformer Testing,” 
A.I,E.E. Trans., LT(1932), 936-951, with permission of author and publisher.] 



Equivalent circuit for conditions 
of oscillograms (a) and (b) 


Equivalent circuit for conditions 
of oscillogram (c) 
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and 


Bs = 1.63 X 10-», 

B = -0.0120 + il.63 X 10"® = 0.0121 /172.3° . 


[29.S] 

[296] 


For plotting, the trigonometric form is useful. Evaluating the complex coefficient 
in i(/') gives 


( — a 


+ jwa)lt — ^ojoy/tan ' ^ B 

= ^29.8 X lO^ y^tan ‘ (0.0121 /172.3 


Hence 


3.600/273°. 


9(/') - fR,[0.0121 

= 0.0121«-=‘“’^'""' cos (2.93 X 107' i 172.3°) coulomb, 

7(/') = fj?43,6() 0 ^273 .0^6 r> 5 .xio4.^^;2.93xio.V] 

= 3,600€-^ (2 93 x \0Y + amp. 


[207] 


[298] 

[299] 


These results together with those for the preceding interval are shown in Fig. 29. 
'Fhe voltage V 2 shown in the enlarged portion of the figure is usually of principal 
interest. 
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Fig. 29. Plots of current / and voltage V 2 in circuit of Fig. 28b. 


24. Simple parali.el ctrcuits, duals 

Thus far in this chapter only simple series combinations of the circuit 
elements — resistance, inductance, and elastance — are considered. For 
certain purposes it proves convenient to deal with a simple parallel 
combination of three single elements, as in the equivalent electric circuits 
of electromechanical systems of Ch. XII and in certain aspects of 
advanced circuit theory. The parallel circuit consisting of three different 
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single elements has a much less practical utility than the corresponding 
series circuit because ol the unavoidable and usually significant series 
resistance that accompanies the inductance element. For this reason the 
circuit about to be considered cannot be realized physically in any but a 
roughly approximate way with simple apparatus. Because of the afore¬ 
mentioned uses and also because it broadens the circuit concepts, the 
three-element parallel combination is briefly treated. The two-element 
conductance-capacitance circuit, it may be mentioned, can be realized 
physically with good accuracy and is frequently of practical imiK)rtance. 

The three-element parallel cir¬ 
cuit is shown in Fig. 30. It con¬ 
sists of a conductance 0\ a 
capacitance C, and a reciprocal 
inductance r, all connected in 
jxirallel. This combination can be 
connected in series with a source 
of constant current I or left open- 
circuited by switch A'. Conduct¬ 
ance and resistance are merely 
alternative ways of describing the 
same element; sometimes one j)roves more convenient, sometimes the 
other. In the same way capxicitance and elastance are alternative descri]>- 
tions, and inductance and reciprocal inductance are alternative descrip¬ 
tions. 

Because of the simpler form that they give to the ecjuations, constant- 
strength current sources prove convenient for the analysis of parallel 
circuits. A constant-strength current source is one that delivers a given 
current independent of the potential difference across its terminals, in 
contrast to a constant-strength voltage source w^hich maintains a given 
difference of potenticil between its terminals which is independent of the 
current. J^hysical sources usually have more nearly the attributes of a 
constant-strength voltage than of a constant-strength current ideal 
source. 

In the circuit of Fig. 30, switch A is moved from position 2 to position 1, 
thus suddenly impre.ssing the current I on the parallel combination. From 
Cdi. I it is known that if ?(/), which is commonly written ?, is the 
potential drop across these elements, the currents in the elements in the 
direction of the j)otential drop are. respectively. 


1 + 



Fig. 30, Parallel 0X7' circuit, dual of 
series A7..S' circuit 


ir = Cthe current in I', 


[300] 


id = Gv, the current in G, 


[301] 
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the current in C, 


[302] 


Jvdt vdt + X(0) = actual flux linkages i 


in r at time /. 


The symbol X is used to indicate flux linkages which are equivalent to a 
time integral of voltage. By the Kirchhoff current law, the sum of these 
currents with K in jxisition 1 is /, hence 


dv r 

di^ + ‘ j ^ 


Comparison of Eq. 304 with Eq. 229 shows that they are identical in 
form but with symbols interchanged as follows: 

V for /, X for q, I for £, C for L, G for R, I' for 5. 

The parallelism betw^ecn these two cases is striking and illustrates a broad 
r'onception in circuit theory called duality^ which can be merely men¬ 
tioned here. Broadly, two circuits arc‘ said to be duals or dual to each other 
if their differential equations have the same form but with the coefficients 
and variables interchanged as indicated above, if series connections are 
re])laced by parallel, voltages by currents, charges by flux linkages, volt¬ 
age sources by current sources, oj)en circuits by short circuits, loops by 
nodes, inductance by capacitance, resi.stance by conductance, and elas- 
tance by reciprocal inductance; or vice versa. 

The princi{)le of duality is not restricted to electric circuits. For 
('xainjile, in geometry, certain theorems concerning lines and jioints have 
dual theorem^ concerning points and lines; in electrical machinery, elec¬ 
tromagnetic and electrostatic devices are often duals. This principle is 
likely to be useful in at least two ways, llie lirst is that if the analysis of 
one member of the dual pair is known, it can be at)plied to the other 
directly by merely interchanging symbols. This is the way it is used here. 
The second is that a knowledge of duality may suggest alternative 
methods of accomplishing a given result at less cost or with more effec- 
ti\eness, or on the theoretical side it may suggest new theorems or 
relations. For example, in the design of electric circuits to discriminate 
for or against certain frequencies of alternating current, the dual of a 
given circuit may be more economical or have better characteristies. 

^ Further discussion of duality is found in: A. Russell, A Treatise on the Theory of Alternat¬ 
ing Currents (2d ed.; Cambridge: at the University Press, 1914), Vol. I, Ch. xxi; II. Sire 
de Vilar, “La Dualite en filectrotechnique,” L'&claira}>c &lrc.y XXVII (1901), 252 2(>0; 
F. A. Guillemin, Communications Nchvorks (New York: John Wiley & Sons, 1955), II, 
246- 254. 
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Because of the similarity of the differential equations of two circuits 
that are duals of each other, a solution of one is applicable to the other by 
merely interchanging symbols. This is seen from what follows: 

By returning to Eq. 304 it can be verified by direct substitution 
that 

rjvdt r\, = I [305] 


and 


Vs = 0 , 


[306] 


in which X, is a constant, are solutions of Eq. 304. Equation 306 is, in fact, 
the particular integral of Eq. 304 or the steady-state condition of the cir¬ 
cuit with 7 impressed on it. 

Next the initial conditions are considered. From the inherent nature 
of functions it is known that if dv/dt is always finite, v cannot change 

instantaneously; likewise, if v is always finite, / vdt cannot change 

•7o 

instantaneously. But from Eq. 304 dv/dt is equal to a linear combi¬ 
nation of l', fvdl, and the constant /; hence dv/dt is itself always 
finite. It therefore follows that neither v nor fvdl can change instantane¬ 
ously; or, stated another way, they can change only by an infinitesimal 
amount during any infinitesimal time dt. If, then, v and Jvdt have given 
values immediately prior to any switching, they have these same values 
immediately after the switching. 

I"rom the physical point of view, v cannot change instantaneously 
because an instantaneous change of charge on the condenser would thus 
be involved. But this in turn requires an infinite condenser current, which 
can be produced only by an infinite voltage, which is not available. 

Similarly, by Faraday’s induction law, the flux linkages Jvdt cannot 

change instantaiiwusly, except with the appearance of an infinite volt¬ 
age, an impossibility in this circuit. Thus physical reasoning leads to the 
same conclusions as the mathematical reasoning. 

These initial conditions correspond exactly with those imposed upon i 
and q, respectively, in the series RLS circuit. Mathematically, therefore, 
the solution of the parallel GCT circuit is identical with that of the series 
RLS circuit as given on p. 222 with the variables interchanged. 

With the foregoing ideas in mind the solutions for the GCr circuit can 
be written at once by analogy. There are three forms of the result depend¬ 
ing on whether the circuit is over, under, or critically damped. As an 
example, the solution for v in the underdamped case is written. For K 
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suddenly moved to position 1 when X is equal to X(()) and :■ is equal to 
r;(0), analogy with Eq. 248a, gives 

V = [307] 

in which 

« ^ . [240c] 


“0 ~ ,> [d4t ] 

\ [241 e] 

H = XffO) - U',(0) uX,(0)], [26Sa] 

X(()+) = X(()-) - X,(()) 4- x„ [23.k] 

2 ,( 04 -) ^ [234c] 


The subscripts have the same signiiicance as they have in the series RLS 
case. 

The student may find it instructive to carry out in detail the solution 
of either this or the simpler two-element parallel circuits, i)aralleling the 
analysis given for the series two-element cases. 

While the three-elcmient parallel circuit has relatively limited utility, 
and that principally in more advanced work, the j)artillel circuit concepts 
are sometimes useful as shown in the illustrative ])roblems of the following 
article. 

25. Illustrative example of the use of rectproc al param¬ 
eters 

In order to show how the use of reciproc al ])arameters often simplifies 
the solution of a problem, the following illustrative examjdes are given. 

The first problem is that of finding the behavior of the circuit of Fig. 31 
after K is suddenly closed. 


Solution: Writing Kirchhofl^s current law for the node above the capacitance gives 
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G — Gi G2> [^09] 

The form of this differential equation is well known from the solution of the series 
RZ circuit for current and the series RC circuit for charge. From the parallelism, the 
solution for v is immediately written 

» = (1 - [310] 

Gi -t Go 



Fig. 31. Circuit for illustration of use of reciprocal 
parameters. 

The second problem is that of finding the behavior of the circuit of 
Fig. 32 after K is suddenly closed. 



Fig, 32. Circuit for illustration of use of 
reciprocal parameters. 


Solution: Writing Kirchhoff’s current law for the node above the capacitance C2 
gives 

c, ],(£-.) 

or 





[311] 

vilt - CjE. 

[311a] 


The form of this equation is like the equation of the series RC circuit for current. 
The solution for v is immediately written 


CT + C 2 




[312] 


The third problem is that of finding the response of the circuit shown 
in Fig. 33 after K is closed. This differs from the series RLS circuit only 
in that the condenser is shunted by a certain amount of leakage as indi¬ 
cated by the conductance G. If this problem is solved on the loop-current 
basis, it is quite evident that two loop currents must be assumed. The 
treatment may be simplified by considering the voltage drop v as the 
unknown and using a mixture of the loop and node methods. 
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Solution: 

Writing Kirchhoff’s voltage law for the loop containing the 

source gives 


E-v = Lj + Ri. 
at 

[313] 

But 

dv 

i = C--+Gv. 

[314] 

so that 

E-v = LC^ + LG-J-\-RC-J + AG», 
dt- dt dt 

[315] 

from which 

LC~^ + (LG + RC) * + (AG + l)v = £. 

[316] 


A' R L 
|-r •AAA/'-' 0 OTJ dD V- 




V 


Fi(,. Circuit for illustration of use of reciprocal paianictcrs. 


'J"hc steady-state solution for v is evidently a constant, and thus becomes 

r 

• RG + 1 


[,M7] 


The transient portion is the integral of the corres{)()nding reduced or force-free 
equation 

^-71 ( It ) 

LC-JV. + (LG + RC) , + (AG + Of - 0. [318] 

at" al 


The equation 


vi = Af"' 


[319] 


being assumed, leads to the characteristic equation 


P' + 


/A G\ /A G 1 \ 
\L C/'’ (l G Lc) 


- 0 , 


[320] 


which gives 



The dissipative effects in the coil and condenser oppose as far as their net effect 
upon the angular frequency is concerned, while they are additive with regard to the 
resulting damping constant. Thus an initially over or critically damped circuit might 
be made oscillatory by the addition of leakage across the condenser. In such a case, 
however, the total damping becomes so severe as practically to obliterate the oscil- 
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latory character. It is interesting, nevertheless, that if R /L equals CjC, the natural 
frequency of the circuit is the same as for the corresponding nondissipative case. 

For example, if L is 1 h, Cis 10"^ farad, R is 500 ohms, and Gis 0.0005 mho, then 


and 


R 

L 


G 

C 


= 500, 


- 4 =^ = 1 , 000 , 

V LC 


RG = 0.25, 


p = -500 d- il,000. 


f322j 

[323] 

[324] 

[325] 


The complete solution, therefore, has the form 
R 


^ ^ f A2e 


[326] 


If the condenser charge and the current in the coil are each initially zero, then ?f(0) 
is zero and [dvldt\Q is zero. Thus 


and, since 


then 


so that 


Ai -f A2 = -O.SF, 

- (-500 + ;i,000)A, -h (-500 -;1,000)A2 = 0, 

0 

^ ^ -500 +,71 ,000 ^ 

Ai 5(K)4yi,fKK) * 


Ai = - t ■'““■‘>/=;A2 - - 5 

Vs \''^5 


I’he final solution thus becomes 


V -- 0.8F — e cos [1,000/ — tan ’ -i], 


V = 0.8F[1 - (cos 1,000/ 4 0.5 sin l,000/)€-^^^^. 


[327] 

[328] 

[329] 

[330] 

[331] 

[332] 


PROBLEMS 

I. In order to obtain a time axis in a cathode-ray oscillograph, it is desired to have 
a voltage A\hich varies directly as time. Furthermore, it is desired to have the volt¬ 
age reset to zero each time it reaches 200. 

One wav of accomplishing these results is to charge a condenser from a high- 
voltage source through a fixed resistor and to use the voltage across the condenser. 
An automatic device may be used to discharge the condenser in 10" ® sec each time 
its voltage exceeds 200 v. 
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(a) What values of C, and E cause the reset mechanism to operate 1,(KK) 
times /sec, and cause the resulting voltage-time curve to deviate no more than 
25 jusec from the straight line of the initial slope (Fig. 54)? 

(b) If a current source 1 is used in place of R and E^ what values of C and 1 satisf\' 
the conditions of (a) ? 



Fig. 34. Voltage-time curve of sweep cir¬ 
cuit, Prob. 1. 


Fu.. .>5. Inductor v\?lb di'«cha»ge re^i-^t- 
Prolts 2 Mild ^ 


2. In Fig. 35 switch K is closed and sleatly nirrt nt is eslablislie<l; K is then 
opened. 

(a) What is the current in the circuit ahea as a function of time? What is the 
direction of this transient current? 

(b) What voltage appears across the switch contact poinL') at the instant the 
contact is broken? 

3. In Ing. 35, what Is the current in each branch as a function of time after closure 

of the switch ? All the initial currents are zero. 



J^p40.0 ohms, j? 2 —26.7 ohms 
/^r-23.3 ohms) fiidc] 
1^-^26.011 ( winding 

/i=--250 V 


Fig. 36. (ienerator held (iicuit, Prob. 4. 

4. A voltage regulator operating on the field circuit of a generator alternately 
closes and opens contacts which .short-circuit a portion of the resistance in series with 
the field winding, as indicated in Fig. 36. As set, the regulator contact K is vibrating 
at a frequency of 5.0 ~. The ratio of time closed to time ojicn is 

- 4.0. 

/o 

(a) Between what limits is the field current varying? 

(b) What is the average value of the field current? 

5. In Fig. 37, the galvanometer is assumed to be absent. 

(a) What is the time expression for current through the battery upon the closure 
of A"? Initially, there is no current in the inductance and no charge on the 
elastance. 

(b) What are the forms of current-time curves for branches ach and adh (as indi¬ 
cated by sketches) ? 

(c) At what instant are the two currents equal? 
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6. In Fig. 37, if the galvanometer is absent an oscillograph element placed in series 
with the battery indicates that when Z is suddenly closed the battery current rises as 
though the circuit contained resistance only. 

(a) What must be the relations among the parameters? (The numerical values 
on Fig. 37 should be ignored.) 

(b) What is the form (as indicated by a sketch) of the current-time curves for 
each branch of the circuit? 



7. Figure 37 represents a bridge which might be used to m 9 asure an inductance or 
a capacitance by a ballistic method if three of the four bridge elements are known. The 
bridge is balanced if no net charge passes through the galvanometer after the switch 
K is closed. (The numerical values on the figures are to be ignored.) 

(a) What is the equation for balance? 

(b) At balance, what are the currents in the arms during the transient period? 

(c) What is the voltage across each of the four arms immediately after the switch 
is closed? (These answers should be obtained by inspection.) 

(d) At balance what is the voltage between c and d as a function of time? 

(e) What physical considerations affect the actual use of such a bridge? 

8. In Fig. 38, r represents the leakage 
resistance of the condenser of capacitance C. 
What are the equations for the charge on the 
condenser as functions of time after the switch 
K is closed: 

(a) For a perfect condenser (r absent) ? 

(b) For a leaky condenser? 

9. One method of obtaining a high direct 
voltage when very little current is needed is as 
follows: 20 condensers, each of 1 ^f capaci¬ 
tance, are connected in parallel to a 230-v 
source. As soon as they are charged, they 

are disconnected from the source and from each other. Then they are connected in 
series aiding, and the whole combination is placed in parallel with a high-voltage 
condenser, which is also 1 /uf capacitance. Then the original 20 condensers are im¬ 
mediately disconnected from the high-voltage one, and the cycle is repeal ed until the 
high-voltage condenser reaches a voltage above 4,000 v. Then the cycle is repeated 
by automatic means once whenever the voltage falls to 4,000 v. The leakage cur¬ 
rent is 0.4 ^ta at 4,000 v, and may be assumed to be proportional to the voltage. 



Fig. 38. For charging of condenser, 
Prob. 8. 
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(a) How often does the automatic charging device operate? 

(b) If the automatic charging device becomes inoperative, how long does it take 
for the voltage to drop to 100 v? 

(c) \Vl7at is the answer to (b) in terms of time constant? 


10. By using the complex numbers below, 

A = 3 -f i5, [3331 

B = 7 (cos 135° -f j sin 135°), [334] 

C - 4 50°, [335] 

1) ^ 6^-130° , \m] 

h = 8€'‘, [3S7] 

F - 96 [338] 


the following are to be obtained: 

(a) A table expressing each number in rectangular, polar, and exponential form. 

(b) Sums: 


(t) A +1? 

(3) !■ - F 

(2) C + D 

(4) A - C + F 

(c) Products: 


(I) CD 

(4) AB 

(2) EF 

(3) CF 

(5) BDE 

(d) Quotients: 



A - C + F 

c 

,,, BDE 

F 

™ ACK 


(e) Graphs of the quantities: 

(1) A 

(2) C 

(3) F 

(4) A ~ C + F 

(f) Evaluations of expressions: 

(1) ‘Ji.(CD) 

(2) [‘3{.(C)‘ji.(D)] 

(3) Vf 

(g) Solutions of the equations for *: 

(1) F* + C = 0, 

(2) F*2 + C* - E. 


1 


A - C + F 
(6) CF 



(4) InE 

(5) 6^ 


[3391 

[340] 
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11. The expression below is to be simplified and stated (a) in rectangular form, 

(h) in polar form, (c) in exponential form. Each step in the solution is to be illus- 


trated on a plot. 


[(141 +./141)/-lS° + /30° + f7{.[141e-^<’’^'«] 

^ ~ 5.00 +i8.66 

[341] 

12. What is the value of V obtained from 


E = V + IZ, 

[342] 

w herein 


II 

to 

•o 

O 

[343] 

1 - 80 - 7*60, 

[344] 

Z = 0.10 +7*0.5, 

[345] 

V = ? 

[346] 

13. The following equalities are to be demonstrated: 


__ t 

(a) j tan & = ^ 

[347] 

(b) = t' cos y + sin y. 

[348] 

e** + e‘" . e" - e ■' 

(c) .sin (x +jy) = - - ^ — sin ar +y ^ 

[349] 

(<i) ;)?.[ -j\] = ^[xi. 

[350] 


14. Tn Prob. 5 the switch has been closed long enough for the steady state to be 
reached. Then the switch is opened. 

(a) What is the voltage across the SA\itch as a function of time? 

(b) What is the maximum voltage across the condenser? 

(c) What is the maximum voltage across the inductance? 


a b 


Ln 

sm 

rvWV'— nm}r< 


UmJ,, 
_ M 


R L, I 1 

1 - 4 ^ s=k K\ 


£ = 6.00 V 

£=3.00 ohms 
L,=0.100h 
L2= 0.500 h 
Jf=0.200 h 
5=-1.00xl0'daraf3 


Fig v^9. Arrangement for minimi/.ing sparking at contacts, Prob. 16. 


15. A condenser of 0.4 fii capacitance, initially uncharged, is charged from a 
2,(X)0-v direct-current source. The effective inductance of the charging circuit is 1 mh. 
What are the maximum voltage across and the maximum current to the condenser, 
if the resistance of the circuit is 

(a) zero, (b) 60 ohms, (c) 120 ohms? 

16 In order to minimize sparking which occurs when an inductive circuit is 
opened, a condcn.ser is sometimes connected across the switch as shown in Fig. 39. 
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Switch K is closed long enough for the steady state to be reached, then is opened. 

(a) What is the initial voltage across the terminals a-h? 

(b) What is the initial rate of voltage build-up across the open switch terminals.-' 

(c) What is the time expression lor voltage across the switch 

(d) What is the maximum voltage across the switch, and at what time does it 
occur? 

All the results desired are numerical values based on the constants given for the circuit. 



Fig. 40. Circuit supplied from dropwirc, Prob. 17. 

17. In the circuit of Fig. 40 with both switches open there is no initial charge on 
the condenser. What is the current in the inductance as a function of time after 

(a) A'l is closed? 

(b) A '2 is closed a long time after Ai? 



CHAl'TER IV 


Elementary Alternating-Current Theory: Steady State 

1. Introductory comments 

The preceding chapter considers the current response of circuits con¬ 
sisting of various combinations of constant resistance, inductance, and 
capacitance, when a constant voltage is applied. The voltage response of 
these circuits to a source of constant current is also discussed. Neither 
the value of the current nor the voltage of the source varies after being 
applied to the circuit. 

This chai)ter is c'oncerned with the resjx)nse of the same constant- 
parameter circuits to energy sources whose voltages or currents vary 
sinusoidally with time. ITese arc called sinusoidal or simple harmonic 
currents and voltages. 

As with the constant ai)plied forces considerc'd in the preceding chapter, 
the solutions here are found to c'onsist of two components, the stc^ady-state 
component and the transient component. Since the thciory of the alter¬ 
nating steady state as here developed is fundamental to all alternating- 
current circuit analysis, its importance to the electrical engineer cannot 
be overemphasized. It is jmibably the most-used ])art of electrical theory 
in all subsequent work and should therefore be thoroughly mastered in all 
of its details. 

Though the resultant circuit behavior during the tninsient interval 
may l)e materially different from that for constant applied forces, the 
transient components differ in no way from those already considered and 
consequently present no new proldems to the student. They do furnish 
additional practice in a])plying the principles relating to the transient 
behavior of linear circuits. 

2. Sinusoidal voltages and currents 

Before the theory of alternating-current circuits is attacked, the 
fundamental ideas ])ertaining to currents and voltages whose instantane¬ 
ous values vary with time in a sinusoidal or simple harmonic manner 
must be reviewed. Such a simple harmonic function can be described 
mathematically by either the .sine or cosine function. As seen in the 
preceding chapter, it can also be described in terms of the complex 
exponential function, a form that often pro\'cs more convenient in subse¬ 
quent mathematical work than the sine or cosine representation. 

If e{i) is the instantaneous value at a time / of an electromotive force 

?56 
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that is a sinusoidal function of time, it can be expressed as 

c[i) = E^sin (o)/ + [1] 

The maximum value of c(/) is Em and is called the amplitude oi the electro¬ 
motive force. The argument (w/ + ^') of the sine is composed of the 
constant term or phase angle and the term co/ that varies linearly with 
the time t. The constant w is called the angular frequency of the function. 
A plot of e(t) as given by Eq. 1 is shown in Fig. 1. The curve is located 
along the time axis by noting that sin iO) occurs when t is — 
w/ is — Geometrically, the ordinates of the sine curve can be thought 



Fig. 1. Generation of sine wave by rotating vector. 


of as being generated by the vector (M of length Em rotating at a speed of 
uj radians per second, the position of this vector being OA' at the instant 
that t is equal to zero. 

In iMg. 1, fit) is plotted in terms of w/ in order that the curve shall 
apj)Iy for any value of w. In mathematical work such as differentiation 
and integration, t rather than wt is usually taken as the independent 
variable. 

The sine curve of Fig. 1 consists of jxisilive and negative loops. Two 
complete adjacent loops, one positive and one negative, or the function 
over any other interval lir of w/ constitutes one cycle. The time corre¬ 
sponding to one cycle is the period of the function. The number of periods 
in one second is the/m///r;7ry / of the function and is measured in cycles 
})er second. Frequency / should be distinguished from the angular fre¬ 
quency w which is measured in radians i)er second. 

The function e{t) as given by K(|. 1 can be expressed in several other 
forms which are used in subsequent work: 


e{t) = Em sin {o>t + ^') = E, —-— 


[ 2 ] 
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in which and are the complex constants 


EL = £n,e^''^' 

[ 3 ] 


[ 4 ] 


E^ being the conjugate of E',. 

The complex exponential form ^[E4€^"^] is merely a very convenient 
way of describing mathematically the ordinate of the rotating vector OA 
of Fig. 1. Thus if OA is put in the complex plane, its position OA' when 
/ is zero is described by the complex number E^. The factor produces 
rotation at the speed of w radians per second but does not change the 
length of the vector. Hence describes the vector OA. Taking the 

imaginary part of is the mathematical way of expressing 

the ordinate of (M. It is seen, therefore, that the equation 

c(l) = E,n sin M + ^') = [2a] 

is a mathematical expression of the geometrical concept of the sine curve 
shown in Fig. 1. 

Complex (quantities such as and are much used in the subse¬ 

quent work. Ordinarily E', is a complex constant, although if a range of 
frequencies is considered it may be a function of the angular frequency co. 
It is called a complex or vector voltage. The complex quantity is a 

function of time and for that reason may be distinguished from E^ by 
calling it a time-vector voltage. 

The function e{t) may also be expressed in terms of the cosine function 
as 

e{t) = cos {i^t + ^), [5] 

in which Eqs. 1 and 5 describe the same function if 

= ^ + [ 6 ] 

The function e{t) as given by Eq. 5 can be expressed in terms of complex 
exponential functions of the same general form as in Eq. 2: 

I yCw<4-\^) 

e(l) = Em cos (o)/ + 1^) = Em -2- 

= [7] 

E„ = [8] 

E„ = Em€~^*. 


and 


[ 9 ] 
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From Eq. 6 it can be seen that 

E„ = E ;/-90° . [10] 

and 

e„ = e:,/20! [11] 

Although degree units are properly not used as the argument of an 
exponential , their use in numerical work is often convenient. The symbols 

/_and / mean “ at a positive angle of ” and “ at a negative angle 

of,’’ respectively. The symbol _with the negative sign prefixed t^^ 

the angle is recommended as preferable to the symbol / for negati^T 
angles, because in complicated expressions involving both amltiplication 



Fig. 2. Cosine wave and associated vectors. 


and division there is less opportunity for confusion if there is only one 
convention for designation of algebraic sign. Ret)resentation of some of 
the forms given by Eqs. 7 to 11 are shown in Fig. 2. The geometrical con¬ 
struction for the cosine form, similar to Fig. 1 for the sine curve, is 
suggested as an exercise for the student. 

So far the cosine function appears to be representable only by the real 
part and the sine function by the imaginary part. This apparent restric¬ 
tion is removed by the following consideration of Fig. 3 in which 



5[K] = OA', 

[12] 


= 0^. 

[13] 

If 

Em = E'm, 

[14] 

then 

OA = OA'. 

[15] 

Hence 

5[e;„] = 

[16] 
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so Em sin (a,/ + ^0 = [17] 

and Em cos fw/ + ^) = [18] 

The sine function may alternatively be written as the real part of a com¬ 
plex function whose complex amplitude E^ lags behind the amplitude 
Em by 90 degrees, or the cosine function may alternatively be written as 

the imaginary part of a complex 
function whose amplitude Em leads 
the amplitude E^ by 90 degrees. 

A current that is a sinusoidal func¬ 
tion of time is described by mathe¬ 
matical functions of exactly the 
same form as Eq. 2 or Eq. 7, E 
being replaced by / and ^ by (/>. The 
same geometrical and analytical con¬ 
siderations apply to both equally. 

In what follows, the cosine forms 
(Eq. 7) are used more often than the 
sine forms (Eq. 2), although either 
may be used. The various ways of 

l-'.G. 3. Kelations between real and imag- the simple harmonic 

inary parts of complex numbers. function c{t) as given in Ecjs. 2 and 

7, including the graphical rei>resenta- 
tions both of the entire expressions in the real plane of c(/) and I and of 
the comp)lex or vector expressions in the complex ])lane, should be clearly 
understood and mastered before the mathematical work of the follow¬ 
ing articles is undertaken. 

In commercial p)ower ])ractice, the alternating voltage and currents 
encountered usually have very nearly simple harmonic form, and circuits 
often may be analyzed on the assumption that the voltage and current 
are actually simple harmonic time functions. Departures from this form 
are, however, ocrasionally impx)rtant; telepdione ap:)paratus is esp)ecially 
sensitivT to them, for instance, and they are magnified by the action of 
certain other types of ap)p)aratus, such as power rectifiers. In either situa¬ 
tion it is usually necessary to consider functions of the general type 
illustrated by the voltage 

e{t) = E,„i cos ut + Emx cos (.W + 63 ) + E^r, cos (5u>t - 63 ). [19] 

This equation means that the voltage wave has a fundamental com¬ 
ponent, whose maximum value is Emi and whose angular velocity is w 
radians per second; a third harmonic comp)onent of maximum value 
with an angular velocity of 3co radians per second, which is 6 ^ radians 
ahead of the fundamental when i is zero; and a fifth harmonic component 
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of maximum value £^>5 with an angular velocity of So? radians per second, 
which is ^5 radians behind the fundamental when t is zero. In this chapter 
attention is confined to voltages and currents that are simple harmonic 
functions of time. Complex wave forms, such as that of Eq. 19, are con¬ 
sidered in all subsequent volumes of this series in a variety of situations 
which produce nonsinusoidal voltages and currents. 


3. SteadY-STATK response of the series RLS circuit with an 

ALTERNATING-VOLTAGE SOURCE 


The character of transient components in alternating-current circuits 
and the manner of obtaining the solutions are essentially no different 
from those presented in Ch. Ill for direct-current circuits, because the 
character and magnitude of the transients are deternnued entirely by 
the circuit parameters and the initial condita^ns, and are independent of 
the nature of the source. I'herefore this portion of the problem is post¬ 
poned for review subsequent to the treatment of the steady state. 

Instead of solving separately the series circuits liaving ^^arious combina¬ 
tions of jiarameters, the more direct method is to go at once to the general 
RLS case and obtain from it the cases involving fewer parameters. There¬ 
fore the circuit of Fig. 4 is used, with the assumiition that K has been in 
position 1 for an indefinitely long time. If the source voltage has the form 

e{t) = Em COS> + '!')= Em - ^ - - 


[7a] 


it is reasonable to assume th;it the steady-state cliarge has a similar form,* 

9«(0 = C"* + <#>?) Cm"“ — 2 




[ 20 ] 


in which case the steady-state current also lias a similar form, 
i,(/) = = OlQm <-Os + <t>,j -h ^ 

\ ir 12) _|_ + tt/U) 

= 0)Qm -- 

. = Im COS (cot + <t>) = Im - - „- 


[ 21 ] 


* This is discussed in .^rt. 5, Ch. III. Sine instead of co.sine functions could of course be 
used, as pointed out in Art. 2 of this chapter, but are less convenient in exponential form 
because of j in the denominator. 
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In the foregoing equations, 



[22] 

Qm “ 

[23] 

Im ^ ^Qmy 

[24] 

Im ^ j<^Qm ~ 

[24a] 

T 

0 = + 2 * 

[25] 



Fig. 4. Series RLS circuit with alternating-voltage source. 


The only requirement on the steady-state component is that it reduce to 
an identity 

di f* 

6 == R-i -\-L -j- ,S I idtj [26] 

dl 

(wherein functional notation has been omitted). Any of the forms of 
Eqs. 7a, 20, and 21 can be substituted into Eq. 26 in order to determine 
the conditions which must be satisfied lo obtain an identity. However, 
the use of 




[7b] 

and 



i, = 9{.[i„t’“'] 


[21a] 

leads most directly to the form of result in most common engineering use. 
Substitution of these forms gives 

gi.[E„.6'"‘] = + 91. 

-*•![« 

fo) J 

■ [27] 
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which reduces to an identity for all values of time only if 

Em = + j ^ J Im = ImZ 


or 


and 


= (^mU}(z/^) = /„z u + 0^ 
s 


o)L 


^ — tan 


n ^ 


R 


►[27a] 

►[27b] 

►[28] 


The quantity 

Z^R+j(wL-^^^ R-\- jiXj. + Xr) ^ R +jX, ^[20] 

^ - ff ~ yjK-‘ + A- 


►[29a] 


is called the impediuice'^ of the circuit, and K(j. 27a is sometimes called 

* Instead of substituting for / in Kq 26, it is just as logical to substitute ifi Ibe 

t quation 


d^q dq 

and obtain 

= fj? e I f -«=/. + .s + 1 , J 

A\hich reduces to an identity for all values of time only if 
V.rn - -f J^R\^)rn 

or 

Eimlyp — 4>g ){^ Q ^q ) ~ Qm^'q '^Q d" 

and 

R 


The quantity 


e, = <('-‘t>q^ tan ' ; .y- * 

O — CO L/ 


7^q — S — i>rL + Jf^Rf 

Za = 


[26a] 

I27c] 

[27dl 

[27e| 

[28a! 

f29b] 

I29rl 


is called the c/tar^e impedance By using it, the steady-state charge can be computed directly 
from the impressed voltage. However, this method is not commonly used. 'Fhe use of charge 
impedance merely makes one more set of relations which are rather supertluous to the engi- 
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the generalized Ohm’s law for alternating-current circuits. Voltage, 
current, and impedance of Eq. 27a are, of course, complex numbers and 
are sometimes designated in engineering usage as vector volts, vector 
amperes, and vector ohms. The quantity 

X = A -f- c = wZ, — 


is called the reactance of the circuit, and its components 

Xl = wL, 


A^r = 



ij)C 


►[31] 

►[32] 


are called, resi)ectively, ihe inductive reactance and the elastive or capacitive 
reactance of the circuit. 

If there is no elastance in the circuit, it is a series RL circuit, and 

Z = R+jtoL ^ R+JXl, [.S3] 

z = + At, [33a] 

and 

0 z = tan ’ — tan ' — • [34] 

/v A 


If there is no inductaiK c in the circuit, it is a series RS circuit, and 

=- R+jXr, [35] 

Z = -Jf?- + J = yjic- + A?!, [35a] 


and 



[36] 


nct r’'. struk, since (.h;ir],^c can be obtained so readily from current merely by use of Kq. 24a. 
It is interesting that 

I';,,. - [S - 0>-L +jwK]Q,n = ^ L3‘ - olL +jo,RijuOm = [fi +j(wL - [ 27 fJ 


or 


or 


QmZg — jioQrn . ImZ 

J(0 


[27kJ 


Z, = jaZ. 


[29d) 
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P'or the more artiticial condition where there is no resistance, that i^, for 
a series LC circuit, 

^ ^ j ~ ~ 

Z = A /, + A ( = A, 

and 

Hence for any series circuit, tlie steady-slate solution can he nnuie 
completely in terms of complex numbers, independent of provid(‘d 

that any two of the quantities in the e(iuation 

\'jm — I “ ^ ‘^1 

are known or can be computed. For exam]>le, the amplitude end ])hase 
angle of the electromotive force may be known. 'The imi)edance and its 
angle can be coniputed from tla^ values of the paramet< l‘^ of the circuit 
and the angular frectuency of the sourc'e. Flien (ne amplitude and pJiase 
angle of the current c'an be comj)ut(‘cl. If the amjditude and jdiase angle 
of the current instead of the elcTtromotive force are known, the ampli¬ 
tude and })hase angle of the electromotive force can, of course, be c'om- 
puU‘cl. Finally, if tlie amplitude and phase angle cd' both c‘lectromotive 
force and current arc* known, the impc‘(lanc'e and it.s angle ( an be com- 
])utecl, l)ut the reactance cannot be sc*parated into its c()mi)onents witlioul 
additional information. 

Fhe actual })hase angle of the c-lectromotive force or c'urrc“nt depends 
U])on the instant of o])eration of a switch (or some other circuit change) 
and usuallv is of little interc'st whc‘n only the steady-state .solution is 
(lc\sired. Ordinarily, in stc*a(ly-state comjHitalions, the rc‘lati\e jdiase 
angle, or the angle between voltage and current, is adecjuate, a fact which 

^ The use of (onipleN algehr.i in the solution ol eleiliii (ircuit and other plivsical i)rol)- 
lenis appears to ha\e been introdiKt*(] between 1X77 and 1X87 l.u^elv by Raylei^ii and 
Heaviside, the latter liein^ responsible for the iinention of thi‘ terms ‘ inii)edaiKi ’’ and 
“ atlniiltanc'e.” 

John William Strutt Rayleigh, The Thenrv of Sound (2d ed.; London: Macmillan & Co., 
Ltd , 18<M), Vol. T, C'hs. iv and \ , “ 'the Reaction upon the Driving-Roint of a System L\e- 
cutiriK Forcc'd Harmonic Oscillations of \"arious Periods, with Applications to Klectricity,” 
Thil. d/uij., tilth series, XXI ('IXXb), IXl, (). Heaviside, “ On Resistance and ('onductance 
Operators, and Their Derivatives, inductance and Permittance, Lspecially in ('onnection 
with Klectric and Magnetic Energy,” Phil. fifth series, XXVH (1X78), 479 502. 

'Lhese references contain in them other references on the subject. The use of the compli‘.\ 
method was introduced to engineers largely by Kennelly and Steinmet/: A. Iv. Kennelly, 
“ Impedance,” A.I.E.E. Trans.y X (1893;, 175-216; C. P. bteinmeU, “ Reactance, ” ideniy 
XI (1894), 640-648. 


[.171 
[37a] 
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means that one of the phase angles ^ or </> can be assumed to be zero or any 
convenient value. P'urthermore, instead of dealing with amplitude, engi¬ 
neers find it more convenient io deal with rooLmean-square or effective 
values of voltage and current as explained presently. If, however, true 
instantaneous steady-state values are desired, it is necessary to have the 
true j)hase an/j^Jes and the amplitudes, and to express the results as time 
functions in accordance with Eqs. 7a, 20, and 21. 

4. (iKAPlIK'AL RKPKKSENTATION IN THE ('OMPLEX PLANE: VECTOR 
DIAORAMS* 

(iraphical representation of complex-quantity relations such as those 
of the pr(*ceding article is of great assistance in the solution of engineering 
problems. For example, the expressions for e(t) and i(t) of Eqs. 7a and 21 

are so represented in Fig. 5. 
However, if the expressions 
fJJej and 

are used, as is done in the 
derivations of Art. 3, only 
the positively rotating ar¬ 
rows on the top half of the 
picture need be drawn. Since 
those in the bottom half of 
the plane are men'ly the 
images or conjugates of those 
in the top half of the plane, 
they give no additional in¬ 
formation, It is of course 
just as logical to use the 
complex numbers in the bot¬ 
tom half of the plane*, the negatively rotating set, and to throw away 
the others. I'his })roeedure results in the relation 

E,, = UZ [39] 

wherein E,,,, 1,,^, and Z are, respectively, the conjugates of En», Iw, and Z. 
'Fhis system, in fact, is used in the early American literature and still is 
used in some contemjx)rary European literature. All contemporary 
American literature, however, uses the positively rotating set. 

The next step in the use of diagrams is to free them of time. Since in 
the steady state the instantaneous values are commonly not desired, but 
rather the complex quantities of Eq. 27a, the interrelations of which are 

* Thi^ is another common engineering use of the term “ vector ” interchangeably with 
“ complex quantity.” 



Fk;. 5. Representation of real (piantities 
by conjugates. 




GRAPHICAL REPRKSENTATION IN THE COM I LEX PLANE 2()7 



kju>L==jXi 



impt'dance 



voltages and current (b) RL circuit 




impedance 



voltages and current (c) RS circuit 



imi>(-diincc 



Fig. 6. Vector diagrams of h„ , and Z tor series circuits 
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independent of time, the diagram representing such an equation can 
utilize any reference axis which may be convenient. Drawing this diagram 
corres{X)nds frequently to drawing that for the instant when t equals 
zero in Eq. 21, a fact which means that and 0 are retained from the 
time exj)rcssions. However, if instantaneous values are not desired, 0 and 
0 arc not important, alone being of consequence. In fact, in most 
.steady-state problems, the engineer does not know the exact time expres¬ 
sions, but deals only in amplitudes,* fre(|uencies, parameters, and angles. 
Hence 0 or 0 can be a.ssumed at will in order to obtain the most convenient 
reference axis.f Ordinarily one or the other is taken as zero. If 0 is taken 
as zero, lies along the reference axis; if 0 is taken as zero, 1^^^ lies along 
the reference axis. I'he latter usually is more convenient for a series circuit, 
because the same current exists in all branches. Similarly, the former 
usually is ni()r<‘ convenient for a parallel circuit, because the same volt¬ 
age exists across all branches. 

The diagrams for the series RLS, RL, RS^ and LS circuits, and the 
associated imj)e(lance triangles, by means of which the impedance Z is 
comi)ut(‘d in each case, an‘ shown in Fig. 6. 

In the addition of vectors it is not necessary to draw them all from a 
common origin. For exami)le, if in Fig. 6a 


5 

E,n “ T J~ Im ~ ^mied) T ^ m{de) “f" ^miea)y [^^h] 

0 ) 

corresponding to th(‘ circuit of Fig. 4, 
with K in j)osition 1, the vector diagram 
can be drawn by placing th(‘ vectors end 
to end in their proper secjuence around 
the circuit, as shown in Mg. Oe. The 
voltages between oth(‘r points on the dia¬ 
gram can then be scaled from the diagram, 
as shown by the dotted lines. If phase 
angles are desired, however, care must'be 
exercised to insure obtaining in each case 
the angle desired and not its c'omplement, 
its supplement, or its negative. An advis¬ 
able procedure is to transfer the vectors in 
c^uestion to a common origin mentally 
w^hen angles are desired. Furthermore, 
though it is sometimes |)ossible and perhaps convenient to have the 



* Or effective \ allies, delined pre.sently. 

t Hence the question of whether sine or cosine functions are used becomes siiperlluous. 
If time is reintroduced, however, it is important to remember that \p and <t> are defined on the 
basis of cosine function^, and that the sine relations are in Art. 2. 
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geometric configuration of the vector diagram correspond to the out¬ 
line of the circuit diagram, the student should recognize that such 
correspondence has nn physical significance. In fact, unless great care is 
exercised in drawing the vectors in the proper seijuence and direction and 
unless there is a full knowledge of existence or nonexistence of common 
grounds, some voltages scaled from this type of diagram may be en¬ 
tirely meaningless. Not only for this situation alone but for the entire 
process of manipulating alternating-curnmi circuit (juantitics by means 
of complex numbers, an understanding of ilie conventions of direction is 
essential. 

.S. Directions of voltages and currents when expressed 
IN COMPLEX notation 

When dealing with instantaneous values, it is not particularly ditfieult 
to visualize polarities for \'oltages and directions for currents in acvord- 
ance with the conventions establishe<l in ])ri‘vious chapters. Tiiese (on- 
ceptions, when carried into the realm of comyb x: numIxTs, however, 
(ease to have physical meaning but are mwertheless just as ess(‘ntiLd to 
(onsistent i)rocedure in order to avoid errors of sign. As stated in Art. 2, 
(1 l Jll, a time expression for electromotive fon i*, such as Fap 7a ai)plying 
to Fig. 4, €(l) or CahU) re])r(‘sents the amount by winch jx)int h is higli(‘r 
in potential than point a algebraic ally as a function of tinu‘. Obviously, 
from the nature of the sinusoidal func tion, th(‘ amount by whic Ji ])oint h 
is higher in potential than ]K)int a must be rc'pnsented by a negative 
number half the time; in other words, jioint b is actually lower in })()ten- 
tial than point a half the time. Similarly, a timi‘ (*x])ressi()n for ('urrent, 
such as Fq. 21 ajijdying to Fig. 4, /(/) or /,,/(/) rej)resents the amount of 
current in the arrow or c-d direction aly,cbrai(ally as a function of time. 
Again, it is oinaous from the nature of the time function that the current 
in the arrow direction must be ref)resented by a negative numb(*r half 
the time; in other words, the current is actually in the opposite direction 
half tlie time. Jdnally, a time c^xjm's.slon for charge, su('h as Va\. 20 ai)])ly- 
ing to Fig. 4, q(t) or g, (/) represents the amount of positive^ charge on the 
c plate algebraically as a function of time, d'he other plate always has a 
charge of eciual magnitude but of oj)posite sign to that on the e plate. Here 
also it is obvious from the nature of the time function that the amount 
of positive charge on the e plate must be re])resented by a negative num¬ 
ber half the time; in other words, the e plate actually carries a negative 
charge half the time. Another way of viewing the entire matter is to see 
that the polarity marks or arrows indicate the actual pcjlarities or direc¬ 
tions when the corresponding time vectors are in the fourth or first quad¬ 
rants if cosine functions are used, or are in the first or second quadrants if 
sine functions are used. 
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In associating the ideas of polarity and direction with complex num¬ 
bers, it is merely necessary to bear in mind that 

~ Efn(oh) ~ ~ ^^m(hn) 

is the complex number associated with 

^ = 9le[Em(ah)^^'] 

and that 

Im “ I/n(/</) ~ I/n(f/t*) 

is the complex number associated with 

i = = -idc = 

and that 

Qm = Qw(e) ==—Qw(/) 
is the complex number associated with 

q = q. = -qj = 

as derived in Art. v^, and to pay the same attention to polarities and 
directions in dealing with complex numbers as in dealing with the associ¬ 
ated time functions themselves. From the nature of the derivation of 
the use of complex numbers in alternating-current representation, evi¬ 
dently the quantity 

Im^ = I,n^ L C jlm^C [46] 

must be considered as a complex voltage drop in the arrow direction of the 
complex current I,,,, as must each of the components of I^Z. An assembly 
of vector diagrams for each tyjx* of element may be helpful. 

1^'igure 7 illustrates the position of the complex drop \m(ab) with 
respe<.t to the Lomj)lex current For the resistance the voltage drop 

\ is said to be in phase with the current Im(a?,)- For the inductance, 
the voltage drop Xmuib) is said to lead the current Im(ab) (or the current is 
said to lag the voltage drop) by 90 degrees. For the capacitance the volt¬ 
age drop Xfniab^ is said to lag the current Im(a6) (or the current is said to 
lead the voltage drop) by 90 degrees. For the general network, the voltage 
drop Xrn(nb) may be anywhere in the fourth or first quadrants. The volt¬ 
age and current vectors are distinguished by different arrowheads. 

For all passive networks, therefore, ^Fm(ab)Im(afe)COS or electric 
tx)wer absorbed, is a positive quantity. If the load is directly connected 



[42] 

[43] 

[44] 
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to a source, the electromotive force of which Emiab) is equal to 
the power ^Emiba)Im(ahXO?> 62 cielivered by the scjurcc is also a positive 
quantity, equal to that absorbed by the load.* 



Fic;. 7. Wetor relations of \ „i{ab) iintl hi,(nh) for passive elements. 


In slotted lines is shown Vmiba) or -V, which can be interpreted as 
the voltage drop from b io a^ or as the voltage rise from a to b. 1 his fact 
illustrates the folly of talking loo.sely about the voltage kMciing the cur¬ 
rent, and so on, and emphasizes the necessity for maintaining a systematic 
terminology and notation. 

6. Notation 

In order to continue conventions previously established, lower-case 
letters are in general used to represent time functions, and capital 
letters are in general used to represent constants. lunctional notation is 

* These expressions for power are developed in Art. 10. As evident from study of Art 10, 
cos 6z always is positive for a passive network because R is always positive. 
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used only where it seems to lend clarity in the solution of problems involv¬ 
ing transients. The symbols c, £, or E always stand for the electromotive 
force of an active element (a source), and the symbols V, or V always 
stand for the voltage drop through passive elements (resistance, induct¬ 
ance, capacitance) in the direction of the appended subscripts if double¬ 
subscript notation is used. 

7. Illustrative example of series RL circuit 

This numerical example is given to illustrate the u^e of complex quanti¬ 
ties in obtaining the steady-state solution of a series RL circuit. A 500- 
cycle-p(‘r-second voltage of 155.2 volts amplitude is applied to 95.6 ohms 
resistance and 0.128 henry inductance in series. The questions are: 

(a) Whal is Ihe amplitude of the current? 

(b) What is the instantaneous value of the current when the voltage is 
half its maximum negative value and decreasing in size, and what 
is the time at which this occurs? 

Time is measured from an instant at which the voltage is V3/2 times'its 
positive maximum and increasing. This example might be encountered in 
prac tice as a load connected to an alternating-current generator. Figure 4 


may be used if the condenser is omitted. 

Solution' [Part (a)] 

Z - 95.6 -f- y27r5(K) X 0.128 = 95.6 -|-y402 vector ohms, [vLSb] 

Z - +"*402- - 41S ohms. [85c] 

402 

dz = tan ^ ^ = tan" M.21 — 76.6® (not necclecl for Part a), L84a] 

Im = = ’ff? - 0.376 amp. [27i] 

Z 4 Li 

Solution: [Part (b)| 

Prom the conditions of the problem the voltaKc is described by the expression 

c = 155.2 cos (27r500/ - 80°). [5a] 


This can be expressed in exponential form as 
in which 

= 155,2€^^-’^/«^ = 155.2 /-30® , 

since 

^ ^ radian = -30®, [48] 


[7c] 

[47] 
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The problem is to find the current when e is — (|) (1SS.2) and is decreasing in size, 
that is, when co/ -f ^ is 240®. Then 


and 


CO/ = 240° -f 30° = 270° = y 


37r I 
~ 2 ^ 27r5(Kt 


3_ 

2,000 


= 1.5 X 10-3 sec. 


[ 49 ] 

[50] 


]\lerely one value of t is found. Of course any value corresponding to 

wl = ± klr, [51] 

where k is an integer, is equally correct. 

When / is 1.5 X 10 sec, the current is 

i = = tJ}j0.376€"^-30O-76fiO)^>f3W2)| 

= Ji?40.376 -30® - 76.6® + 270°] = ‘i{cf0.376'163.4®1 

- - . ^ 

= 0.376 cos 163.4® - -0 376 cos 16.6® ^ 

= -0.376 X 0 058 -- -0 360 amp. 

A vector diagram for the instant when / is 1.5 X 10"*^ sih is shown in Fig. 8. The 
lengths of the vectors are not drawn to any particular scale. 



Fig. 8. Vector diagrams for example of Art. 7 when / is 1.5 X 10“* sec. 


The type of vector diagram more commonly used is one in which the complex 
quantities and Im and their components arc shown. I'his does not involve time 
but merely shows the relative angular positions of these vectors. On such a diagram is 
shown how the voltage drops across the resistance and inductance add vectorially to 
give their combined voltage drop. In the RL circuit 


lm{K +j<^L) = Vnn 

[53] 

R^m “h j^Llm ~ E»n» 

[53a] 
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Computing these quantities for the foregoing example gives 

= 155.2e^< = 155.2 /-30 , [47a] 

= 0.376 /-106.6° , [27j] 

RU = 95.6 X 0.37 6/'-106.6° = 36.0 /-106.6° ; [54] 

juLU = /402 X 0.376 /-106 .6° ] 

= 151.2 -106.6°+90° 1 [55] 

= 151.2/-16.6°. 


These quantities arc plotted in the vector diagram of Fig. 9. In this 
diagram all quantities are independent of time. Figure 8, on the other 
hand, is properly thought of as a snapshot at a particular instant, of the 
time vectors that are moving at an angular velocity of co radians per 



Fig. Vector (liaiifram for example of .\rt. 7 when / 0 


second. The advantage of the ex])onential form of solution is that it gives 
these vector quantities, such as 1%, and which are (juite indej)endcnt of 
time })ut which yield instantaneous values very readily when the rotating 
factor is inserted and the real part of the product is taken. 

8. Power 

Thus far in this analysis of simple electric circuits only currents and 
voltages are considered. Another important quantity, the rate of energy 
flow, or power, is now discussed. This is important in both the communi¬ 
cations and the power asjiects of electrical engineering. In both these 
fields a significant feature of the problem is one of delivering a specified 
amount of power at a given point. The communications engineer must 
provide at the terminals of a loud-speaker or telephone receiver sufficient 
power to convey intelligence. The piower engineer must supply a given 
city or factory with the power desired to operate motors and lamps. 
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When a given amount of power is to be delivered, the particular values of 
current and voltage are of relatively minor importance because of the 
ease with which they can be adjusted to the values desired by means of n 
transformer. 

In analyzing circuits the usual procedure is the one thus far followed. 
Currents and voltages are determined first, and from these power is calcu¬ 
lated. The electrical engineer may be interested in either or both of two 
power quantities: first, the instantaneous jiower and tlie way it varies 
from instant to instant; second, the average power or rate of energy flow 
over a more or less extended period. In the following articles both these 
power quantities are considered for alternating-current circuits operating 
in the steady state. 

// 

vJK/I nstantankous power 

In a circuit branch through which there is j drop of jiotcntial v(t) in 
the direction of current /(/), the instantaneous ))ower pit) received is 

p{i) = [56] 

If voltages and current are expressed in volts and amperes, respectively, 
power is expressed in watts, w.* Over any time interval A/ the average 
power Pav is given by 

' r v{t)i{t)dL [57] 

A/ 0 

Equation 57 is an entirely general expression for average power and can 
be evaluated explicitly when the time functions v{t) and /(/) are known. 

At this jioint only the special case of sinusoidally varying voltage and 
current is discussed; detailed consideration of the general case is reserved 
for other volumes of this series. For the ^j)ecial case of sinusoidal functions, 

2^(/) = Vm cos (u)/ + yp) [5b] 

and 

i{t) = Im COS (w/ + </)), [21b] 

for which the expression for instantaneous power takes the form 

p{t) = v{t)i{t) = VmPn COS (w/ + \p) COS (w/ + </>). [56a] 

By means of the trigonometric identity 

cos X cos y = - 2 ~[cos {x + y) + cos (x — y)], 

’* The kilowatt (abbreviated kw') is commonly used for large quantities. 


[ 58 ] 
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Eq. 56a may be converted into 
p{t) - v(l)i(t) = [cos (2o}t + + cos - <#>)] 

V / VI 

= cos (2a,/ + ,^) + cos (?.. 

Th(‘ first of these terms represents a simple luirmonir time function of 
twice the frequency of either voltage or current, whereas the second term 
is a c onstant whose magnitude depends only upon the product of the mag¬ 
nitudes of the voltage and the current and iq)on their relative phase angle Bz, 
A plot of the instantaneous power pit) according to Eep 56a is shown 



Fig. 10. IMot of instanlancous power derixed from plots 
of instiintanetms vultaice and cuirent 

in Fig. lOa for the arbitrarily chosen angles tt b radian for \p and —tt/G 
radian for </>. In Fig. lOh are shown plots of c(/) and /(/). A comparison 
of these two figures shows graphically the relation of the instantaneous 
voltage, current, and power. The intervals during which the power is 
negative corres|xmd to those during which the instantaneous voltage 
and curriMit are opposite in sign. During these intervals, power is returned 
to the source from the piassive elements where it was stored in either the 
electric or the magnetic form or in both. These intervals occur only if 
v{t) and /(/) are out of phase with each other, that is, if is not zero, 
which is the situation shown in these figures. 
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Ij^'AVERAGE POWER 

An inspection of Eq. 56b shows that the average rate of energy flow or 
average p)Ower /*„„ into the portion of the circuit considered, taken over 
any integral number of periods, is the constant term, or 

Pa. = COS cos 0., [56c] 


where Os is the an^lc of the equivalent impedance. 

An instructive alt<Tnative is to obtain Ecj. 56c by actually calculating; 
the average value of Kc^. 56a over one comi)lete j)eriod ot the power; for 
example, from zero to tt in terms of co/ or from zero to r-'u) in terms of /. 
Thus, 


■j ' 03 

= - / P(i)dt 

TT 


[cos (2co/ -i ^ + (t)) + cos — <t>)]dt 


cos (ip 


Over any nonintegral number of periods or cycles the average power in 
general is different. However, the electrical engineer associates the term 
“ average j)ower only with a steady-state condition that persists for 
very many cycles. Consequently there can be little possibility of ambi¬ 
guity in the meaning of the term. 

There are several forms in which Eep 56c for average ]:K)wer can be 
ex})ressed when is the vector voltage drop in the direction of the vector 
current ^rn in a two-terminal imjn'dance /. When it is remembered that 

= I„Z, [27a] 


cos^, = 


the following forms of Eq. 56c are readily obtained: 

Y ] p 1 \ 

av = -j- cose, = — R = COS e, I 

= 2 Itz COS e^. 1 
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11. Root-mean-square or effective values of voltage and 

CURRENT 


Because of the frequency with which expressions for average power are 
used, it is convenient to remove the factor 2 from Eq. 56c by defining new 
values of c urrent and voltage which arc 1 /^2 of the maximum of the sine 
wave. Those now values, designated by Te and are called the efective 
current and ejjectivc voltage, respectively; that is, 


and 



Tr _ ^ ^ 

y c > 

V2 


[59] 

[60] 


and in terms of these effective values Ecj. 56e becomes 
I\v = VJ^ cos ft, I 

= I^R = cos = ifZ cos (>!. j 


►[56f] 


These are imj)ortant rc'lations. The first is quite general and gives the 
power input to any circuit in which the current and voltage are sinusoidal, 
are of the same freciuency, and are displaced in ]>hase by an angle 0 ,. 
When the circuit consists of an im})edance Z, the other exjiressions are also 
a])plicable. 

The significance of effective value can ])erhaps be made clearer by 
considering Z to be a simple resistance so that 

Z = Z, = R, +jil [61] 

If a \Tctor voltage Yrn is impressed on this resistance, causing a current 
Im, the average power delivered to the resistance is 

= JR^ = rj, = I:R,. [56g] 


If a constant voltage is im[)ressed on this same resistance, a constant 
current I^c results, and the power delivered is 

" I dJ,lc - [62] 

A comparison of Ik]. 56g with Eq. 62 shows that, for a resistance, a sine- 
wave alternating current and voltage deliver the same power as a direct 
current and voltage, provided the effective values of the alternating-cur¬ 
rent quantities are eciual to the direct-current values. 
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Since the instantaneous power delivered to a resistance R carrying 
an instantaneous current i is pR, it is evident that the average power 
delivered is equal to the average value of r’ times the resistance. The 
average of Ihe square of the current is quite dijfercnt from the square of the 
average current. In the case of a sinusoidal current, for example, the aver¬ 
age current over any integral number of cycles, and hence the square of 
this average current, are zero, whereas the a\'erage of the square of the 
current is finite over any finite interval of time. Mathematically, the 
average of the square of the current is easily obtained. Thus if 

i — I ,n COS {u)l 4>)> 

the average of P over a period is 

= T' / Urn COS (ttff -i- <t>)ydt 

IwJn 

COS® {oit + <f>)dt 

0) , " 1 cos 2 (co/ + <t>) 

■ r. '-X - 2 — •“ 

= ^ 

2 


[21bJ 


[63] 


where Te is the same as defined by Eq. 59. Thus for sinusoidal currents, 
the effective value is that whose square is cfiual to the average of the 
square of the instantaneous current. For this reason the effective value is 
often called the root-mean-square (abbreviated rms) value since it is 
equal to the square root of the average (or mean) of the square of the 
instantaneous current. Thus L can be delined by 


le ^ A ^average P 



►[64] 


where T is for an integral number of cycles. Equation 64 is, in fact, the 
general definition of the effective value of a current a definition which 
is always true regardless of wave form. It reduces to Eq. 59 for the 
special condition where the current varies sinusoidally. Similarly, the 
general definition of the effective value of voltage Eg is 

Eg = \^average?;- = 


which likewise reduces to Eq. 60 for sinusoidal voltages. In most practical 
work the vector current and vector voltage are taken respectively as Ig 
and Vg, rather than Im and V^, in order to avoid the use of the factor 2 in 
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expressions for power. Measuring instruments, such as voltmeters and 
ammeters, for use on alternating-current circuits are nearly always cali¬ 
brated in terms of effective values. Vector calculations are also usually 
done in terms of I, and V^. 

Hereafter, in order to simplify symbols, the subscript e is omitted, and 
K, V, T, and Q are understood to represent effective values unless other¬ 
wise specified. This change makes room for double-subscript notation in 
ref>resenting eTfective values when de\sire"d. The e'onventions of polarity 
and direction iii)i)ly to effective value\s in complex in j)recisely the same 
jiianner as explained in Art. 5 for complex amplitudes.* 

'The effective value or l/\ 2 of the maximum is different from, and 
greater than, the average value of one loop of a sine wave which is 2 /t 
of the maximum value. 'J'his factor 2/t is readily ol)lained by the usual 
integration process for finding the average value of a function. 

Idle ai)plication of Eqs. 04 and 65 to nonsinusoidal periodic quantities 
is considered in detail in subsequent volumes of this scries. 

12. Mkasurkmen'c of kffkc’Tive values 

'Idle principal instruments for the measurement of alternating current 
and voltage are of three types: dynamometer, iron vane, and thermo- 
('ou])le. faich of these measure^ the average s(piare of tlu‘ current in the 
instrument and has effective, or root-mean-S(iuare, values marked on the 
scale. 

In the dynamometer type are two coils in series, one stationary and 
one on the moving element, ddie instantaneous torciue acting on the n^n- 
ing element is j)roj)ortional to the jirodiict of the instantaneous currents 
in the two coih and therefore to the square of the current, since both 
curr(*nts are the same. Erom what has preceded, it is evident that this 
instant anc'ous torciue varies at double the ajiplied frequency but is always 
in the same direction. If the natural period of the mechanical moving 
system is large compared to the double-source-freciuency })eriod, the 
instrument is made to take a substantially steady deflection, depending 
on the a\'erage scpiare of the current. Since the scale is marked in terms 
of the sciuare root of the a^Trage square of the current, the instrument is 
made' to read directly in effective values. A dynamometer voltmeter is 
merely a milliammeter with a large series resistance. 

In the iron-vane type, a stationary coil induces poles in a soft iron 
annature or vane mounted on the moxing element, the iron being used 
under such conditions that the pole strengths are proportional to the 
inducing field strength. The torque acting on the vane is proportional to 

* EfTt‘cti\ e x'alues in complex are also sometimes called vector vo/is, vector amperes^ and 
vcitor coulombs. 
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the product of field strength and p)ole strength and therefore to the square 
of the current in the instrument. Mechanically, the instrument operates 
similarly to the dynamometer type. 

In the thermocouple type of instrument the alternating current passes 
through a resistance heating element whose temperature is measured by 
a thermocouple operating a D’Arsonval milliammeter. The average heat 
input to the resistance element is proportional to the average square of 
the current; the temperature rise of this element and consequently the 
thermocouple voltage are approximately proportional to the average heat 
input because of the heat capacity of the heater. The D’Arsonval instru¬ 
ment deflection is a}>proximatcly proportional, therefore, to the average 
square of the alternating current. As in the previous two instruments, 
the scale is marked in terms of the square root of the average square of 
the current. 

All three of these instruments are calibrated on direct current, using 
reversed r(*adings to eliminate any stray direct-current field effects. In 
general, the dynamometer and iron-vane types are limited to the lower 
range of audio frequencies, the dymamometer being the more accurate 
and expensive, though the accuracy of the iron-vane type is adequate for 
most measurements. The thermocouple type is more sensitive, that is, 
can be made to ojierate on much less power than the other two types, and 
is accurate for all frequencies, including the radio-frequency range. Its 
overload capacity, however, is small, the resistance element sometimes 
burning out at 1.2 times full-.scale current. The thermocouple tyjie is, 
therefore, far less rugged electrically than the other types, which may 
safely stand momentary overloads of many times their full-scale current. 

I'he rectifier and vacuum-tube ty[)e of instrument, as well as other types 
of instruments, are also used for alternating-current measurements, their 
deflections usually depending on something between the half-wave aver¬ 
age and the effective values. 

IvS. ]\Ikasurement or power 

A wattmeter is an instrument for measuring the rate of flow of electrical 
energy (power) past a given boundary in an electric circuit. In the sim¬ 
plest case, as in Fig. 11, one may wish to measure the average rate of 
energy transfer from a'l/ to ah. This measurement is conveniently made 
in many instances by a wattmeter in which there are two coils, one fixed 
and one inovai)le. The movable coil is mounted in pivots and carries a 
pointer that indicates on a suitable scale the angular position of the coil 
with respect to an arbitrary zero. A spring gives a definite angular posi¬ 
tion to the ( oil in the absence of any electrical torque acting on the coil. 

If the two coils have currents /V and tp, respectively, in them at any 
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instant, an electromagnetic torque T that is proportional to icip acts on 
each. This follows from the fact that the torque is proportional to the 
product of ic and the magnetic flux density set up by ip, or vice versa. 
This torque is also a function of the geometry 
of the coils, including the angular position of 
the moving coil. If ic and ip are constant, the 
coil takes an equilibrium angular position at 
which the electromagnetic and spring tou^ues 
are equal in magnitude and opjx^site in direc¬ 
tion. This angular position can be used as a 
measure of icip. 

In a wattmeter the fixed coil is usually 
wound with a small number of turns of rela¬ 
tively large wire suitable for carrying cur 
rents of a few to about a hundred amperes, depending on the rating 
of the instrument. The moving coil, on the other hand, is vound with 
many turns of fine wire suitable for a few or I’cw lens of milliamperes. 
In series with the moving coil is connected a relativelv large fixed n^sist- 
ance R so that this coil-resistance combination ciin bo connected directly 
between points having a potential difference of a few tens or hundreds of 
volts. In Fig. 11 the fixed or current coil is indicated by c and carries the 
circuit current ir. The moving coil is indicated by d which is in .series 
v/ith the fixed resistance R. This coil is called the potential coil, and the 
coil-resistance combination is called the potential cinuit of the watt¬ 
meter. Evidently if Ra is the resistance of the jioteiitial coil, the current 
ip in it is 



R<i -\ R 


[ 66 ] 


If V and ic are constant, the wattmeter indication is a measure of the 
power p, 

p = vicy [56h] 

since the indication depends on icip, and ip is proportional to v. When the 
scale is suitalfly marked at the positions taken by a pointer whc*n known 
values of v and ic are applied to the instrument, the wattmeter can be 
used to measure power directly when v and are constant. 

If V and ic are varying periodically, the equilibrium position of the mov¬ 
ing coil varies periodically. For example, if 

V = Vrn COS + \p) [5b] 


and 


i = Im cos (co/ + <t>)y 


[21bl 
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then 

p{f) — vi = cos 6i -|—cos {Iwt + if' + 0 ). [56b] 

If the moving coil has a sufficiently small moment of inertia, as in watt¬ 
meter oscillograph elements, the deflections indicate the instantaneous 
values of p(l) rather accurately for values of frequency as great as a few 
hundred cycles per second. In the usual wattmeter, however, the moving 
coil has i^afi'icicnt moment of inertia to make the motion of the coil 
associated with the last term of Eq. 56b, which is a vibration at double 
the frequency of v or /, negligible for frequencies greater than roughly ten 
cycles per second. For the usual conditions of use, therefore, the watt¬ 
meter deflection depends only on 

Pav == V/ cos 0^ [56i] 

or on the average power. A wattmeter calibrated on direct current can 
thus be used to measure average power in an alternating-current circuit. 

Unless f)rovi(le(l with a compensating winding, the reading of a watt¬ 
meter always must be corrected for the ])Ower loss either in its current 
coil or in its potential circuit, depending upon the side of the current coil 
to which the potential circuit is connected.^ Whether or not this correc¬ 
tion is important depends upon its magnitude compared to the power 
being measured, ancl ujx)n the accuracy desired. 

It should be noted that a waittmeter can be, and often is, used to 
measure tlie average of the instantaneous product of a current and volt¬ 
age that are not in the same |K)rtion of a circuit. Then the w^attmeter 
reading must be interpreted merely as this average, which may or may 
not be related to an actual rate of energy transfer in the circuit. 

14. PoWKR FACTOR 

For sinusoidal currents and voltages, the equation 

Pay = Vf COS [S6i] 

for average power is the same, except for the factor cos 0^ as that for a 
c ircuit carrying a direct current /,/c and having across it a direct potential 
clroj) Vuc, 

Pav = VdJdc- [62a] 

This cos 0^ factor provides for the fact that in an alternating-current 
circuit the current and voltage are, in general, not in phase. If they are 
in phase, 0^ is zero and cos 0^ is unity, and the VI product is the average 

“ C. W. Ricker and ('. 1], Tucker, Elatrital Ent^inccrin^ Laboratory Experiments ('4th ed.; 
New York; McOraw-Hill Hook Company, Inc., 1940], 8-14. 
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power. If they are displaced in phase by an angle the factor cos 
must be included with the VI product to obtain the average power. The 
factor cos Bz is therefore aptly termed the power factor of the circuit. 


15. Illustrative example of power computations 


A source of 155 volts amplitude, 60 cycles per second, supplies power 
to a l,()00-ohm resistor and a l.O-microfarad condenser in series. The 
cjuestions are: 

(a) What is the maximum power supj>lied to the 

capacitor? 

(b) At what instant does (a) occur? 

(c) What is the maximum power supplied to the 

resistor? -E 

(d) At what instant does (c) occur? 

(e) What is the average power supplied to the 

capacitor? 12. Series/iJC’t ir- 

(f) What is the average power supplied to the ^uit for example of 

resistor? Art. 15. 

The circuit diagram is shown by Fig. 12. 



Solution: 


Xc = - ; 


10"'* 


2 X 3.14 X 60 X 1.0 


=- —2,650 ohms, 


Z = V (1,000)'' + (2,650)2 2,850 ohms, 


V2 7 = 


s/lK IS? 
Z " 2,H.«) 


=- 0.0548 amj), 


[67] 

[351.1 

[27k] 


„ 1,000 

“ 2,830 ' 

e, - -6'j.2°, 

VI I'ff = 0.0548 X 1,000 - 54.8 v, 


VI Vc = 0.0548 X 2,650 = 145 v. 

If 

C == Em COS 03t, 

= 0 , 

then 

4 > = - 0 ,. 

i ^ 0.0548 cos (377/ + 69.2°) = 0.0.S48 cos (377/ + 1.21), 
JIB = 54.8 cos (377/ + 69.2°) - 54.8 cos (377/ + 1.21), 

Hr = 145 cos (377/ - 20.8°) = 145 cos (377/ - 0.,362). 


[36a] 

[ 68 ] 

[27m] 

[27n] 

[5>1 

[69] 

[70] 
[2Ic] 

[5<1] 

[5.-] 
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(a) The maximum jMDwer supplied to the capacitor is 

145 X 0.0548 


Pc(max) ~ 


= 3.98 w. 


(b) This maximum occurs when 

cos (2 X 377^ - 0.362 + 1.21) = +1 

or when 

2 X 377/ - 0.362 + 1.21 = Ikw 
where k is zero or an integer. Hence, 

-0.85 kw kir 

(c) The maximum power supplied to the resistor is 

54.8 X 0.0548 54.8 X 0.0548 

2 2 


pit ( max'f ~ 


3.00 w. 


(d) This maximum occurs when 

cos (2 X 377/ + 1.21 + 1.21) = +1 

or w'hen 

2 X 377/ + 1.21 + 1.21 = Ikir 
where k is zero or an integer. Hence, 

‘ " Fx .177 377 " “‘’•<’^'^21 +— sec. 

(e) The average power supplied to the ca[)acitor is 

145 X 0 0548 TT ^ 

I>, - -2 cos2 = 0. 

(f) The average power supplied to the rc.sis(or is 

„ 54 8 y 0.0548 (0.0548)**' ^ ^ 

Pit -- 2 tosO ^ 2 -1,000 1.50 w, 

which is the same as the average ])ower supplied to the circuit, 

P - X 0.354 = 1.50 w. 


[71] 

[72] 
[72a] 

[73J 

[74] 

[75] 

[75a] 

[76] 

[77] 

[78] 

[79] 


16 . Stkady-state response of the parallel GCr circuit with 

AN ALTKRNATINC^.-CURRENT SOURCE 

The behavior of this circuit, which is the dual of the series RLS circuit, 
follows from the behavior of that circuit if current is replaced by voltage, 
and vice xersa, resistance by conductance, inductance by capacitance, 
and clastance by reciprocal inductance. The circuit arrangement is shown 
in Fig. 13. The o])en-circuit condition here again replaces the closed-circuit 
condition in the dual case. 
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Current equilibrium with the switch K in position 1 is expressed by 

i = C ^ “h Gv + uj*vdt == Ifn cos (to/ -f- 0). 

The similarity of this equation to that for the series RLS circuit is seen if 
Eq. 26 for the latter is written in terms of current thus: 

e == + Ri + sj*idt = Em cos (w/ + ^). [26b] 



Fig. 13. Parallel GCF circuit with altenuting-current source. 


From the complete correspondence between h"qs. 80 and 26b, term for 
term, the steady-state solution of Eq. 80 can immediately be written in 
terms of the complex functions V, I, and the circuit parameters as 

^jo)C + G V = 1, [81] 


or solving for V, as 

V =_I_ 

In Eq. 82 the denominator is denoted by Y where 


Y = 6' - Q = G +jB = re'"*', 

(wC - , 


[82] 


[83] 


[83a] 






[84] 


The complex function Y is called the admittance of the circuit. It consists 
of the real part G, called the conductance, and the imaginary part B, called 
the susceptance. 



288 ELEMENTARY ALTERNATING-CURRENT THEORY 


As in the series RLS circuit, the relations for circuits hav'in^if only two 
of the parameters in parallel can be obtained from the general solution 
for the parallel 6’C7' case. The most imjjortant of these practically is the 



parallel GC case, Fig. 14, which is the dual of the series RL circuit. 


I = ICY, [85] 

¥ = (;+>(’, [ 86 ] 

F = \ +- [ 86 a] 

Oy — tan" ‘ = tan“’ ^ • [87] 

(/ (/ 


17. Impedance of series and parallel branch combina¬ 
tions 

The alternalinR-curreiit steady-stat(‘ solutions developed thus far are 
next extended to provide means for analyzin<^ simple scries and parallel 
combinations of circuit branches. 

'Fhe calculation of the voltage-current relations for two or more ele¬ 
ments in series in terms of their impedances is very simple. In fact, the 
impedance of any number of elements in scries can be readily seen to be 
the sum of their separate im])edances. Thus a circuit consisting of several 
resistances, inductances, and elastances in series, behaves when viewed 
from its terminals, precisely like a simple series circuit whose resistance, 
inductance*, and elastance are equal respectively to the sums of the 
individual n'sistances, inductances, and elastances. It follows, for 
example, that if three circuit branches whose impedances are Zi, Z 2 , and 
Z 3 , respectively, are connected in series, their combined impedance Zq is 

Zo = Zi + Z2 + Z3. ►[88] 

The addition in Eq. 88 of course must be performed according to the 
rules for complex numbers; that is, the real part of Zo is the sum of the 
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real parts of Zi, Z 2 , and Z 3 , whiJc the imaginary part of Zo is the sum 
of the imaginary parts of Zi, Zo, and Z 3 . The application of this {)rin^ 
ciple appears in the numerical example which is considered in the fol¬ 
lowing article. 

Next is considered the case of two scries branches connected in parallel 
to a single voltage source as shown in Fig. 15. It is desired to find the 
current io taken by the combination. 


e 



2 


2 


Fig. 15. Impedances in paralltd. 


If the voltage applied to llie terminals of combination is known, it 
is evident that the current in branch 1 depends in no way on tlie current 
in branch 2 , and vice versa, llenc'e one can write from Fq. 21 a 


and 


{ zi* 

[89] 

{if*"'“"]" 

[90] 


From KirchhofT’s current law 

fo d ?2 




[91] 


Equation 91 is inconvenient in that it recjuircs the addition of the recipro¬ 
cals of the complex functions Zi and Zj. d'his inconvenience can be some¬ 
what lessened if two new complex functions Yi and Y 2 are defined by 


Zi Ri -\~jXi 

= —L__, 

Z2 R2 +i ^2 


[92] 

[93] 


and the expressions on the right are rationalized. This rationalization is 
done by multiplying both the denominator and the numerator by the 
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conjugate of the denominator. Thus 

,_ ^1 — 3 ^ \ _ -^1 — 

^+ jXi) {R, - jX,) Ri + X‘i ’ 

.y._ R2 — jXj _ R2 ~ jX2 

~ {R2 +jX2){R2 -3X2) ~ Rl +XI ' 


[92a] 

[93a] 


The complex expressions for such Y’s are used so frequently that they are 
given a special notation. Considering Yi only, for simplicity one may write 

Yi = G, +jB,, [92b] 


in which Yi is called a complex admittance function, usually shortened to 
admittance function. I'he real part of the admittance function, G\, by a 
comparison of Eq. 92b with Eq. 92a, is 


6 ’i 


R\ 


[94] 


This is called the conductance function. The imaginary part of the admit¬ 
tance function is evidently given by 


Bx = 


R\ + X\ 


[95] 


and is called the susceptancc function. The distinction between Gi, which 
is the real part of an admittance function, and the G of the parallel GCr 
( ircuit of Art. 16 should be carefully noted. In the GCF circuit it turns out 
that G, which is the reciprocal of the resistance of one branch, is also the 
real part of the admittance function. In this very special case G equals 
1/ R. Ilut in general, and this should be noted very carefully, a conduct¬ 
ance function G is not the reciprocal of a resistance or even of a resistance 
function R but is the real part of an admittance function. A similar caution 
applies to any susceptancc function B, as is emphasized later. 

'rhe expression in Eq. 91 containing the Z^s can now be evaluated. It 
becomes 

^ + ^ = Y, d-Y2 = G,-bC2-fi[Si-f-52]. [96] 

Al A 2 


The definitions of G 2 and B 2 are evident from those for Gi and Bi, To 
simplify writing, the combined admittance of the two circuit branches is 
represented by 

Yo = Go +jBoy 


Go = Gi + G2, 

Bo == 4* B 2 . 


in which 


►[97] 

►[98] 

►[99] 
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By use of Eq. 97, Eq. 91 can be written 
For any particular branch, 

-I B 

By = tan - = -e,. 

u 


[91a] 

[84a] 


The admittance triangle is drawn in Fig. 16 for a branch such as 
branch 1 of Fig. IS, beside the impedance triangle for the same branch. 






^j§=JXc 


Fig. 16 . Admittance and iinped.'ince IriatiKles. 


If the parallel combination is itself part of a scries combination, it is 
desirable to write Eq. 91a in terms of an impedance, thus: 


^^0 


-A) 


where 


7 - ^ - 


1 


To Go + jBo 
Equation 100 can be rationalized as follows: 

Go — jBo Go 


Zo = 


(Go A- jBo) {Go — JBo) Go Bo ^ Go Bt 


Bo 


= Ro + jXo, 


in which 


To 


[91b] 

[ 100 ] 

[100a] 


Go 

Go + B% 

[101] 

-Bo 

cli + Bl' 

[102] 


and 




292 ELEMENTARY ALTERNATING-CURRENT THEORY 


Here is the real part of the impedance function Zq and is called the 
resistance function. In general it is not the resistance of any particular 
circuit element. It occupies the same position in the expression for the 
combined impedance of the two parallel circuits that a resistance R does 
in the impedance of a simple series circuit; Ro, however, is a function of 
angular frequency. The quantity Xo is the imaginary part of Zq and is 
called the reactance function. As with Xo is not the reactance of any 
single circuit element but is defined merely as the imaginary part of Zo. 
It is very important to note carefully that 

Ro ^ — [103] 

and that 

[104] 

As the foregoing development is rather lengthy and involves numerous 
symbols, it may be well to recapitulate by outlining the method of calcu¬ 
lation. I'irst, the component conductance function Gi is obtained from 
luj. 94, and a similar exi)ression is obtained for C/ 2 - The susceptance 
function is obtained from Kq. 95, and is obtained similarly. These 
are then added as in E(|s. 98 and 99 to give the com])onents of the result¬ 
ant admittance Vo as shown in 97. If the irn])edancc function Zo of 
the parallel combination is wanted instead of the admittance function 
Yo, it can be calculated by Kejs. lOOa, 101, and 102. 

If three or more circuit branches, instead of two, are in parallel, the 
same method apjilies. The onl}^ difference is that there are more CTs and 
B's to add together to get the combined admittance Yo. 

The methods of combining admittances and impedances and of chang¬ 
ing from one form to the other are applicable regardless of how the 
particular admittance or impedance functions are originally obtained. 
Thus for some circuits, such as a resistance and a capacitance in parallel, 
the jiarallel formulation leading to an admittance function may be the 
simpler, whereas for a series circuit, the formulation leading to the imped¬ 
ance function may be simpler. But once the admittance or impedance 
function is obtained, it can be inverted or combined in the ways shown 
in this article. 

18. Illustrative example of series-parallel circuit 

In Fig. 17 is shown a circuit typical of the form encountered frequently 
in both the j)ower and communications lields. In the power field it might 
be the equivalent circuit of an induction motor with a phase advancer; 
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in communications it might represent any of numerous transformer cir¬ 
cuits or other forms of coupling circuits. The aumerical Vtilues are quite 
arbitrary and vary with any particular application. The questions are: 

(a) What is the effective value of the current delivered by the source? 

(b) What is the elTecti\’e value ol the voltage across cdy and what is its 
phase relative to that of the source? 



Fig. 17. Series j)arallel circuit for example of Art. 18. 


Solution: The general plan of attack is to find t!ie resultant impedance of the 
entire circuit as viewed from the source, fioni which the current in ah is readily found, 
as the source voltage i^ known. 'Fhis current then divides between paths be and hede 
in the ratio of their admittances. 'Fhe voltage id is calculated from the current in td 
times the impedance between c and d. 

Calculation of the equivalent impedance of the entire ».ircuit as viewed from the 
source begins at the portion of the circuit most distant from the source, in this case at 
the portion bed. 

Si 6 29 X 10^ 

'Led - Rl — j ^ 200.0 — J ' ^ 7 — ^ 200.0 - ySOO.O vector ohms, f.S.Scl 

w 27r200 


Lbc = A !2 + joiLo = 19.2 -h y27r200 X 0.1862 - 19.2 f 7284.0 vector ohms, [38(1] 
Lbd = 'Led Lbc — 219.2 — /266.0 vector ohms, [88a] 


1 219.2 4 /266.0 219.2 4 /266.0 

“ Zm " (219.2 -7266.0) (219.2 -f./266.0) 219.2- 4 266.0“ 

219.2 +7266.0 219.^4 7266.0 

“ 48',()(K)'+~70^800 ” 118,800 

= (1.840 +72.24)10 ^ vector mho 
= 2.90 X 10~ ‘^ /50.6° vector mho. 


[92c] 


The calculation of the reciprocal of a complex number is likely to be one of the 
tedious bits of arithmetic in alternating-current calculations. There are several meth¬ 
ods of making the calculation, two of which are illustrated here. The calculation of Ybe 
uses the polar form, which can be stated as follows: 

Yi. = — = --—- = ^ 

Zbe Zbe 


[105] 
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This form is particularly convenient for use with a vector slide rule, which is a useful 
device for dealing with the arithmetic of complex numbers. 


Zbe = Rz -\- joiLz 250 -f i27r200 X 6.50 = 250 -1-^8170 
- 8170 /88.3° vector ohms; 

1 

= ^ /-88.3° = 1.224 X 10 V-88.3° 

= 1.224 X 10 4[cos (-88.3°) 4- j sin (-88.3°)] 

= 1.224 X 10-'*[cos 88.3° - j sin 88.3°] 

= (0.036 —yi.224)10“'^ vector mho. 


[33e] 


[92d] 


If the total Y between b and e is Y 23 , 

Y 23 = Y/,, + Yw = [1.840 4- 0.004 -f i(2.240 - 0.122)]10-* 
= (1.844 4-y2.118)10~’^ vector mho 
= 2.81 X 10 ^ /48.9° vector mho; 

Z 23 = = 234 — y269 vector ohms | 

= 356 / -48.9° vector ohms; J 

Z 23 = ~ 856 ohms. 

^ 23 


[97a] 


[100b] 

[100c] 


Now Zait may be added to Z 23 to obtain the equivalent impedance Zq of the entire 
circuit viewed from the terminals: 


Zah = 12.00 + jlirim X 0.300 = 12.00 4- y376 vector ohms; [33f] 

Zo = 'Zah + Z 23 “ 246 4-/107 vector ohms ~ 268 ^23.5° vector ohms. [ 88 b] 
The effective current in ah measured with respect to the voltage phase angle as zero is 

= 0.0397/^2^1° vector amp. [27p] 


The effective current in tci is given by 


I,.i = = 0.0397 ^-23 .S° 

X 23 

= 0.0410/-23.5° 4- 50.6° - 


2.90 X 10- ^/50.6° 
2.81 X 10 ^/~^9° 
- 48.9° 


= 0.0410 / —21.8° vector amp. 


The effective voltage \\d is given by 

Z^d = 200 — y500 = 538 -68.2° vector ohms, 

\\d =- y^dld = 538 /-68.2° X 0.0410 / -21.8° 
= 22.1 / —90 .0° vector v. 


[106] 


[35d] 

[27q] 


The word “ vector ” has been prefixed to the units of the results for emphasis. Here¬ 
after this is not done. I'hc form of the result indicates whether it is a complex number 
or merely a magnitude. 
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In this solution two interesting effects peculiar to alternating-current 
circuits are observed. The first is that the current led is greater than the 
current lab from the source. This is jK)ssible because the two components 
Tbe and led into which divides are out of phase by the angle between 
Ybe and Y^d, that is, by 

50.6° - (-88.3°) - 138.9°, [107] 

so that the sum of these two components can reasonably be less than 
either. The second peculiarity is that the voltage 1^,/ across a ])ortion of 
the circuit is greater than that impressed on the circuit by the source. 
This is also a peculiarity of alternating-current circuits in which the 
impedance of a part of a simple circuit may be greater then the imped¬ 
ance of the entire circuit because of the fact that the miaginary com- 
jx)nents may be either positive or negative 

In many problems, particularly in communications, where the behavior 
of a circuit over a band of frequencies must be (letermin(‘(i, a calculation 
like the foregoing must be made for each of a n j'jber of freciuencies. This 
is admittedly somewhat laborious ])ut may frc'quenllN be justified ec'o- 
nomically by the importance of the results. Again, an analy.sis of an 
arithmetical problem from the point of \'iew of reducing the work to a 
minimum frequently enables one to make an apparently \'ery laborious 
calculation relatively simple and short. Ac'tual mimeric'al results are 
\ ery important to the engineer, for until the results of any formal analysis 
arc reduced to actual numerical values, he cannot aj)]>Iy th(‘m to the 
design or predetermination of performanct‘ of a given ])ie(e of ecpiijmient. 

19. Power and power factor in tp:rms of admeitanc es 
Additional forms now can t)e written lor expres.sions of Arts. 10 and 14; 

cos 0; = ^ = ^ = cos dy. [28c] 

Par == VI COS Oz = VI COS Oy 

= PR = vh; 

. P 

= — COS Oz = COS Oy = /”/ cos 02 = “ COS Oy. 

When merely the power fa( tor is de.sired, either Oz or Oy may be used. 
Active and reactive power 

At the terminals of a circuit whose adrgi ttance js the vector 

current I is displaced in pha.se from the vector-voltage chop V by the 
angle Oy. By the laws of combination and resolution of sine waves, the 
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current wave can be resolved into two component waves, one in phase 
with the voltage and one in quadrature with it. Thus, if the voltage is 
taken as having zero phase angle. 


V = Vm COS 0)iy 

[5f] 

the current 


i = Tm cos (oj/ + By) 

[108] 

can be resolved into the inphase component 


ii = I m cos By cos co/ 

[109] 

and the quadrature or reactive component 


iq = 1m sin By cos + TV 

[110] 


which leads the voltage by 7r/2 radians. This is shown as follows: 


i cos (w/ f e„) 

= I m cos uit cos Qy — I yn sin co/ sin By 

= 1 fn COS By COS w/ -|- Im ^in By cos 

= + iq. 


[108a] 



Fid. 18. Vector diaj^ram of in- 
phasc and quadrature current*,. 


Vectorially, this resolution becomes 

Tm = Im COS By + jlyn sin By [108b] 

as shown in Fig. 18. 

Half the product of Vm and the in- 
phase com}X)nenl 1^ cos By of the \ector 
current is the average power. Half the 
product of Vyyy, and the (juadrature com¬ 
ponent 1m sin By is the reactive power, 
usually denoted by () and measured in 
units of volt-ampcres-reactive, abbre¬ 
viated to ZJ(zr.* 


Thus 


V J 

► m-* m 


sin B,, 


TV sin By. 


►[Ill] 


The factor sin By is the reactive factor. Though the reactive power has a 
physical significance, given below, its chief usefulness arises from its 
relation to the quadrature or reactive current. In the transfer of power, 

* Kilox'olt-ampcres-reactive, abbreviated kv^ar, are used for large quantities. 
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only the inphase eomponent of current is of direct usefulness, the reactive 
component contributing only to the {lou})le-freauency term of the instan¬ 
taneous power in Eq. 56b. A'hc heating loss in conductors, however, de¬ 
pends on the square of the entire elTeclive currc'nt, to whic h the reactive 
component contributes. Thus the heating loss is 

RI^ = RP cW e, + RP sin^ By, [112j 

and is therefore increased by thc‘ j)resence of reactive c urrent. Somc^ 
reactive current is usually present in alternating-current circuits because 
of its usefulness as a voltage regulator, or because of the inherent nature 
of many electric al devices such as induction machinery 

When considering power in a circuit, one usually is inti rc'sted also in 
the amount of reactive current (which is contributing nothing to the 
average power) relative to the amount of inj^hase current. Since () is the 
reactive current times the voltage, and Pav is the inj)hase current times 
the voltage (all currents and voltages effective values), Q is a measure of 
the reactive current just as is a measure of tin inphase current. 'I'hus 




/ sin B,^ 
I c os B If 


= tan By 


[113] 


sliows how () and Pav related to the phase angle By of the current with 
rc‘S[)ect to the voltage. This use of (> to show the amount of reactive cur¬ 
rent i)resent in a circuit contributc‘s i)rinci])ally to the practical utility 
of (>. 

The physical signific ance of Q is interesting, however, from a theoretical 
and sometimes a practical point of view, as ai)i)ears from mani[)ulation of 
the last term of E(|. 56b which contains cos (lict -f ^ -f 0). Since 

2a)/ -f ^ + 0 = 2(a)/ + ^) T (</> — ^) ~ 2(a;/ + ^) T 


the cosine can be expanded into 

cos (2a)/ -\- yp + <>) = [2(a)/ f yp) + | 

= CX)S 2(a)/ -f cA) cos By — sin 2(a)/ + \p) sin ByJ ^ 

by means of which Kq. 56b can be rewritten 

Pit) = V{I cos By[\ + cos 2(c./ + rp)] 1 
— / sin By sin 2(a)/ + ^) |. J 

In this equation the term containing cos By is the power resulting from the 
component of the current that is in phase with the voltage V, and the 
term containing sin By is the power resulting from the quadrature or 
reactive component of current. The power resulting from the inphase 
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curre-nt oscIJJates about the average power VI COS 9y, varying hetwet 

3/jcf zero at doubJe tbe frequency of the source. This power never 
becomes negative, however. The power resulting from the quadrature 
component, on the other hand, varies at double frequency about zero 
and represents a surging of energy from source to circuit and vice versa, 
with no net transfer of energy over any integral number of cycles in 



“ 30 , </) = —03.5’, Oy - —63 5 

I’lots on V, i .i\('s V 2 cos fw/ — ^0*^1 /, - ().44(> cos iu't ~ 30") 

/ - cos {ur( - 03 5 ) i,, - 0 805 cos iorl - 120^) 

Plots on potMT axes - 0.446 />, - 0.446 [1 -f" c'os 2(co( — 30°) 1 

- 0.446 -f- cos (2co/ — 123.5 ) 

/>,; - 0.805 sin 2 (u?/ — 30°) 

I'k;. 10, l ime plot of inpliasc and <]uadraturc turrents and power. 

eitluT direction. The timjdilude of this power oscillation resulting from 
the ([uatlrature component of current is VJ sin Oy, which is seen to be (). 
Hence the r(‘active ])ower can he interpreted physically as the amplitude 
of the power oscillation resulting from the component of current in 
quadrature with the voltage. ]n Fig. 19 are shown the voltage, the current 
and its two com}X)nents, and the various components of the power as 
given by 56k for a numerical example. 

Reactive power can be measured by an instrument similar in con- 






VECTOR POWER 


299 


struction to the wattmeter, ])ut with an inductor instead of a resistor in 
series with the potential coil, and with a condenser shunting the coil, in 
order to make the current in the {x^tential coil exactly 90 degrees out of 
phase with the voltage across the potential circuit. 

A word regarding the sign convention relating to Q is a])jiropriate here. 
As defined by Eq. Ill, Q is considered positive when By is jxisiiivc, that is, 
when the current leads the voltage drop or whcwi the reactive (omponent 
is 90 degrees ahead of the voltage. An equally jilausihle convention is to 
define (7 in terms of in which case a leading current gives rise to a 
negative (7. Bctth conventions are in use, hut current j)ractice tends 
toward the convention of E(|. Ill; in fact, this is the tentative inl(T- 
national standard.^ Accordingly this convention is followed ! en\ with the 
warning to the student that in the literature the alUnu't've convention 
is frequently used and that consec^uently he should be cognizant of it.* 

21. Products or V and I; vector power 

Before attempting to attach significance to a prodiu I of V and I, it is 
well to recall how these complex ({uantities are introduced into alter¬ 
nating-current-circuit analysis and to what limitations tlicw are subject, 
'fhe student should therefore reyic'W here Arts. 2 and ^ of this chapter. 
In those articles the complex quantities E, V, 1, Z, and so on, are showai 
to come from the introduction of the exponential functions, d'hese are 
substituted for the original trigonometric expressions in terms of which 
the instantaneous currents and voltage are expressed, in ohUt that the 
a)/’s can be eliminated from the solutions. 

When the subject of ])ower is introduced, however, one is dealing with 
})roducts of instantaneous currents and voltages, and it is evifkaitly neces¬ 
sary to return to comi)lete expressions for tlumi. 'riuis, while the exj)res- 
sion 17 cos 0^ has a definite, useful meaning, as has Ik^cmi shown, the 
meaning and use of the compk*x product \'J, if any, can be determined 
only by investigating its relation to vi. It turns out, in fact, from what 
follows that VI (V being the conjugate of V) and not VI is the significant 
and useful complex product. Thus the fact is em])hasized that in the 
complex number method, or symbolic method as it is often called, of 
handling alternating-current calculations, the comi)lex numbers V tind I 
are not the actual voltage and current functions but are merely derived 
or related conceptions that are very useful for certain purposes. They 
have significance only for those puriX)ses for which they can be shown to 

^ A. F>. Kennelly, “ Actions on Electric and Magnetic Units,” .1 /.A h. Trans , MIT 
402-405. 

* The convention of positive Q for lagging current is used in publications by engineers of 
the Westinghouse Electric and Manufacturing Company. 
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have significance, and any new use must be justified by proof in terms of 
the actual voltage and current functions v and i. Expression of the 
product n in terms of complex functions is therefore investigated. The 
instantaneous power absorbed by a circuit branch, whose voltage drop 
is V and whose current i, is 


in which 


p = w, 


= Vn 


[116] 

[ 7 d] 


f 0) 


+ e 


-J( (Jit 1-0) 


. = -^- 

Putting Eqs. 7d and 21d in Eq. 116 gives 

/> = i[VI + vid- -f vle'^^crj 

= ^ i 0)^;2a)f _j_ ^-j(0+0)^--;2w/J 

= VI [cos (\p — <f)) -V COS (2o)t -f ^ -1- (f>)], 


[21d] 


[ 117 ] 


the same result as Eci* 56b obtainecrdirecily from the trigonometric 
expressions. Not the final result, however, but certain of the intermedi¬ 
ate steps are to be used. The terms I + VI) of Ec^. 117 are the aver¬ 
age power since they yield the term 17 cos — 4>) or 17 cos d^. Also it 
can be seen that VI is the conjugate of VI. Hence, 

Par = i(VI + VI) = ^Myi] - «e[Vl]. [ 118 ] 

Ecjuation 118 is frequently of jmictical use. The last forms are also useful 


if the components of V and I are written out thus: 

V = V, +jV2 

[119] 

and 

I = /i +jh 

[120] 

as shown in Fig. 20. 

Pav = -jh)]] 

= JJ{e[(T 1 — /I 2)(/l +jf2)] 

►[121] 


= Ti/i -f IVo. 


If V and I are in rectangular form, Eq. 121 is convenient for computation 
since it gives the average power as the sum of the products of the real 
portions and the imaginary portions of V and I. 
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An even more useful result, follows from the term VI, which expanded 
becomes 

Vi =-■ ] 

= 17 (cos + J sin (9^) > [122j 

= ^av J{V 

Equation 122 is very useful when the power reactive () as well as the 
average or active power is 

wanted. The cjuantity P„,, -h /(), 
usually written P + J{), is called 
the verior poiuer, for which Kq. 122 
may be taken as the definition. 

Vector })ower is used extensively in 
power work and is one of the prin¬ 
cipal quantities in terms of which 
the power transmission engineer 
thinks. 

'rhe product 

VI = vy- + ►[123] 

is also often used, particularly in on d i • • • 

’ ^ Fio. 20. Ki‘;il iind imaginary components 

expressing the ratings for loads on oi \' ami l. 

alternating-current machines. In 

such machines, the limitations on output are such that the capacity is 
limited by the volt-am})ere* j)roduct rather than the power. 

The concept of vector power is useful in circuit c alculations because of 
its relation to the currents, voltages, and circuit j)arameters. Two of these 
relations are developed below. Their a])plication is illustrated in Art. 22 
by a numerical example. 

The first relation is that for any circuit whose terminal impedance is 
Z or terminal admittance is Y: 

p + j{) = VI = PR - j'PX = V2 C + jV^B. ►[124] 

This is readily provc^d as follows: 

VI = m = iK+ jx)il = (/? - jX)P - PR ~ jpx = ZP, [124a] 
VI = VVY = VV(G’ + jB) = V^{G + jB) = V^G + jV^B = F^Y. 

[124b] 

The second relation is that in any circuit consisting of series and 
parallel combinations of n single branches, the vector power for the entire 

* The kilovolt-ampere (abbreviated kva) is used for large quantities. 
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circuit is equal to the sums of the vector powers for the individual 
branches. Stated mathematically, 

Volo = i ►[125J 

k=l 

Equation 125 is proved by showing that it holds for parallel combinations 
and for series combinations of branches. Thus for two branches having 
admittances \ i and \\>, and carrying currents Ij and Ij, respectively, 

Volo - Vodi + L>) == Voli + V 0 T 2 . [125a] 

For two l)ranches in series having impedances Zi and Zo across which 
voltage drops Vi and \'2 occur respectively, 

Volo - fv, + V,)lo = V,Io + V 2 I 0 . [125b] 

In Jup 125, the vector power Va;!^: for the kih branch can be computed by 
any of the three forms given in Kq. 124. 

Iviuaiion 125 holds even for circuits containing star and mesh com¬ 
binations of branchc‘s.^ This ecjuation is often useful for checking the 
arithmetic'al solutions of circuits made in terms of currents and voltages. 

Vector power can readily be obtained from the admittance locus of a 
circuit. For, as show'n by Fq. 124b, 

p f VI - WY = r^Y [-^24 c] 

whenc'c it is seen that as read off its locus has merely to be multiplied 
by the sc(uare of the magnitude of the effective applied voltage to give 
the vector ])ovver. As is sliown in Ch. TX, the Y locus is usually a circle. 
There are many adaj)tations of circ'le diagrams for power charts and 
associated graphical methods of analysis.''’ 

22. IlLX^STRATIVK KXAAIPUC of the (X)MPUTATION of vector 

POWER 

As an illustration of the various methods of calculating vector power 
and also of the use of vector {K)wer in verifying arithmetical work, 
K(j. 124 is a{){)lied to the numerical example of Art. 18. 

At the ((Tmiiial.s 

Volo - (10.6 ())(0.0397 '-23.5°) 1 

' ~ -- t ri22al 

- 0.4J() == 0.385 w - y0.168 var. | 

■* W. V. l.yon, “ Rr.uti\o I'owcr and Power Faitor," A.I.E.K. Trans., LII (193.?), 
703-770. 

*'() (i (' Dahl, Eliilru Cirddts, \’ol. I: Theory and .ipplication (New York; McGraw-Hill 
Hook C‘omp,in>. Inc , 1928), Chs. \, .\i, and \ii, L. F. Wootiruff, Primiplcs of Eleitric Power 
TrousmisMou (2d ed ; New York: John W'iley &: Son.s, 1938), Ch. vi. 
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The individual branches are now considered, and be and cd are taken separately. 
For branch cd'. 

(VI),d - (22.1 /90.0° )0.0410 '-21.8° ' 

= 0 003 /68.2° 

= 0.334 w +/0.836var. 

For branch be: 

- IHR -jX) 

- (0.0410)-(10 2 -/234.0) = 1.68 X 10-»(19.2 
= 0.0322 w — _/0.301 var. 

For branch be: 

- I.jZicd = 0.0410 X 345 = 14.1 (27rl 

(Vl)6, = = (14.1)-=(0.036 -/1.224)10-^ 

= (7.2 - y244)10 " = 0.0007 w - j0.0244 var. 

For branch ab: 

(VI),u, = Z = 0.0397=(12 -jm) = 0.0188 w - jO.SOO var. [124f] 
Adding the separate Vi’s: 


Branch 

Vector 

Power 



w 

var 


<d 

0,334 4 

iO.836 ' 


h( 

0.032 - 

i0.391 


he 

0.001 - 

;0.024 

' [125c] 

ab 

0 0D> - 

jO 590 


vvr 

0.386 - 

y0.169 


VqIu 

0.385 - 

yo.i68 

[122al 


This checks reasonably well for slide-rule calculations of this complexity. 

23. Active loads 

In the treatment thus far, the load, that is, the part of the circuit 
receiving power, is assumed to be composed entirely of passive elements: 
resistance, inductance, and capacitance. Quite as commonly the load 
is comfKised of active apparatus — motors of various kinds. The dis¬ 
tinction of definition between active and passive apparatus is that active 
apparatus can accomplish sustained conversion from electrical energy to 
some other form of energy, or vice versa, whereas passive apparatus can 
accomplish only irreversible conversion of electrical energy into heat, or 
no sustained conversion at all. For example, a dynamo (a generic term for 
both motor and generator) is an active element. It can convert electrical 
energy into mechanical energy, or vice versa. There are various types of 



[122b] 


-y234.0) } [124d] 
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such apparatus for alternating currents and various other types for direct 
currents. A resistor is a passive element. It can produce no energy trans¬ 
formation except when electrically connected to an active element (a 
generator) to receixe electrical energy for conversion into heat. Capaci¬ 
tors and inductors also are passive elements. 'J'hey can produce no energy 
transformation unless connected electrically to a generator. If the supply 
is from an alternating source, merely a temporary transfer of energy into 
the electric or magnetic field is accomplished. Energy is stored during one 
half of the cycle and returned to the source during the other half. No 
sustained transfer of energy into a capacitor can he accomplished unless 
the voltage of the capacitor can be increased indefinitely. No sustained 
transfer of energy into an inductor can be accomplished unless the current 
of the inductor can be increased indefinitely. Neither of these conditions 
can be attained ])hysically.* 


a 


any active 
network 



Fid. 21. Relation between voltage and current for an active network. 

The characteristics of motorsf are such that they cannot be rep)re- 
sented in terms of a fictitious fixed static imi)edance or admittance. 
Representation by a static element is jK)ssible for a fixed operating con¬ 
dition, but since a new parameter must be determined for every new 
load condition, the method is not ordinarily very useful. Hence engineers 
usually treat active loads in terms of current and power factor, which in 
turn are known from test data (perhaps assembled in the form of graphs) 
as functions of operating conditions. 

If a generator and a motor are electrically connected, and if the latter 
is connected to a load which can supply energy as well as receive it (for 
example, a motor-generator set), it is |X)ssible for the generator and the 
motor to exchange functions. The diagram for an active load, supple¬ 
menting those of Fig. 7, is therefore as shown in Fig. 21. 

If lies in the second or third quadrant, cos 6 is negative. 

The load therefore is absorbing negative power or actually is delivering 
power. 

* Tht' discussion of active and passive elements in Art. 3, Ch. I, should be reviewed. 

t Motors and generators are studied in this series in the volume on rotating electric 
machinery. 




ILLUSTRATIVE EXAMPLE OF AN ACTIVE LOAD 


SOS 


24. Illustrative example of an active load 

A single-phase induction motor which has an efTective voltage of 230 
volts at 60 cycles per second maintained across its terminals takes 5.0 kilo¬ 
watts of power at 0.80 power factor. A condenser of adjustable capacitance 
is connected in parallel with the motor and is set to make the resultant 
power factor of motor and condenser unity. The j)ower factor of the 
condenser is 0.02, independent of its ca])acitance. The questions are: 

(a) If it is assumed that the condenser is equivalent to an ideal capaci¬ 
tance in parallel with a resistance, for what capacitance is it set? 
How much pxiwer does it take? 

(b) What is the total vector power taken by the nudor and condenser 
in parallel? 

(c) What is the amplitude of the o.scillation in instantaneous power 
taken ])y the motor? What is the freciuency of this oscillation? 

(d) What is the expression as a function of time for the instantaneous 
power taken by the motor and conde -ser in parallel? It may be 
assumed that time, /, is zero when the im])ressed voltage drop 
across the motor and confienser is a positive maximum. 

The conditions are shown in P'ig. 22. 


Ik 

Fig. 22. Condenser in parallel with induction motor for 
power-factor correction. 

Solution: For part (a), the reactive power taken by the motor is 

X 5,000 = ,^,750 var. 

0.8 

The condenser current and the condenser capacitance are related by 
3,750 = 230/r 
or 

2 SO 

Ic = = 230 X 377C. 

A c 

Hence, 

3,750 = (230)2 X 377r, 
from which the capacitance of the condenser is 


[126] 

[127] 

[128] 
[129] 



[129a] 
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and the power which it takes is 

Pc == 0.02 X 3,750 = 75 w (approx.). 
For part (b), the total vector power is 

P jQ - 5,000 -f 75 = 5,075 w -f yo var. 
For part (c), the power taken by the motor is 

Pm = F/.v cos -f r/jj/ cos (2w/ -f ^ -f 
The amplitude of the power oscillation is 

VIM = ^ = 6,250 va, 

U.o 


and the frequency of the oscillation is 
2 X 60 = 120 


For part (d), the instantaneous voltage and total current are 
V = 230V'2 cos Mil 


and 


5,075 

230 


V2 cos 377/. 


The total instantaneous |K>wer is 

p - vi - 5,075 X 2 cos- 377/ 

- 5,075 X 2(\ -I- i cos 7.54/) 

- 5,075 + 5,075 cos 754/. 


[130] 

[131] 
[56m] 

[123a] 

[132] 

[5g] 

[21e] 

[56n] 


25. Analysis of cirlitits in which only magniti^des are known 

In practice, problems often occur in which the known data are not in 
form suitable for direct substitution in vector equations of the type 
presented in the preceding articles. Thus in i)ower-system studies only 
the magnitudes of voltages and currents at different points on a network 
may be known, but the circuit impedance and the phase angles between 
voltages at remote points must be calculated from the values that can be 
measured. Ortain analytical methods that are useful in such problems 
are presented in this article by means of a numerical example rather than 
by developing literal expressions which become rather cumbersome. For 
the circuit of Fig. 23 the phase angle between the source and load voltages, 
and the vector value of the impedance Z arc desired. The load is known 
to be inductive. 


Solution: The first step is to determine the resistance R, All the energy loss in the 
line takes place in R and is determined by the difference between source and load 
power. 


(558 - 443) 10^ 
(43.5)2 


115,000 


60.8 ohms. 


1,892 


[133] 
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The load power factor can also be determined from the data: 

443 

Load power factor ~ 0.926. [134] 

j 1 X 43.^ 


P^=443 kw 
=558 kw 
/=43.5 amp 

Fig. 23. Single-loop circuit in u Kich p,,,, Ff,,,, F(;, and Pl 

are known from test data. 

Of course, in any method of solution used, the load voltage Xh, can be taken as the 
reference axis, and the current T then lags the load voltage by cos~^ 0.926, an angle of 
22 . 2 °. 



2.Sa. SOT.tITION BY VKt'TOR l.OOP-VOLTAGK EQUATION 

The vector equation for looj) voltages is 

16,(X)0_;« - (43.5 ^- 22.2^ ) (60.8 + jX) + 11,000^, [135] 

in which the phase angle a of the source electromotive force and the magnitude .V of 
the circuit reactance are unknowm. In any equation involving complex quantities, 
the real components on both sides must be equal and the imaginary components on 
both sides must be equal. Hence Kq. 135 may be separated into tw^o eijuations, as 
follows: 

16,000 cos a - 60.8(43.5) cos (-22.2°) -f 43.5.Y cos 67.8° + 11,000, [135a] 

16,000 sin « = 60.8(43.5) sin (-22.2°) + 43.5A' .sin 67.8° + 0. [135b] 

These equations can be .solved simultaneously for a and X, but it is simpler to deter¬ 
mine a from 

P S S8 

+ 0,802 1,361 


22.2° 4- a - ±36.6°, [137] 

ai - 14.4°, [137a] 

a. =--58.8°. [137b] 

The desired reactance A" may now' be found by substituting the two values of a from 

Eqs. 137a and 137b in Eqs. 135a or 135b. Equation 135b gives 


42,300 cos 14.4° - 35,600 _ 5,400 


- = 124 ohms 


and the theoretically correct but actually improbable value 
42,300 cos (-58.8°) - 35,600 -13,700 

“ 43.5 43“5 


— 7Xr~ ^ —315 ohms. 
43.5 
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This procedure is in effect the &rme as computing X from the reactive power of 
the line. From Eq. 124, 

Q = [140] 

The reactive power of the load is 

Q = 443 tan (-22.2®) = -181 kvar. [141] 

The reactive power of the generator is 

Qai - 558 tan (-36.6°) = -414 kvar, [142a] 

or 

(>r /2 - 558 tan 36.6° = 414 kvar. [142b] 

The reactive power of the line i.s therefore 

-= -414 -f 181 = -233 kvar, [143] 

or 

().. - 414 4 181 = 595 kvar. [144] 

The reactance of the line is therefore 


or 


A’l 


233,000 

(43.5)*-= 


123 ohms, 


A. 


595,(HK) 
(43.5)*^ 


—315 ohms. 


[145] 

[146] 


Equations 145 and 146 show that the reactance of the circuit may be 124 ohms 
inductive, or 315 ohms capacitive, either of which satisfies the test data as given. 

4'he selection between these can 



ljlX=QT 
1 (X posit iv^e) 


kv 


JV 

ji x- QS 

(A negative) 


be determined from a power- 
factor test at the source, a lag¬ 
ging source power factor corre- 
sfionding to the inductive 
reactance. 

25b. Gkapiiic soluiion 

BY VICCTOK DIAGRAM 


Two alternative methods of 
solution can be achieved by 
means of a vector diagram of 
the circuit. The load voltage, 
used as reference vector, is first 
drawn. From its tip, at point 
Fig. 24, a vector PQ is drawm 
parallel to the current vector I, 
and having a length equal to IR 
or 2.65 kv. This vector repre¬ 
sents the IF drop in the circuit. 
As the phase angle of the LY drop differs from that of the current by 90°, its direction is 
represented on the vector diagram by drawing the straight line ST perpendicular to 


Fig. 24. 


Vector diagram of relations in circuit 
of Fig. 23. 
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PQ through Q. The magnitude of the source voltage is known to be 16 kv; an arc ST 
cf a circle of radius 16 kv with cei’.ter at 0 is therefore drawn next. 1'he intersections 
of this arc with the line ST fix the two kKationsof the tip of the source-voltage vector. 
If the diagram is laid out carefully to scale, all desired results can be determined by 
measuring the vector and angles on the diagram. 


25c. Analytic solution from vector diagram 


If graph paper and drawing instruments arc not at hand, or il it is desired to make 
an analytic calculation as a more precise method of fletermiiiing a and V than the 
graphic method, a rough vector diagram may be constructed, following the method 
outlined in Art. 25b. 'Fhc purpose of this diagram is to provide a means of visualizing 
geometric relations which may be used to determine the tlesired results. In the iilus 
trativc problem here, the current vector I (Fig. 24) is extende'd, a.-. sli< wn by the dotted 
line, to intersect the perpendicular ST at IF, and VP is drawn ;hrough P parallel to 
7\V, intersecting OIF at V. From inspection of the diagram, 


or - {OP) cos (22.2°), 
or = 11(0.926) - 10.2 kv, 
mV - PQ = 2.65 kv, 

OIF - or -f UW = 12.85 kv, 

H’7' = \ or- - OlU - \^16= - 12.85= - 0.53 kv, 
()n' - rr - or sin ( 22 . 2 °) = n((U78) - 4.16kv, 
QT = \VT - ll\) = 9..S3 - 4.10 = 5..37 kv, 

AT = ^ = 12s^ ohms, inductive. 

43.5 

Likewise, 

]\\S = WT = 9.53 kv, 

QS = QW -f IF.V = 4.16 -f 9.53 == 13.69 kv, 

A 2 = ■ 5 - =315 ohms, capacitive 


[1471 

[148] 

[149] 
[1.50] 

[151] 

[152] 
[1.5,5] 

[1.54] 


[155] 

[156] 

[157] 


d'hc values of A' agree with tho.se derived in .Arts 25a and 25b. The source-voltage 
phase angle a is readily determined if desired. 


25d. General discussion of these methods 

The methods of analysis illustrated by the spccihc examples of Arts. 
25a, b, and c are very important and are widely used by practicing 
engineers, especially the vector-diagram methods of Arts. 25b and 25c. 
A suggested exercise for the student is to change the problem by consid¬ 
ering that R and A" are known, and that in addition only Eoa, J, ^md the 
load power factor are known. Then, in Eq. 135, A" is known but Vio 
appears as an unknown in place of 11,(X)0. However, since Pq is unknown, 
a cannot be determined by means of Eq. 136. 
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It is now in order to present rules for the application of these methods 
to network problems in general. 

^ I. In any equation involving complex quantities, the real parts of the 
individual terms can be equated, and the imaginary parts of the indi¬ 
vidual terms can be equated. This rule, which is illustrated by Eqs. ]v35, 
)J5a, and 135b, gives the necessary information for determining the 
values of two unknowns in a single equation involving complex quan¬ 
tities. 4 

^ 2. Since the voltage drop across a resistance is in phase with the cur¬ 
rent through the resistance, the vector representing the If? drop in a 
vector diagram is parallel to the vector representing the current I. ^ 

^ 3. Since the voltage dn^p across an inductive reactance leads the cur¬ 
rent through the reactance by a phase angle of 90 degrees, the vector 
representing an inductive jIX drop is perpendicular to the vector repre¬ 
senting the current I, and is in a counterclockwise direction from it. ^ 

^ 4. Since the voltage drop across a capacitive reactance lags the cur¬ 
rent through the reactance by a phase angle of 90 degrees, the vector 
representing a capacitive^'LY drop is perpendicular to the vector repre¬ 
senting the current I, and is in a clockwise direction from it. ^ 

^5. Since the vector sum of the voltage rises around any looj) of a net¬ 
work ecjuals the vector sum of the voltage drops around the loop, the 
voltage-rise vectors placed end to end from the origin must terminate at 
the same point in which the voltage-drop vectors placed end to end from 
the origin terminate.^ 

^ 6. A vector diagram constructed in accordance with rules 2 to vS may 
be considered as a plane geometric figure whose elements obey all the 
laws of plane geometry, trigonometry, and analytic geometry. ^ 

26. Steady-state response as a function of frequency 

For the series RL circuit, the magnitude Z and angle of the steady- 
state impedance Z at various values of the source angular velocity 
a> are now examined. By Eqs. 33 li and 3A, 


/ = Vr^ + 

[33a] 

. (joL 

e. = fan ‘ • 

[34] 


The magnitude Z and the angle 6. can be plotted as functions of co. If 
instead of Z, however, the ratio Z'R is plotted, the generality of the 
result is greatly increased. If this ratio is expressed in terms of R, L, and cj. 


z Vii- + o,-r/ /evLY 

R- R -\^^\~r)’ 


[ 158 ] 
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it is seen that Z/R^ as well as is a function of co/v R and that one plot 
can be made to cover all possible series RL circuits at all angular fre¬ 
quencies. Figure 25 is such a plot of Z R and B,. 

Both the lime constant L ‘R and the source angular frecjuency co enter 
as factors of equal imtK)rtance in determining Z R and When L/R or 
0 ) is very small, Z is nearly equal to R, and B^ is nearly equal to zero. 
In the limiting case of direct voltage, w equals zero, Z equals R, and B^ 
equals zero. When the angulai frequency is very large, Z is nearly ecjual 
to o)L and B^ is nearly equal to 7 r/ 2 . 

Next is considered the steady-state response of tJie series RS circuit 
as the frequency of the applied voltage^ is varied. Ab in the series RL 


L 

R 


TT 



Fig. 25. Impc(lance-fri*qucncy relations foi scries R/. (ircuit. 


circuit, the magnitude and angle of the impedance function as given by 
Eqs. 35a and 36 are sought. Again Z is divided by R to ()])tain a j)lot 
which applies to all series RS circuits. Dividing / from Ivj. 35a by R gives 



Figure 26 shows Z/R plotted as a function of o)R/ S. The curve for Bg is 
plotted from 

(^i) - (“!)■ 

The angle Bg is negative, and the reactance is also negative at all 
frequencies; so the current always leads the voltage. This phase lead of 
the current with respect to the voltage is characteristic of the capacitive 
circuit, just as the phase lag of the current is characteristic of the inductive 
circuit. Both the time constant R/S and the source angular frequency w 
enter as factors of equal importance in determining 7JR and Bg. When 
RjS or CO is very small, Z/R approaches infinity, and Bg is nearly equal to 
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-tII. In the limiting case of direct voltage, « equals zero and Z equals 
infinity. When RjS or <0 is very large, Z is very nearly equal to R and 0 , 
is very nearly equal to zero. 

For the series RL and RS circuits, a study of the impedance characteris¬ 
tic suffices to give a visualization of the behavior of the circuit, since the 
admittance and hence the current are reciprocally related to the imped¬ 
ance. For the series RLS circuit, a more complete analysis is desirable. 
The complete study of the steady-state response reduces to a study of I 

as a function of the applied voltage 
£, the angular frequency co, and the 
circuit parameters R, Z, and S. 

First the way in which the func¬ 
tion / depends upon the angular 
frequency co is considered. In the ex¬ 
pression for the impedance of this 
circuit, 

Z = 

= R + J(Xi + Xa) = R +jX, [29] 
the part 

a,L - ^ X = A't + AV, [30] 

CO 

IMG. 26. Impedance-frequency relations designated as the reactance, alone 
for series /f.V circuit. contains the angular frequency o>. 

The present problem, therefore, is approached first by study of the react¬ 
ance A' as a function of co. The two terms in this reactance denoted 
separately by 

^ coZ, [31] 

A> = - - y [32] 

CO coC 

are called, respectively, the Inductive and capacitive (or elastive) react¬ 
ances. The capacitive reactance is negative, whereas the inductive 
reactance is positive, at all frequencies. Accordingly, in the frequency 
range in which the resultant reactance of a combination of elements is 
positive, it is called inductive reactance; in the range in which it is nega¬ 
tive, it is called capacitive reactance. In Fig, 27 the reactances ATl and Xc 
as well as the resultant reactance A" are plotted versus angular frequency 
in order to make their individual and combined behaviors apparent. The 


£ 
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curve of Xl is given by a straight line with constant slope L, and Xc is 
represented by one branch of a rectangular hyperbola lying below the 
oi axis. Thus Xi, is zero when a? is zero and increases linearly toward 
infinity as co approaches infinity; that 
is, .Yy, varies directly as w, while Xc 
is negative and infinite when w is equal 
to zero and decreases in magnitude 
toward zero as w approaches infinity. In 
other words, varies inversely as co. 

The net or resultant reactance A" is 
given by the sum of the separate curves 
for Xl and .Y(^ It is clear that for 
small values of co, the A' curve almost 
coincides with the Xc curve, while for 
large values of co the A" curve ap¬ 
proaches the A"/, curve asymptotically; 
that is, for small co, the reactance A" is 
prc'dominantly capacitive; for large co, 
it is predominantly inductive. At some 
intermediate frequency the inductive and capacitive reactances must 
evidently be equal and opposite, and the net reactance zero. This situa¬ 
tion occurs at an angular frequency corresponding to the condition 

coL-=0 

CO 

or 

coL = — • [160a] 



Fig. 27. Rcac t.me ('-frequency relations 
for series RLS circuit. 


The value of co which satisfies this equation is 



[ 161 ] 


which is recognized as the angular frequency of free oscillation of this 
circuit for the nondissipative case, that is, for the case in which R equals 
zero. Thus, if the .series RLS circuit is excited by a voltage having an 
angular frequency equal to the nondissipative angular frequency of free 
oscillation coo, the circuit as a whole acts as though it consisted of a resist¬ 
ance R alone. Of course this statement is true only so far as the steady- 
state behavior is concerned. It is easy to see from Eqs. 29 and 27a that 
for this condition the impedance Z has a minimum magnitude and, hence, 
if E is constant, the current I has a maximum magnitude. This circuit 
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condition is designated by the term series resonance,^ and is the condition 
for which the effective current per unit of applied voltage is a maximum. 
It appears later that there are circuits in which a complementary con¬ 
dition of a current minimum per unit of applied voltage or a voltage 
maximum per unit of applied current can exist; descriptive terminology 
must therefore be so formed that these complementary conditions may 
be dearly distinguished. 

Whether or not the current response at the resonance angular fre¬ 
quency is exceptional depends evidently upon a comparison of this 
res})onsc with that which obtains at angular frequencies that are differ¬ 
ent from ojf) but that nevertheless are adjacent to this value, that is, 
angular frequencies which differ from coo by relatively small values. 

For the purjKise of studying the phenomenon of resonance, Eq. 27a may 
be written in the form 



by using Eq. 161. Since the study is jmncipally to determine how the 
current response for an off-resonance frecfuency compares with the 
resonance \'alue K/R, the foregoing form of cx})ression for I is convenient. 
Furthermore, using the resonant angular frequency wo gives a symmetri¬ 
cal expression for the ratio of reactance to resi.^tance, which is 



L 

This form further suggests that the ratio w wo instead of w alone be con¬ 
sidered as the indey)endent variable. In fact, Kq. 163 shows that the 
dependence of the current response upon frequency is wholly relative to 
the resonant frccjuency; that is, the response at a given angular fre- 
([ueiuy depends only upon the value of this frequency relative lo wq. The 
percentage departure from resonance is also easily expressed. Thus, for 
example, a? wo equal to t.l or oj ojo equal to 0.9 refers to frequencies ten 
per cent above or below resonance, while w/ojo equal to unity refers to 
the resonance frec^uency. 

The magnitude of the current response is considered first: 


I = 




►[ 164 ] 


Thi^ term is often abbrexiated by omitting the word “ series. 
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Plots of this expression versus a>o are shown in Figs. 28 and 29. The first 
illustrates the general character of the circuit behavior for the condition 
when R/ (cooL) is greater than V 2; Fig. 29 shows how the response versus 
frequency looks when R/{o3qL) is less than y/1. These conditions express 



a relation among the resistance, inductance, and angular fre(|uency oi 
resonance. The condition 

= Vi, [165J 

which separates the cases for which the curve of I \'ersus co/coo has a point 
of inflection between the origin and the j)oint witli abscissa 1 (as in 



Fig. 29) from those in which there is no point of inflection in this range 
(as in Fig. 28) can be derived by finding the w/wo co-ordinate of the 
intersection of the tangent to the curve at the origin and the curve, and 
setting this equal to zero. Thus, letting w/wq equal x, the slope* of the 

* In seeking maxima and minima of complex functions, it is sometimes ailvantageous to 
carry out the work in complex notation instead of in terms of absolute values. The method of 
doing so is explained in Art. 9, Ch IX. 
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tangent at the origin is 


dx I x—O 


_R_ E 
UqL R 


Using Eq. 164 gives 
xR 




[166] 


[167] 


Solving this for x gives x^ equal to zero, which is the intersection at the 
origin, and 



^ - ■ 

■ (f y ' 

[168] 

which if set equal to 
the result 

zero to make the point of inflection disappear gives 



[165] 

Angular frequencies wi and C 02 give equal values of I if 



Wy Wl COo W2 

[169] 

or 

(wi + 0 ) 2 ) ( - —= 0. 

\Wo 0)1(02/ 

[170] 

So 

0)1 = —(O 2 

[171] 

or 

1 _ W() 

[172] 


CJy CiJlCOn 


Since negative angular velocities are not considered, the desired solution 
is 

coo = V wiw-i- [172a] 

Equal response occurs for two frequencies whose geometric mean is equal 
to the resonance frequency. The response curve is said to be geometrically 
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Fu,. 30. Cunrnf-frequt^ru'y relationb for series 

RLS circuit, L constant,- - « 0.185. 

0)0 


even, about wq. The interval between the two w/wo values, at which the 
response is X/Vl oi its maximum value, is i?/(cooL). On an w scale this 
frequency interval becomes an interval of R/L, which is equal 

to 2a. The smaller this interval, the more sharply does the circuit respond; 
that is, the more pronounced does its resonant character become. This 
result, therefore, shows that the sharpness of resonance phenomenon 
depends only upon twice the constant a, that is, only upon the resistance- 
to-inductance ratio, not upon the individual values of R and L, and not at 
all upon the elastance param¬ 
eter S. 

The response at resonance 
depends only on R, and 
varies inversely with R, 
while far from resonance it 
depends almost wholly upon 
(and varies inversely as) 
o^oL, S/o)o, or \'lS. Thus, 
although the general char¬ 
acter of the frequency dis¬ 
crimination depends only 
upon the ratio R/L as is shown by the curves in Figs. 28 and 29, the 
value of maximum response depends on R alone. 

The effect of varying the parameters R and L separately is interesting 

to observe. This is illustrated 
by P'igs. 80 and 81, the first 
of which shows a family of 
resonance curves for various 
values of R, with L constant, 
while the second shows a 
family of curves for various 
values of L, with R constant. 
Thus for a given circuit, if 
the resistance is made smaller, 
the circuit favors the reson¬ 
ance frequency more strongly; 
that is, remote from resonance frequency the response curve is essentially 
unchanged, whereas in the vicinity of this frequency the curve is pushed 
up to a peak. On the other hand, if R is held constant and the inductance 
is made larger, the circuit discriminates against the nonresonant fre¬ 
quencies more strongly; that is, at the resonance frequency the curves 
are unchanged with increase in />, but at all other frequencies they are 
pushed down. In each case the circuit becomes more selective with 
regard to frequency as R is decreased, or L is increased, or both. 



Fig. 31. ('urrent-frequcncy relations for scries 
K 

RLS circuit, R constant, - « 1 46 
coo/- 
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27. Inductive and elastive voltages as functions of L, S, 

AND u 


When rcsoiuince is obtained by variation of inductance, the maximum 
voltafie across the inductance is obtained by maximizing the expression 


Ul = IXl = 


EXl 

+ (A'j, + 'xc)‘T'' 


[173] 


w'ith respect to inductive reactance Xl' 

'll'- = e[r:^ + (A-,. + A-,.)"]-’'" 

a\ I, 

- EXiiR- + {Xn + Xr)T'"^-{XL + Xc) = 0; 

whence, 

Xl =-TT- 


[174] 


[175] 


for maxiiniun F/,. Tf resonance is approached by increasing the induct¬ 
ance, the maximum F/, is reached after resonance is passed, that is, with 
a larger value of L than that required for resonance. 

A similar derivation gives 


Xc 


-f Xl 
Xl 


[176] 


for the value of elastive reactance A\' which corresj)onds to maximum 
voltage Ff' across the elastance when resonance is obtained by variation 
of elastame. If rc'sonance is aj)proached by increasing the elastance 
(decreasing the capacitance), the maximum Fr is reached after resonance 
is passed, that is, with a larger value of S than is required for resonance. 
If resonance is a]^proached by increa.sing the cai)aritance, the maximum 
F(' is reached before resonance is j>assed, that is, with a smaller value of C 
than is re(iuired for resonance. 

Obviously the maximum Vl accompanying a variation of S, and the 
maximum Fr accompanying a variation of A, correspond with the cur¬ 
rent maximum and hence occur at resonance. 

When resonance is obtained by variation of frequency, the maximum 
Vl occurs when 


CO 





[177] 


iind the maximum occurs wlieii 


jzrs - R? 


[ 178 ] 



RESPONSE OF THE SERIES RLS CIRCUIT NEAR RESONANCE 319 


The former occurs for to when greater than too and the latter for to when 
less than wq. 

The foregoing results can be obtained also by differentiation and 
maximizing in complex notation.* For example, 


+iO) 

R +i(A'/. + -Yr) ■ 


[17bl 


In this and in similar cases when the variable occurs in the denominator, 
the differentiation is simpler if a minimum is sought for the reciprocal: 

J_ = 1 [A +y (A /. + AV)] ^ 1 [- .Y,, + A'c _ . R -]] 

Vl E jXi, 


Ei Xr 


Aj 


Ll79al 


dXl ' Xl Yz, Ai ’ 


[180] 


dXL ~ xl ’ 

whence 

R _ Xl -j- Xc 
~ZYc ~ -R ’ 


or 


Xl = 


7 ?^ + Xl 
A r 


[181] 


[182] 


[183] 


as before. In this illustration there is no great advantage in obtaining the 
conditions for the maximum by this method. In other more complicated 
cases, however, the advantage sometimes may be very decided. 


28. Steady-state response of the series RLS circuit in 

THE VICINITY OF RESONANTC^E 

In the preceding articles of this chapter the steady-state responses to 
alternating impressed forces have been develoi)ed for the simple series 
and parallel combinations of circuit elements. Next, the steady-state 
behavior of the simple circuits in which resonance effects occur is further 
analyzed, because of the great practical imjx)rtance of such circuits. 
Whereas in the preceding discussions of the steady-state behavior as a 
function of the impressed frequency, attention is given to the entire 


Article 9, Ch. IX. 
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frequency spectrum, in the following discussion attention is turned more 
particularly to the steady-state behavior of simple resonant circuits in 
the vicinity of the resonant frequency. This subject is of fundamental 
imp)ortance in communications work, particularly in radio, and finds 
numerous applications in power work. 

It may be emphasized again that the alternating-current steady-state 
response relates only to the conditions in a circuit when the driving force 
has constant angular frequency and amplitude and has been applied for a 
time so long that the transient resulting from its application or a change 
in its magnitude or frequency has subsided to a negligible size. Thus 
when in this discussion the angular frequency or a parameter is spoken of 
as varying, not a variation with time hut merely a change in its numerical 
value is meant. In other words, if the circuit response were being deter¬ 
mined experimentally, the instruments would be read only after they had 
taken a steady deflection following any change in the source frequency 
or amplitude or in the circuit parameters. It may seem that undue empha¬ 
sis is being placed on what may appear to he quite obvious, but the 
emphasis is justified because not infrecpiently steady-state analysis is 
applied to conditions that are not actually steady, with misleading or 
sometimes entirely erroneous results. 

Further discussion of the series RLS circuit is first presented. In Art. 26, 
Eq. 162 was used as a basis for (alculating the current J as a function 
of the angular frequency w. While correct, this equation contains the 
expression (co/cjo “ W(, 'co) which near resonance becomes very small 
compared to either of its terms. In fact, four or five significant figures 
may be required to obtain a result within one per cent. To avoid this 
difficulty and also to make clearer some of the aspects of resonance 
phenomena, Eq. 162 can be rewritten using two new quantities b and ^o, 
which are defined and described as follows: 


b 


0 ) ^ W — Wo 

Wo Wo 


wo/v _ reactance of coil at resonance 
R resistance* of coil 


[184] 

[185]* 


The quantity b is seen to be the fraction of the resonance angular fre¬ 
quency Wo, by which any given angular frequency w differs from wq. Thus 
if w is l.()5wo, b is 0.05, that is, w is five per cent greater than wq. The 
practical usefulness of b is evident subsequently. 

The symbol Q without the subscript zero is extensively used to denote 
the ratio of the reactance of a coil to its resistance at any given angular 

* The same symbol is used for reactive power, but is not the same quantity. 
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frequency «. Thus 



[186] 


in which Q is obviously a function of w; ()(, is thus the value of Q at the 
resonant frequency uo. It is evident in what follows that the value of 
has great influence on the magnitude of the resonance effect, a large Qq 
resulting in a marked resonance phenomenon. I'he (1 of a coil may be 
termerl its quality or merit, or ability to produce resonance effects.* 

In terms of 5 and Qo, Eq. 162 becomes 


I 


E 

R 


1 


1 



[162a] 


which for near-resonance frequencies, that is, when w is nearly equal to wy 
or d is much less than unity, can be approximated by 


R 1 +j2Qo& ■ 


►[162b] 


The magnitude / is expressed exactly in terms of d and by 


/ = 



[164a] 


or approximately for near-resonance frequencies by 


E 


►[164b] 


* For frequencies extending well uj) inln the audio range, the Q of a coil can be made almost 
arbitrarily high by using sufficient material. At higlier frequencies the cfTect of distributed 
capacitance, skin effect, and so on, limit the value of p which can be attained even with 
unlimited material. At fretjuencies roughly under a few thousand cycles per second, skin 
effect and distributed capacitance can often be neglected and for these conditions 


Q <x frequency, 

oc (linear dimensions)^ (for a given .shape of coil), 

« (volume or weighl)*^^^ (for a given shape of coil). 


The air-core coil having the best possible Q for a spec ified length and weight of wire is a circu¬ 
lar air-core copper-wire coil having a square winding section b centimeters on a side and a 
mean diameter equal to 3.026 {Circ. Nat. Bur. Stand., No. 74, p. 204), for which 

^ ^ h — ^ (space factor of winding). (187] 

« R 635 


Such a coil, with h equal to 2 centimeters, space factor of 0.5, weight 400 grams or 0.9 pound, 
has a 0 at 1,000 cycles per second of about 20. 

For the usual coils used at frequencies of 10^ to 10^ cycles per second, the value of Q is of 
the order of 100 to 300. 
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When E is taken as a reaJ quantity, the real and imaginary parts, 
and respectively, of I are also of interest and are found to be 



exact expressions 


[ 188 ] 


[ 189 ] 


or approximately 


a.[l] 


R 1 
li l'+ 


.^[I] 


K 2()(,5 
R 1 + (2(^5)“’ 


[188a] 

approximations for 3 1 

[189a] 


These equations are plotted in Figs. 32a and 32b for various values of 
curves are exact; the dash curves are from the approximate 
equations. The ordinates are expressed in terms of the magnitude 
(e(iual to E/R) of the current at resonance. A curve of 

1 + ^(?o5 curve) [190] 

and 

Z ^ R -f (2(^)()3)^ (dash curve) [190a] 

is shown In Fig. 32c. This curve is merely the inverse of the I curve for 
E equal to unity. 

I'or the apj)roximate equations plotted with dash curves on Fig. 32, 
J)ve[I] and I are even functions and ^[I] is an odd function of 5. The 
(quantities ‘Uid I have a maximum value E/R at 5 equal to zero 

while .^[I] is zero there. On the other hand, ^[I] has a maximum and a 
minimum of magnitude E ' {2R) at approximately 3 equal to 1 ’ (2()o) and 3 
equal to — 1 respectively, for 3 much greater than 1, or exactly for 

(^)3[(2 + 3) (1 -f 3)] equal to ±1. The value of 9{e[I] has the same 
general apjx^arance as / but is a more sharply peaked curve. This fact 
can be seen readily from the approximate equations in which for large 
values of ()()3, l:>ft«[I] drops off as 1/3^ whereas 1 drops off only as 1/3. 




O >j1n 
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P'lG 32 Lxact and approximate current, impedance, and frequency relations, 
series RLS circuit 
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29. Sharpness of resonance; half-power points 

In most applications of resonant circuits it is important to have a 
measure of the sharpness of resonance or the width of the current peak. 
The most commonly used measure is the width of the peak at the half- 

power points, at which the power is one half and the current is l/v^2 or 
0.707 of its value at the resonance peak. In Art. 26 this width is shown 
to be R/L. This width is also easily expressed in terms of b and Qq. Thus 
from an inspection of the approximate expression of Eq. 164b for the 
current magnitude /, the current is seen to drop to l/\^2 of its maximum 
when 2Q()6 is ±1 or 5 is ±1/(2()o). I'hus the increment of 8 between these 
two half-power points is l/po, or the increment Aco in co is approximately 

^ r 

. • [191] 


Ao) 


C>() 


The exact result is o])tained from lup 164a as follows: The current / 
equals l/\^2 of its maximum value when 




dbl, 


from which 


and 




4 




S_ = -1 - 


2 ()(. 


4 ^. 


4C>ii 


for the + sign 


for the — sign. 


[192] 


[193] 


[194] 


A consideration of the + and — signs shows that + signs are associated 
with the positive values for a? and are therefore the values of significance 
in this problem. The half-power points therefore occur at 






for the above resonance, and at 


1 + 


1 

405 

[195] 

"T 

40§ 

[196] 


for the w below resonance. The half-px)wer points are separated in terms 
of 8 by 

VO 


[ 197 ] 
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which Avas the result obtained from the approximate analysis. I'he exact 
half-power 5's are great er than the approximate values by the difference 
betw^een VI + 1/(4yo) and unity, but their difference ( 64 . — 5 _) is the 
same by either the exact or the approximate analysis. 

The substitution of 100 for (> 0 , which is a typical value in radio¬ 
frequency work, shows that the exact and approximate values of the half¬ 
power 6 ’s differ by about 1 part in 80,(KK) or about 12 cycles per second 
for a resonant frequency of 10 ^ cycles per second. At lower frequencies 
the of colls are likely to be smaller, so if the error may be significant 
the exact expressions should be used. 

A word concerning the accuracy of measurements made at radio 
frequencies (the order of lO*'" cycles j)er second and upwards) may be help¬ 
ful here. In general, and subject to exceptions, it ma> be ^aid that errors 
of one per cent are permissible and difficult to avoid, and five per cent 
may be quite allowable. At these frequencies the values of the parameters 
often change rather rapidly with frecjuency. Conseciuently, for most pur¬ 
poses in such work one is seldom justified in usii^g the exact relations, the 
approximate ones often being more nearly a('curate than experimental 
data. 

v30. Inductive and elastive voltages in the vicinity of 

RESONANCE 

In the foregoing paragraphs the behavior of the steady-state current 
in the vicinity of resonance in a series RLS circuit is considered. The 
\oltages apiiearing across the inductive and elastive elements of the series 
RLS circuit are also of jiarticular interest because in the vicinity of 
resonance they may become many times the magnitude of the applied 
voltage. To the {xiwTr engineer these large voltages arc imi)ortant, for 
one reason, because of the stress they may imjiose on insulation. "Jo the 
communication engineer they are frequently of great imi)ortance because 
they occur only over a limited frequency range near resonance and can 
therefore be used to obtain sharp discrimination between freciuencies 
which are desired and others which are to be supjiressed. The tuning of 
radio circuits is an excellent illustration of this use. 

In the series RLS circuit the inductive steady-state voltage Vl and 
elastive voltage \ v are given respectively by the termsycoLI and —j (Sj a>)I 
of Eq. 27a. In terms of the applied electromotive force E, the angular 
frequency co, and the circuit parameters, the vector current is given by 
Eq. 162. Putting Eq. 162 in the foregoing expressions for Vx, and Vc gives 



[ 198 ] 
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\(*>0 W / 


As in the case of the current and for the same reason, these expressions 
can be put in a form more useful for examining their behavior in the 
vicinity of resonance by being rewritten in terms of the quantities 8 and 
Qo- Thus by using Eejs 184 and 185 

\J _ V JV»(^ + 5) -I 


Vl = E 


1 +JQ> 


'•e-KiT-D 


[198a] 


Vr = E 


1 + jQi)S 




[199al 


For small values of 5, that is, when 5 is much less than unity (near¬ 
resonance conditions) the values of V/, and are well approximated !)y 

Inspection of Eq. 200 indicates that Vl and Vc have maxima when 
5 etjuals zero, or at resonance. Actually this indication is only approxi¬ 
mately correct, as is shown by an evaluation of 8 from Eqs. 198a and 199a 
for the exact maxima. The magnitudes Vl and 1^- are 

„_A'ft(l+S) _miJlil!_ 


+ (^i 




V(1 + 5)- + + sy 


[198b] 




- 

v\l + 6)2 + ()262(2 + sy' 


[199b] 


from which tlieir maxima can be obtained by the usual process of equating 
the derivative to zero. This process, after some algebraic simplifications, 
yields the following: 
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For maxkniun Vl 

- 

1 

1 , 

[ 201 ] 


0 — rn 

/ 1 






for maximum Vc 






b = dt y 

ji-±- 
» 2& 

1 ; 

[ 202 ] 

and for minimum Vc 

b = - 1 . 



[ 20 d] 


Only the + sign need be used, since frequency is always considered as 
positive. The — sign, however, gives an identical numeiiral value for oj 
with a negative sign. 

The maximum values of and Vc arc the same: 


Maximum Vj, or Vc 



- E 


2Ql 


- 1 


[204] 


Because ()o is necessarily positive, for maximum Vi, b is always posi¬ 
tive, that is, CO is greater than coq, or the maximum occurs above the 
resonant frequency. This fact appears anomalous until one recalls that 
Vl changes because of change in the inductive reactance as well as 
because of change in current. Thus as to increases above too, T/Js increased 
by the factor toL, whereas, when co is nearly equal to too, J changes very 
little, and the maximum therefore, occurs w^hen to is greater than too. 
A parallel line of reasoning shows why the maximum Vc occurs when to is 
less than coo- The value b equal to — 1 shows that the curve for Vc has 
zero slope at the origin. 

Figures 33a and 33b show curves of Vl and Vc as functions of both b 
and co/too. 

By an examination of Eqs. 201 and 202 the maxima of Vl and Vc are 
seen to occur very near to too when Qo is large, that is, when the circuit 
is highly oscillatory, and shift away from too as Qo decreases. When Qo is 
l/v^2 the maxima have decreased to 7?, and the to for maximum Vl has 
become infinite, while that for maximum Fr has become zero. Thus the 
voltage maxima of the type shown in Figs. 33a and 33b occur only when 
Qo is greater than l/v^2, and are pronounced only if po is much greater 
than unity. 

In practical circuits the resistance R is usually that of the coil having 
inductance L. In that case the magnitude of the measurable voltage at 
the coil terminals is not F^, but is the magnitude of the sum of two vectors 
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whose lengths are Vl and //?, which are in quadrature. In resonance cir¬ 
cuits, however, since IR is usually small compared with Vl, the magni¬ 
tude of the voltage measured across the coil terminals ordinarily differs 
very little from Vl except at relatively low frequencies. 



Kio. 33a Inductance voltage — frequency relation, series RLS circuit. 

In the foregoing discussion of the series RLS circuit, the source is one 
that impresses a constant-amplitude voltage on the circuit. At the reso¬ 
nant freriuency the general characteristics of the response are low imped- 
[inte, large current in phase with the impressed voltage, and large volt- 
[iges across both the inductance and the elastance; at frequencies differ- 
ing appreciably from the resonant frequency, the general characteristics 



Fig. 331), C’apacitancc voltage — frequency relation, series RLS circuit. 

of the response are high impedance, small current largely in quadrature 
with the applied voltage, and component voltages not materially exceed¬ 
ing the source voltage. If, on the other hand, a current source of constant 
amplitude is applied to this circuit, the resonant-frequency response is 
characterized by a small minimum over-all voltage drop and relatively 
large inductive and elastive voltage drops, whereas at the off-resonant 
frequencies the total voltage drop becomes relatively large. The phenome¬ 
non of minimum response is usually described as antiresonance, and the 
series RLS circuit is thus said to exhibit current resonance and voltage 
antiresonance. 
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31. The parallel GCr circuit in the vicinity of resonancf 

The parallel GCr circuit is the dual of the series RLS circuit. If Eq. 27a 
for the series circuit and Eq. 82 for the dual parallel circuit are compared, 
the vector-current response of the series circuit to a unit applied vector 
voltage and the vector-voltage response of the parallel circuit to a unit 
applied vector current are seen to he mathematically identical. Thus the 
entire analysis of the series circuit is applicable to the parallel case, and the 
result can be used by merely interchanging current and voltage and by 
interchanging the parameters. Written in terms of 5 and Z)o, the voltage 
across the dual circuit when a current I is impressed is 


in which 



1 


1 A-jD^b 



Do 


03oC 

G 


[205] 


[206] 


corresponds to Qo in the series circuit and may be called a quality factor 
(or a leaky condenser represented as C and G in parallel. The student may 
find it instructive to evaluate the dual circuit equations and sketch the 
characteristic curves that corresjxmd to Figs. 32a to 32c, and Jdgs. 33a 
and 33b. 

It can be seen both by the duality relations and by following through 
the analysis in detail that the dual circuit exhibits the phenomena of 
voltage resonance and current antiresonance in respon.se to a constant- 
amplitude applied current. If, on the other hand, a constant-amplitude 
voltage is applied, this parallel circuit shows a current minimum at tlie 
resonant frequency. 


32. The parallel coil-condenser circuit in the vicinity of 




V 


resonance 

Next is discussed another parallel circuit, 
shown in Fig. 34, of more practical interest 
than the GCr circuit. This parallel circuit 
consists of a coil having a resistance R and 
an inductance L, in parallel with a conden¬ 
ser of elastance S. Practically, the loss in 
the condenser is usually negligible compared 
to the loss in the coil, so that the circuit elements shown in Fig. 34 
approximate rather well an actual parallel coil-condenser combination. 


Fig. 34. 


Parallel coil-condenser 
circuit 
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The response of this circuit to a constant-amplitude current is most 
easily obtained by writing the impedance of the circuit and taking the 
reciprocal to get the admittance. Since the combined impedance of two 
impedances in parallel is given by their product divided by their sum, 
the impedance Z through which the source forces current is found to be 


(R + jo>L){^-j ^ 
^ ■!) 


[207] 


Since the frequencies of principal interest are those in the vicinity of 
resonance, Eq. 207 is most conveniently rewritten in terms of Qa and h : 


Z = 


SL 1 —: 

L c>o(i +«) I 




The vector-voltage drop V across the circuit is 
V = iz = I 


R 


1+ya 

The current II in the inductive branch is 




A’ 


II = 


V 


IZ 


K. -f- R -f- jfjiL 

_ • 

, -^1-1-5 


= I 


R^j 


<-'-3 


-J 


= 1 


_()» 

1 -t- « 


r [^ + AV (f^)] 1 (j ^ 

R -|- jioL 


The current in the capacitive branch is 
V 


Ir = 


-J 


5 =-'■ 5 ^^ = ^ 


if+,■(„£-?) 


= I 


1 +A>o(l + 5 ) 


1 + jQ( 




[207a] 


[208] 


[209] 


[ 210 ] 
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In the vicinity of resonance where B is much less than unity, Eqs. 208 to 
210 can be simplified to 


R I + jlQob ’ 

►[208a] 

T _ T jQn 

l+i2(_)oS’ 

►[209a] 

j _ j 1 + ./X^ 

1 -1- ■ 

►[210a] 


While Eqs. 209a and 210a are good approximations for II and Ir, their 
sum, which is small compared to either I/, or I(> with the o’s encoun¬ 
tered in usual practice, is incorrect. 

Equations 208a and 210a can he further tiinplilied when (_)o is much 
greater than unity. 

V « I ^ 

K l+jlQ^B^ 



Ic 


1 — _. 
1 +y2(^>o6 


►[210b] 


When B is much less than unity, the condition when ()o is equal to infinity 
is very nearly equivalent to neglecting R in the numerator of Z. 

To indicate the order of the approximation involved in JOqs. 208h and 
210b at the resonant frequency because of the assumption that is 
infinity, a circuit is considered in which the coil has a of 100, a typical 
value for a radio circuit. For this case V is in error in magnitude by about 
one part in 10^ and in angle by about 0.01 radian or 0.57 degree. If (^)() is 
10, as might, for example, be the case at low audio frequencies, V is in 
error by about one part in 200 in magnitude and by 0.1 radian or 5.7 
degrees in angle. The current Tr is in error by the same amounts. The 
errors introduced by the assumption that 8 is negligible compared to 
unity are of the same order as those occurring in the series RLS circuit 
and are readily determined by inspection for any given case. 

The close correspondence between the approximate equations for the 
series and parallel physical circuits is of interest. For example, Eqs. 208b 
and 162b, Eqs. 209a and 200, and Eqs. 210b and 200 may be compared. 
With current and voltage interchanged, and inductive and capacitive 
subscripts interchanged, the equations are identical except for the con¬ 
stant factor SL in Eq. 208b. Consequently within the accuracy of the 
approximate equations, the same curves relabeled, and in one case 
rescaled, apply to both the series and parallel coil-condenser circuits. A 
summary of the resonant properties of the two circuits is given here for 
comparison. 
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SUMMARY OF CHARACTERISTICS OF COIL-CONDENSER 
SERIES AND PARALLEL CIRCUITS 



Series Coil-Condenser 
Circuit 

Parallel Coil-Condenser 
Circuit 

Source - 

Constant amplitude E 

[ Constant amplitude 1 

Near resonant 
frequency 

CO » OJo 

5 « 0 

Current resonance 

Low net impedance 

Large current 

Large voltages across induc¬ 
tive and capacitive ele¬ 
ments 

Voltage resonance 

High net impedance 

Large voltage 

Large currents in branches 

Away from resonant 
frequency 

oj differs considerably 
from coo 

High net impedance 

Small current 

V'oltages across elements of 
the order of E or smaller 

Low' net impedance 

Small voltage 

Currents in elements of the 
order of I or smaller 

Source ♦ 

Constant amplitude / 

Constant amplitude E 

Near resonant 
freciuency 

CO ^ C0() 

S - 0 

Voltage antiresonance, that 
is, voltage minimum 

('urrent anti resonance, that 
is, current minimum 

Aw a V from resonan t 
frequency 

CO differs considerablv 
from co() 

Large voltage across circuit 

Large current in line 


vS3. Il LXTSTRATIVE EXAMPLE OF CONDITIONS NEAR RESONANCE 

A resonant circuit for a radio receiver is to be designed. The variable 
tuning condenser to be used has a capacitance range of 1 l.O to KSO micro¬ 
microfarads. The frequency range for which the circuit is to be resonant 
is to be from 0.500 X 10^ to 1.600 X 10® cycles per second. The questions 
are: 

(a) For what inductance should the coil be designed, bearing in mind 
that in mass production of the coils the inductance may vary 
±5 per cent? 

(b) What is the allowable effective resistance of the coil if the half¬ 
power jx>ints for a single tuned circuit are to be separated by not 
more than 5,000 cycles per second? 

(c) What is the response of the circuit to disturbing frequencies differ¬ 
ing from the resonant frequency by (1) 10,000 cycles per second, 
(2) 50,000 cycles per second? 
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Solulion: The inductiuice of the coil required for resonance at the lower frequenc>’ 
Jimit and the upper capacitance limit is 


L = 


1 

C02C 


__ 1 

(2 X 3.14'x o.soo' X 10«)= X l.SolTro”- " *’■ 


[160b] 


If the nominal value of L is increased by 5 per cent to allow for manufacturing varia¬ 
tions, 

L = 0.000675 -f 0.000034 = 0.000709 h, [211] 

or about 0.71 mh for design purposes. Tuning at all other frequencies up to a fre- 
(|uency of 1.600 X 10® evidently is possible with this umI because 

^ “ (2 X 3.i4l<T^’^xlo®)2 X o'ooorov " ^ '-fiir'Hl. [IblH 

which is within the range of the condenser by more than 5 per cent. 

The allowable effective resistance of the coil is 

R = 2\ 3.14 X 5,()0() X 0.0(X)709 - 22.2 ohms [191a] 


For determining the response for the off-resonance conditions, the resonant fre¬ 
quency of 0.500 X 10® gives the worst deviation. For tliis frequency 


2 X 3.14 X 5(K),0(K) X 0 000709 
^ -^-^ 


[185a] 


Si 

10,000 

“ 500,(XK) “ ’ 

[l«4iil 

52 

50,000 

~ 500,000 ■■ ■ ’ 

[1841)1 

(2(?o5i)' 

= (200 X 0.02)2 = 16, 

[212] 

{2Qi,S,)- 

- (200 X 0.1)2 .. 400 

[212a] 

From Eq. 164b 



/i 

^ _ - 0.24, 

[213] 

7o 

\ 1 f 16 


« , 1-^ -= 0.050. 

[214] 

/o 

Vl t 400 


xS4. Instantaneous current-voltage loci 

In preceding articles, graphical methods are introduced for showing 
the relations among the steady-state complex quantities. The instantane¬ 
ous quantities are plotted also as functions of time. 

In many cases the instantaneous conditions at the terminals of a net¬ 
work are more conveniently studied in terms of an explicit relation 
between the voltage and current. Thus, since e(t) and i(t) are given by 
Eqs. 5 and 21 as explicit functions of time, a definite relationship between 
e(/) and i{t) is implied. This may be put into the form of an explicit 
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relation by eliminating the time variable between the two equations 
Plots of the resulting expression are useful in experimental studies by 
means of the cathode-ray oscillograph. If the deflection of the cathode- 
ray spot in one direction is made proportional to e(t) and the defection 
in the direction normal to the first direction is made proportional to i{t), 
the resulting curve is exactly that obtained by eliminating (l) between 
the two expressions. Such curves are referred to in what follows as 
instantaneous current-voltage loci or merely current-voltage loci. 

For simplicity a zero instant may be selected such that ^ in Eq. 5 is 
zero. This is merely a convenience and in no way detracts from the 


generality of the results. Then 

e{t) = Em cos o)/, [5g] 

i{l) = Im cos 6 cos o)i + Im sin $ sin cot. [2If] 

The current may be expressed as 

i(t) = ia{t) + it>{t), [215] 

with 

4 (/) = 7^ cos 6 cos wt, [216] 

4(/) ^ Im sin 0 sin w/. [217] 


Here ia{t) is the component of i{t), which is in phase with the voltage, 
and 4(0 is the quadrature component or the component whose phase is 
90 degrees behind the voltage. The inphase component of the current is 
expressible linearly in terms of the voltage; namely, Eqs. 5g and 216 give 


Im cos e 
ff e{l), 

L'rn 

[216a] 

/?* + A'* 

[216b] 


The following relations assist in eliminating time between e(t) and 4(0- 

e{t) 

— - = cos Oj/, 

L'm 

hit) 


Im sin 0 


= sin 


[218] 

:[ 219 ] 


Squaring and adding Eqs. 218 and 219 give 


e\t) 


+ 




El It sin* d 


= 1 , 


[ 220 ] 
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which is the equation of an ellipse in normal form with semiaxes equal to 
Em and Tm sin 6, respectively. 

Thus the plot of e{i) versus ia{t) is the straight line of Fig. 35, while 
the plot of e{l) versus 4(/) is the ellip.se, Eq. 220. Since the net current 
i is the sum of ia and 4, the plot of e(j) versus i{t) is the graphical sum of 
the straight line and the ellipse, which is an ellipse sheared in the straight 
line. The sheared ellipse still has its center at the origin but its principal 
axes no longer coincide with the co-ordinate axes. The resulting ellipse is 
inscribed in the rectangle 2£rn by 2Im and is tangent to this rectangle at 
four points, which correspond to those instants at which either the volt¬ 
age or current passes through its maximum values. At these points the 
corresponding values of current or voltage respectively are simply expres¬ 
sible in terms of the impedance angle, as indicated in the hijure. The points 



Fig 35. Instantaneous currcnt-xolUiKi* locus. 


corresponding to instants at which either voltage or current passes 
through zero are similarly easily exj)ressed. Thus eight points through 
which the resulting ellipse must pa.ss are readily set down. For an approxi¬ 
mate sketch this suffices, so that the desired locus is easily obtained. 

Several additional facts arc worth noting: If the impedance angle B is 
positive, the current lags the voltage, and the ellipse is traced in the 
counterclockwise direction. When B is negative, the direction is reversed. 
The major axis of the ellipse does fioi coincide with the line rep^resenting 
4(0- Neither does it coincide with the diagonal of the rectangle, as one 
might suppose from an offhand inspection. The orientation of the axes 
of the sheared ellipse bears a rather complicated relation to the co-ordi¬ 
nate axes of the figure and need not be investigated here. In the special 
case of zero power factor (when ^ is ±7r/2), the inphase current is zero 
and the resulting ellipse is in the normal form. On the other hand, when 
the power factor is unity {B equal to zero), the quadrature component 
of current becomes zero and the ellipse degenerates into the straight 
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line given by ia{i) alone. The elliptic locus may alternatively be derived 
by taking the current as a reference and splitting the voltage into in- 
phase and quadrature components. The result is, of course, the same, 
and there is no need to present a detailed discussion of this process here. 

The elliptic form of the current-voltage characteristic results from the 
choice of a sinusoidal source, combined with linear circuit elements, and, 
in general, the type of characteristic depends upon the type of source as 
well as the type of circuit. In experimental work such an instantaneous 
locus may occasionally depart widely from an ellipse because of the circuit 
exaggerating the effects of harmonic frequencies in the source voltage. 
This is particularly true of circuits in which resonance effects occur. 

PROBLEMS 

I. A nonincluctive resistance of 15 ohms, an impedance coil which has a resistance 
of 2 ohms and an inductance of 0.1 h, and a condenser of 120 ^f capacitance are con¬ 
nected in scries across vSlO-v (amplitude) mains having a frequency of 60 --. What are 
the current amplitude and its phase relation with respect to the imi)ressed voltage? 
What is the instantaneous value of the impressed voltage when the energy of the 
electrostatic field isO? w'hen the energy of the electromagnetic field is zero? 

2. The plate circuit of a five-element vacuum 
tube or pentode can frec^uenliy be considered 
as a current generator since its internal resist¬ 
ance is so high that a load impedance con¬ 
nected in the plate circuit has a negligible 
effect on the plate current. In using such a tube 
as an amplifier, it is useful to have as functions of 
frequency 

(a) the amplitude of ?'(/) in terms of 

(b) the i>hase angle of r(/) with respect to 
that of /(/), for the circuit of Fig. .^6. 
Both functions are to be plotted on one 
set of axes, up to 5,000 

3. A coil having a resistance of 100 ohms and an inductance of 1.0 h, and a con- 
dent^^r having a capacitance of 9.6 /uf, arc in series w'ith a sinusoidal electromotive 
force of amplitude 141 v and frequency 60 

(a) What are the e.xpressions for the total comjdex impedance of the circuit in 
rectangular, polar, and exj^onential form? 

(b) What are the complex exjiressions for current and for voltage drops (ampli¬ 
tudes) across the coil and condenser, referred to the impressed voltage as an 
axis of reference? 

(c) I'he results of (b) are to be illustrated on a vector diagram and each vector is 
to be identified wdth reference to a circuit diagram which shows the directions 
of the current and of the voltage drops. 

4. A source of 110 v and 60 supplies power to a 1,000-ohm resistor and a LO-^f 
capacitor in series. 

(a) What is the maximum f>ower supplied to the capacitor? 

(b) At what instant is this reached? 



/(/) = I,n COS (w/ -f 03 - 2 irf 

R = 51), (KH) ohms - 0.(X)4 m/ 
/ fre(iueiicy 

Fig. 36, lOlcments of iiniplilier 
circuit, Prob. 2. 
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(c) What is the maximum power supplied to the resistor? 

(ci) At what instant is this reached? 

(e) What is the average power supplied to the capacitor? 

(f) What is the average power supplied to the resistor? 

5. What is the effective value of a triangular-shaped alternating-current wave 
whose maximum value is 5 amp ? 

6 . Two coils are in series across 220-v mains having a frequency of 60 There is 
the same voltage (effective magnitude) across each coil, but one coil has a resistance of 
15.0 ohms and the other coil has a resistance of 7.00 ohms. I'he total power taken bv 
the two coils is 550 w. What is the inductive reactance of each coil? 



Fjo. 57. 'Fransmission line and loacJ, Prob. 7. 


7. A sinusoidal source of 60 ^ frequency is connected at a and h (Fig. 57) to a cir¬ 
cuit whose resistance R\ is 0.80 ohm and inductance L \ is 5.72 mh. A test at a-b shows 
that with 2,500 v applied, the power input is 100 kw at a lagging power factor of 78^’^,. 

(a) What is the vector impedance 7^2 which corresi)onds to the given conditions? 

(b) If a lossless condenser having a capacitance of 57.2 ^f is connected as shown by 
the dotted lines in parallel with Z 2 , the rest of the circuit remaining unchanged, 
what is the resulting kilowatt intml and power factor at a h? 

8 . A single-phas(‘ distribution line 1 mile long operates at 60 delivering 2,500 v 
at the load. What is the magnitude of the voltage dro}) in (he line when th<‘ load is 
75 kw at a power factor of 70^ ^ lagging? The conductors are 4 AW(i hard-drawn 
copper, spaced 6 ft apart on centers, operating at a temj)craturc of 20 C. Leakage, 
capacitance, and the effect of flux linkages within the conductors may be neglected. 


Zi 

-AAAA-'Tnnp- 



e=: lOv/r sin cat v 
Zi=2.50+j[8.66 ohms 
Z2==L25+jl.25 ohms 
Z3=0—j2.50 ohms 


, at angular 
frequency o) 


Fig. 58. Series-parallel circuit for Prob. 9. 

9. The circuit of Fig. 38 is in the steady state. 

(a) WTiat is the maximum instantaneous [Kjwcr supplied to Zi, Z 2 , and Z 3 , respec¬ 
tively ? 

(b) What is the maximum instantaneous total power supplied by the source? 
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10. In the circuit of Fig. 39 the total vector power from the source is 

El = 5,200 w - ;2,500 var. [221] 

The circuit operates in the steady state at a frequency of 60 

(a) What is the value of the inductance Li in henry's? 

(b) What is the effective value of the electromotive force E? 

(c) What is the power factor of the circuit at ab? Does the current I lead or lag 
the electromotive force E? 


Rf=^0 ohms 

2 ^ 3 —10“^ farad 
R 2=200 ohms 

Fig. 39. Series-parallel circuit for Prob. 10. 

11. An impedance takes 250 kva at a lagging power factor of 0.5 from a constant- 
voltage source. A second impedance is placed in parallel with the first impedance and 
takes 100 kva at an adjustable power factor. 

(a) What is the highest over-all power factor that can be obtained? 

(b) What is the active power supplied to the second impedance in case (a) ? 

(c) What is the reactive power supplied to the second impedance in case (a)? 

(d) What is the vector power of tlic combination in case (a) ? 

12. A coil connected across 230-v mains having a frequency of 25 draws 5.0 amp 

at 0.15 power factor. If this same coil is connected in series with a condenser across 
2v30-v mains having a frequency of 60 , 

(a) What capacitance must the condenser have in order to make the current 5 amp 
lagging? 

(b) What is the average power supplied to the circuit? 

(c) What is the power factor of the circuit? 

(d) What is the powder factor of the coil? 

(e) What is the maximum instantaneous power supplied to the circuit? 

(f) What is the vector power supplied to the circuit? to the coil? to the condenser? 

13. An inductive load of 2,000 kw' at 0.8 powder factor is connected to a 2,300-v power 
system of frequency 60 A condenser is placed in parallel with this load to make 
the resultant power factor of the inductive load and the condenser in parallel equal to 
unity. The power factor of the condenser wdth the necessary auxiliary apparatus which 
goes with it is 5%. 

(a) If the impressed voltage of the circuit is 2,300 v, what are the currents taken 
by the load and by the condenser? 

(b) A vector diagram is to be sketched showing the effective values of the vectors 
which represent (1) the voltage impressed on the circuit, (2) the current taken 
by the load, and (3) the current taken by the condenser 

(c) What is the complex expression for the resultant current taken by the load 
and the condenser in parallel? 

(d) What arc the active power and the reactive power (1) of the load, (2) of the 
condenser, and (3) of the condenser and the load in parallel? 
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14. A coil has a resistance of 2 ohms and an inductance of 0.1 h. It is desired to use 
this coil in series with a condenser to show the phenomena of resonance. If the onl> 
source available is 115 v, 60 what is the necessary capacitance of the condenser. 
If the condenser is designed for a maximum rms voltage of 700 v, what resistance 
must be inserted in the circuit in order that at resonance the voltage across the con¬ 
denser shall not exceed this amount? 

15. A wattmeter and an ammeter are connected to measure respective!}’ the aver¬ 
age power and the effective current taken by a series circuit which contains constant 
resistance, constant inductance, and constant capacitance. 'I'his circuit is connected 
to a source of sinusoidal voltage which has a constant amplitude, d'he frequency of 
this voltage is slowly increased from 20 to above 60 ^, at such a rate that the 
transient current produced by the change is negligible. 

When the frequency reaches 25 the wattmeter indicates ^14.4 w. As the fre 
quency is increased, the readings of the ammeter and the wattmeter increase. At ()0 
they are, respectively, 35.0 amp and 3,851 w. Any further increase in the frequenc> 
causes the wattmeter reading to decrease. 

(a) What is the resistance of the circuit? 

(b) What is the amplitude of the applied voltage? 

(c) What are the capacitance and inductance of the circuit? 

(d) What is the resonant angular frequency of the circuit? 

(e) What is the characteristic damped angular frequency of f he circuit? 


thermocouple inilliammcter, full-scale 
deflection at 120 millianiperes 

[A )-\AAAAA?^— 

R L 



Fig. 40. Circuit of fre(|uericy meter, fVoh. 16. 


16. The circuit shown in Fig. 40 is to be used for indicating frequency fluctuations 
in a 5,000- voltage supply. This circuit is to be adjusted for resonance at a frequency 
slightly above 5,0(X) It is to be so designed that 5,(XK) -- is the below-resonance 
half-power point. 

It may be assumed that a coil having (>o of 1(X) at 5,0(K) ~ can be built at a reason¬ 
able cost. The circuit is to be designed using such a coil so that frequency deviations 
of ±50 from 5,000 cause the milliammeter deflection to vary roughly from one- 
fourth to three-fourths full-scale deflection. 

The design should give the values of the resistance R and inductance L of the coil, 
the value of the elastance 5, and the value of the voltage to be used. Any approxi¬ 
mations may be used w^hich give results within 5 or 10%, as this is merely a preliminary 
design. 

Does the current at resonance exceed the current required for full-scale deflection 
of the milliammeter? 

The deflection of the thermocouple milliammeter is proportional to the square of 
the current. 

17. When two voltages 


v\ = A sin w/ 


L2b] 
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and 

. i ;2 = 5 sin (w/ + ^') [2c] 

are impressed upon the control plates of a cathodc-ray oscillograph tube, the image 
appearing upon the screen is a plot of versus vi in rectangular co-ordinates. For an 
arbitrary phase angle the plot is an ellipse. As is made to approach 0, the ellipse 
becomes slimmer and finally degenerates into a straight line when is 0. The cathode- 
ray tube may therefore be used to detect an inphase condition between two sine 
voltages. 

(a) Does the sensitivity of this method of detecting phase coincidence depend upon 
the ratio of the amplitudes A /B? 

(b) What is the optimum value of this ratio? 

(c) When the optimum ratio is used, is the phase discrepancy given by the approxi¬ 
mate expression 

2 ^ [applicable for small 

~ - radians | [222] 

^ [exact in the limit —*0 

in which a and h are the semimajor and semiminor axes of the ellipse? 

18. 'Fhe following voltages are impressed across the respective j)airs of plates of a 
cathode-ray oscillograph: 

= Vm\ COS (co/ - [5h] 

^'2 = Tm2 COS 2w/. f5i] 

(a) What is the general expression for the form of figure which should appear on the 
fluorescent window? 

(b) The forms of the figures are to be sketched for values of of 0,7r/4, and 7 r /2 
radians, taking V„a and Vrn 2 equal and vi measured horizontally 



CHAPTER V 


Xransient Analysis of Simple Alternating-Current 

Circuits 


1. Transient response of the series RL circttit with alter- 
NATING-VOLTAGE SOURCE 

As was stnted in Art. 3, C^h. IV, the procedure lor determining the 
transient portion of the solutions for circuits having alternating voltage.s 
or currents impressed is essentially no dilTerent from ijiat for direct 
voltages or currents. For the series RL circuit, as s>hown in Arts. 4 and 5, 
Ch. Ill, the procedure is to solve the forcL-f»*ee equilibrium equation 


L + Ki, = 0, 

[1] 

which is found on p. 172 to be 


II 

[21 


Exactly the same reasoning is u.sed to evaluate A in tlie alternating- 
current case as in the direct-current case. 'Fhus at any gi\’en instant the 
steady-state solution gives a delinite current, determineil only by the 
source voltage and the circuit jiarameters. When some change^ is made 
in the circuit parameters or in the source voltage, the actual current in 
general is not that given by the steady-state solution corresjHmding to 
the changed conditions Because of the inductance this actual current 
cannot change instantaneously; hence it cannot imniediatc'ly have the 
new steady-state value. By mc^ans of the transicait c'om])()n('nt of current, 
the actual current lunction gradually ap])roaches its steady-state value. 

These general principles are now applied to the scries RJ, case under 
consideration. From the original statement of the problem, the value of 
the current immediately prior to switching is /(O- ). This value changes 
only infinitesimally during the switching period, so that 

/(()_) = /(O) = /fO-f ). [3] 

The steady-state component fj/) of the current at time t is 

i, = = Im cos + 0). [4] 


When t is zero, 

fJO) = Im cos 0. 
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[5] 
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But at all times 

i = is + it = Im cos {ml + 4>) Ae [6j 

Hence for the particular instant when t is equal to zero, 

i{0) = i{0-) = is{0) + it(0) = Im cos (f) + A, [6a] 
and 

A = i(0-) - Im cos (t), [7] 

The actual current at any time I is therefore 

i = Im cos (col + <#)) + [i(0~) - Im cos [6bl 

Thus the transient comj>oncnt which is retired gradually by the factor 
actual current to meet the two following requirements: 
(1) that its initial value be i(0 — ), and (2) that the steady-state com¬ 
ponent of current i«(0) at the initial instant be Im cos </>. If it happens that 

i(0~) = Im cosefi, [8] 

no transient component is required. Furthermore, if —) is greater 
than Im, the switching cannot be accomplished without a transient. 


2. Tllustrativk example of series 7?L ( IRCX^IT 

The foregoing analysis may be illustrated by computing the current 
in the circuit used for the steady-state illustration of Art. 7, Ch. IV. In 
the circuit of Fig. 4, p, 262 (omitting the capacitance), the switch is 
thrown to position 1 when the voltage is 45 degrees beyond its positive 
maximum, and the current in the circuit is —0.200 ampere at that instant. 

Solution: If time is measured from the instant of switching, the expression for the 


applied voltage is 

e = 15vS.2 cos {cot -|- 45°), [9] 

and the steady-state component of current is 

I, = 0.376 cos {cot 4- 45° ~ 76.6°) = 0.376 cos (w/ - 31.6°). [4a] 

When t is zero, 

i.(0) - 0.376 cos (-31.6°) = 0.321 amp. [5a] 

Using Eq. 6a gives 

-0.200 = 0.321 4- u(0), [6c] 

from which 

.1 - u(0) * —0.521 amp. [7a] 


The coefficient R in the exponent of the exponential is 


R 

L 


95.6 

0.128 


= 747 sec- b 


[ 10 ] 
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Die current in the circuit after the switch operation is, therefore, 

I = 0.376 cos (wt - 31.6°) — O.S21« amp. [6d] 

This calculation is readily shown graphically as in Fig. 1. The vector is 

plotted for the first instant as 155.2 v at an angle of 45°. The current vector is 



Fig. 1. Vector dijigrani of transient and stea-.' >L.ite coinixments at 
initial instant, for e\aini)le of \i1. 2. 


76.6° behind the voltage vector, so that at the first instant it is 0.v^76 amp at an angle 
of -31.6°. 

At a subsequent instant, such, for example, as one half a cycle later, the diagram of 
Fig. 1 will have changed to that shown in iMg. 2. 'Fhe voltage and current vectors 



Fig. 2. Diagram of Fig 1 arlvanced ^ cycle. 


have rotated an angle of tt radians or 180°. A time of 7r/(27r500) or 0.001 sec has 
elapsed, and the transient component of current has decreased to 

fi(10'"®) = —0.52l6“°-^'*^ = —0.521 X 0.474 = -0.247 amp. [2a] 

The current in the circuit is 

f(10-3) =. -0.321 - 0.247 = -0.568 amp. 

Figure 3 shows a plot of Eq. 6d as a function of time. 


[6e] 
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In this example the transient component of current at the end of one cycle or 0.002 
sec has decreased to or 0.224 of its initial value. At the end of two cycles it 

has decreased to 0.224 of this or 0.0500 of its initial value. Thus the transient has 
largely (95 per cent) disappeared by the end of two cycles. 


amp 



Fig. 3 I ime plot of instantaneous components of current, for 
example of \rt 2 


3. Further c^onsideration of transients in series RL circuits 

It is interesting to ex])ress the decay of the transient component per 
cycle in terms of the angle 6^ by which the steady-state current lags the 
source voltage. From Eq. 34, p. 264, 

~ = tan^, [11] 


or 

R^ (Jit 
L tan dz 


[lla] 


At the end of one period or cycle wl is liv, hence 

27r/(tan0z) |-|2j 

:it the end of one period. From Eq. 12 it can be seen that if is small, 
tan is small, and j., small. 

In general, if the transient time constant L/R is large compared to 
one period of the source ^•oltage, the transient persists over a number of 
cycles; whereas if L R is small compared to one i)eriod, the transient 
disappears in a fraction of a cycle. This idea is frequently important 
practicidly. In communication systems, intelligence is often transmitted 
by varying the amplitude of an alternating voltage. Evidently, for faithful 
reproduction of the intelligence, the circuit should respond rapidly to 
changes in this voltage, that is, the transient accompanying the change 
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should disappear quickly. In this way the amplitude of the current can 
be made to follow closely the changing amplitude of the applied voltage. 

Another aspect of the transient performance of the series RL circuit 
is important. The size of the transient is determined by the difference 
between the actual current and the steady-state component at the initial 
instant. If these are equal, there is no transient. The maximum transient 
is produced when the discrepancy between them is a maximum. In the 
example of Art. 2 the transient would l>e zero if the switch were thrown 
when 

^(11) = f«(0) = —0.200 amp. |0fj 

This situation would occur if at this instant the steady-state current 
vector made an angle 

cos-' = 180° ± 57.8° = ±122.2° [18] 

with the axis of reals. The corresponding voltage vector angles are 

±122.2° + 7().6° = 198.8° or -45.6°. [14] 

Under the special condition of zero initial current, the initial value of 
the transient component is evidently equal in magnitude and opposite 
in sign to the initial steady-state comix)nent. 

These considerations are often of great practical importance. For 
example, when a short circuit occurs on a ix)wer system, the currents are 
essentially the same as those just treated. Uircuit breakers to interrupt 
these currents are very large and costly, so that it is of considerable 
importance to know just how large are the currents they may be called 
upon to interrupt. Also the forces s(‘t up in machines may be severe 
under short-circuit conditions. Predetermination of the size ot the 
transient and of its duration is therefore an important problem for the 
designer. 

4. Transient response of the series RS ctrc uit with alter¬ 
nating-voltage SOURCE 

The transient part of the charge solution is obtained by integrating 
the equation for the force-free state, 

+ = 0. [15] 

at 

The solution is 

q, = /le-*'**'"’', [ 16 ] 

as shown in Art. 8, Ch. III. The steady-state component q, is 
g. = 9{«[Qm€'"‘] = Qm cos {wt + <#.,). 


[ 17 ] 
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The complete solution is, therefore, given by 

? = Qm cos (o)/ + (l>q) + Ae [18] 

Paralleling the discussion of current in the series RL circuit, the initial 
value of the transient charge must be such that, when added to the 
initial value of the steady-state charge, the sum is the known value of 
the actual condenser charge ^(0) at that instant. Thus for switching when 
time I is zero: 

g(0) = Qm COS + A; [19] 

SO 

A = g(0) - Qm cos (f>g. [19a] 

Substituting this value for A in Eq. 18 gives 

<7 cos (coi -f (f>q) -h [q(0) - Om cos ^[20] 

The engineer usually finds it more convenient to deal with current rather 
than charge, however; so the result is now expressed in terms of current, 
which is merely the time derivative of the charge. 

Differentiating Eq. 20 with respect to time produces for the complete 
current solution 

i = -wQm sin (wl + ^ [<y(0) - Q„ cos [21] 

It is more convenient, however, to express the result in terms of the 
steady-state current Im ^ind the angle <f> rather than in terms of Qm and 

If the relations 

Cm = - [22] 

(*) 

and 

<i>q = ^ ~ ^ [ 23 ] 

are used, the term Qm cos </>, in Eq. 21 can be written 

Qm cos “ cos [0 - = -- sin </.. [ 24 ] 

CO \ Z/ CJ 

Equation 21 can now be written in terms of the quantities 1^, and <f} 
by using a cosine form for the steady-state term and Eq. 24 in the tran¬ 
sient term. Thus 

i = Im COS (o)t + <l>) - ^1^7(0)- ^ sin ►[ 21 a] 
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It is sometimes ronvenient to state the solution in terms of initial 
current. Ihe reasoning in this case with regard to initial conditions is 
the same physically as in the corresponding direct-current case; hence 
Art. 8 of Ch. Ill should be reviewed at this point. The essential fact in 
the argument is that whereas the condenser charge is a continuous func¬ 
tion so that ^(0-1-) and ^(0— ) are equal, the current is in general not 
continuous, so that /(0+) does not equal /d)-'). Hence /(O-f-), which 
is the significant value in determining Ihe initial value of the transient 
current, must be evaluated in tenns of </(()- ) or Si/(() - ). 

In this way it is found that 


ii0+) 


c(()-h) - Sq({)-) 
R 


^ i30+) + fifO-r ) 


— 7„iCos<^> T 


[25] 


whence 


fi(0+) = *(0+-) - COS0 = ‘ ^ - I„cos<t> 


Em c os i ) 

R 


- Jm COS <t>, 


[26] 


and therefore 

/ = 7,n COS (tot + <t)) -f- [/’(O-f) — Tm COS (p]e 
= Tm ‘~Oi> {oit -f <t>) -f -- 


OS i - .SV(0 - ) 

„-- 7,„(osi/) 

K 




►[21b] 


In words, the initial value /(()4-) of (he current is that forced through 
the resistance by the difference between the instantaneous value c(()-|- ) 
of the voltage source at the initial instant and the voltage Sqii)—) on 
the condenser resulting from its initial charge f/(() - ). 

From Eq. 21b the conditions under which no transient component 
appears can be determined. Evidently this requires that the coefficient 
of € vanish or that 

£, cos 5,(0-[27] 
K 

A simple method of determining whether or not there is a value of 4 
which fulfills this condition is to plot the curves for these expressions, 
as in Fig. 4a. If the curves cross for any values of the voltage can be 
impressed when it has this phase angle, and the value of /(()) equals 
Im cos <t>. Under these conditions it is ixissible to impress the voltage on 
the circuit without producing a transient current. 
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^ ~ ^'^1,110^ + 2952 = 1,148 ohms, [30a] 

—295 

(-0.266) = -14.8% [31] 

, 150 

"" 17148 " ['^ 2 ] 

4 , -Bz = 66.4° - (-14.8°) - 81.2°. [ 33 ] 

Calculating the charge Qm gives 
^ Im 0.131 

0". - — - = 3.46 X 10 coulomb, [22aj 

4-, = 5 = 81.2° - 90.0° = - 8 . 8 °. [23a] 



The component vector-voltage amplitiirics across the resistance and capacitance arc 

l„/e = 0.131 '81.2° X 1,110 - 14. S '81.2° v, [.14] 

-/Im- •= 0.131/81.2° X 29,S'-<X)° .18.6 - 8 . 8 ° v. f.l.S] 

CO --- 

These quantities arc shown in Fig. 6 . This completes the steady-state solution. 

The transient solution is obtained by means of })hysieal reasoning which parallels 
the theory, rather than by mere .substitution in the formulas. 

The initial current for the instant immediately following the closure of the 

switch is obtained by calculating the net voltage ai)i)lied to the resistance. From 
Fig. 5 it can be seen that the initial electromotive force and the capacitance voltage 
due to the initial charge add to give a voltage of 60 -f 200 , or 260 v, acting to produce 
an initial positive current 1(0 + ) of 260/1,110, or 0.234 amp. I'he initial steady-state 
component of current is obtained by noting that the vector Tm plotted in Fig. 6 is 
identical with the time vector at the initial instant; hence 

i,(0) = 9{e[Im] = 0.131 cos 81.2° = 0 131 x 0.153 = 0.0200 amp. [.S 6 ] 

Hence 

{^(0-^) = 0.234 - 0.020 - 0.214 amp. [25a] 
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The coefficient of t in the exponent of the transient term is 


S 

R 


_ 1 _ 

RC 


iJTo X 9.00 


— too sec ^ 


Therefore the actual current is 

i = ^^.[0.131 /8L2^ e^^^] -h 
= 0.131 cos (377/ + 81.2°) + 0.214e-^'^"' amp. 


[37] 


[21c] 


Or, if desired, the solution for the charge can readily be obtained independently : 


<7.(0) = = 3.46 X 10"^ cos (-8.8°) 

= 3.46 X 10" X 0.988 3.42 X 10“coulomb. 


[17a] 



0 1 2 3 

t sec X 10 ^ 

Fig. 7. I'imc plots of current and charge, for example of Art. 5. 


The initial charge is 

9(0) = - - 200r - - = -18.0 X 10 -‘ coulomb. [.S8] 

Since the charge cannot change instantaneously, 

q(0) - ^.(0) -h vt(0) [39] 

and 

^,(0) =» -18.0 X 10 ^ - 3.4 X 10-^ = -21.4 X lO"* coulomb. [39a] 

Therefore 

g = £R.[3.46 X 10-' '-8.8V “'] - 21.4 X 10 ] 

- 3.46 X lO-'cos (377/ - 8 .8°) - 21.4 X lO' V®"' coulomb. J ^ 

Equation 18a can be checked with Eq. 21c by differentiating q with respect to time. 
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ThMS 

d 

t = ~w3.46 X 10’^ sin (to/ - 8.8°) 4 0.214€- 

- -27r60 X 3.4() X 10 \'os (cd/ - <S.8’ - 00") f 0.214c 
= 0.131 cos (377/ 4 81.2°) 4 0.214<- amp, 

which checks with Eq. 21c. Figure 7 show s a t)l()t of c, q, and i from Eqs. 21c and 18a. 


6. Relation of decay per cycle to phase angle, series RS cir¬ 
cuit 


It can be shown that a lar^e value of S/ (o)R) lends to a highly danipt'd 
transient, because when u^R/S is small the time coiistam R/S is small 
compared to the period Itt/co. Equation 36, p. 264, whit h gives 

.V 

= tan 6^, [40] 


illustrates the situation more clearly. In this ca^t' 


tan 6^ 



— 00 * 


[41] 


At the end of one period the ratio of the transient to its initial v^alue is 
found by comparing 

^<(0+) = {[/(0+) “ /;n cos = /(() + ) - /mCOS0 [26a] 

and 

it Q = [^-(0+) - c(.s I 

= [l(0 + ) - Jm COS 0]£-" I 

The ratio of Eq. 42 to Eq. 26a is When 0^ is —60 degrees or 

— 7r/3 radians, for example, this is c or 0.0000187; in other words, 
the transient current has practically disa})peared at tlie end of one cycle. 
On the other hand, for a transient which is still ai)preciable at the end of 
the first period, that is, for one which has rlecreas(‘d by the factor €~*, 
or when the period Iw/ct) is equal to R S, the time constant of transient, 
then 


5 

R 

tan = -= 

it) 


U) 

Itt 

(Jj 


Itt 


[40a] 


and 0* is —9 degrees. Thus when the lead angle is not small, the transient 
duration is seen to be small. 
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7. Transient response of the series RLS circuit with alter¬ 
nating-voltage SOURCE 

In the preceding cases emphasis is laid on the fact that the form of the 
transient or force-free component of the solution depends only upon the 
circuit parameters and that the amplitude of the transient is such that 
the initial conditions are satisfied. The entire discussion of the RLS 
transient given in Arts. 18 to 22, inclusive, of Ch. Ill is applicable with¬ 
out change to the present case if one merely replaces the steady-state 
charge and current by the alternating steady-state functions and 
ig(t). These substitutions are indicated in more detail in the three cases 
which follow. 

Case 1: Overdamped circuit 

The transient components have the forms 

gt{t) = [43] 

it(t) = {-a + + (- a - [44] 

in which Ai and A 2 are determined by the fact that both charge and 
current remain unchanged during the switching operation and that 
therefore the sum of the steady-state and transient components of each 
immediately after switching must e(|ual, respectively, the known values 
of each at the instant immediately prior to switching; that is, 

c/(0~) = ^.s(0-f) -f (/<(()+), [39b] 

7(0-) = Ls( 0 +) + //( 0 +), [ 6 g] 

or, using Eqs. 43 and 44, 

— 2li A 2 ~ ^(0—) — ^s(0-4-), [43a] 

f<(0-l-) = ( —a + p)Ai — (a -j- 0)^2 = ~ [44a] 

in which ^(O—) and i(0 —) are the actual charge and current imme¬ 
diately prior to switching. 

In P^qs. 43a and 44a <7s(0+) and f,,(0+) are determined from any 
convenient form given in Art. 3, Ch. IV; ^(0—) and f(0—) are known 
initial c'onditions, and a and ^ are fixed by the circuit parameters. The 
coeflicients Ai and A 2 . the same as used in the corresponding solution, 
Art. 19, Ch. Ill, can therefore be determined by solving Eqs. 43a and 
44a simultaneously. 

The complete solutions are given by the sums of steady-state and 
transient components, or 

g = q,+ ►[45] 

i = I. + (-a + /3)i4,£<-“+»* + (- a - ^[46] 
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Case 2 •. Underdamped, or oscillatory, circuit 
The initial transient components are derived from Eqs. 39b and 6 g, 


which, being general, apply to this case thus: 

q,{0+) = = 9 ( 0 -) - 9 .( 0 +), [47] 

i<( 0 +) = -aBi - o,dB2 = /( 0 -) - 7.(0+). [48] 

Equations 47 and 48 are readily solved for J?, and B 2 . The complete 
solutions can be written in terms of known constants as 

9 = 9. + 

i = 7. + +>a)B€^'“«']. ►[SO] 

The complex constant 

B = B, + jB. [51] 

is the same as used in the corresponding solution, Art. 20 , Ch III. 

Case 3: Critically damped circuit 


The initial transient components are obtained from kiqs. 39b anil 6 g 
thus: 

9 ,( 0 +) = a, = 9 ( 0 -) - 9 .( 0 +), [52] 

j<(0+) = a.j - aa, - i(O-) - 7,(0 + ), [53] 

from which ai and ^ 2 , the same roeflicients us used in the corresfx>nding 
solution of Art. 22, Ch. Ill, are ea.sily obtained. The complete .solutions 
for charge and current are 

q = gs + (cii + a^t)^ 

i = is + («2 “ 

It is emphasized again that the entire discussion regarding the tran¬ 
sient components given in Arts. 18 to 22 of CJi. Ill is applicable to the 
transient components in this article. The dilf(*rence in the steady-state 
components is the only dissimilarity between the direct- and alternating- 
current cases. 

8. Illustrative example of series RLS ctrcuit 

A numerical example serves to illustrate the api)lication of this analysis 
to a particular case. Figure 8 shows a circuit to which a 4()0-cycles-per- 
second source is connected at the instant when the electromotive force is 
zero and has a negative derivative. The condenser is initially charged to 
+400 volts, but the initial current is zero. The questions are: 

(a) What are the steady-state charge and current? 

(b) What are the transient components of charge and current? 



35-f 


TRANSIENT ANALYSIS 


Solution. Steady state. 

Z . R +,(„/, ^ 1) . 15.6 +i(2.m X 0.165 - 
- 15.6 -hy(414 - 273) = 15.6 + yi41 ohms. 

Z — 142 ohms, 

141 

0, = tan-' — ^ - tan ' 9.04 = 83.7^^, 

141 

^ 142 "" 

T 0 99 S 

0m = — = - „ =■ 3.96 X 10-* coulomb, 

w 27r400 


[56] 

[56a] 

[57] 

[58] 

[59] 


E=141 V 
/-400'- 


K —15.6 ohms 

i L =-0.165 h 



C--1.46 iui 


S =6.85 X 10 darafs 
Fig. 8. Series RIS circuit, foi example of Art. 8. 


If the vectors arc chosen to correspond to the switching instant, that is, the instant 
when the electromotive fore c is zero and going negative - a useful choice for the 
transient part of the problem then 

E„, - 141/^ v, [60] 

- 0 . 993 / 90 ^ - 83.7° - 0 993 (U° amp, f58al 

Qm - 3.96 X 10 V 6 3 ° - 90° - 3.96 X 10 V-83.7° coulomb. [59a] 

'Fhe vector-voltage drops across the resistance, inductance, and capacitance are, 
rest)ec lively, 

R\„, = 15.6 X 0 993 6J^ - 15.5/6.3° v, [61] 

joiLln, = /414 X 0.99 3/6.3° = 411,_96.3° v, [62] 

-y-Im = -7273 X 0.993 ^6..3° = 271 -83.7“ v. [63] 

CO ' 

All these vector quantities are plotted in Fig. 9. 

Solution: Transient 

The first calculation is a determination of the nature of the transient response, 
whether it is overdamped, critically damped, or oscillatory. For this determination coq 



ILLI STRATIVE EXAMPLE OF SERIES RLS CIRCUIT 355 


is compared with 


2 S 6.85 X 10" 

0155 ’1I5XI0-, 




- 47.2= = 2,2.10. 


Kvidently ojfi is very much Rrcater than or. and within one part in st'veral thousand 
a)rf 0)0 = 'V'^4.15 X 10' - 2,040 radians per second. |6( 

The transient charge and current are then 
qt = 2 -|) 2 , 040 oj 

and 

= y{4(-47.2 +./2,040)B(' •>v-2+)2,040)(j_ 

iyo)LI„r-411 Z9(X3’v 


c; U‘E,„-=141/W‘’v 

;(o)L—^-) I„M ^ 


271/-83.7 V 

^ Q,„ —3.96 X ‘'oulomb 


Fig. 9. Wetor diaj^ram of stale solution, for 

(•\amplc of \rl 8 

To evaluate the complex con.stant B, one must know the initial values of the actual 
charge and current. From the .statement of the problem, 

f(0) - 0, 169] 

q(0) - - 400( 400 X 1 49 a 10“^ 5.84 X 10 coulomb. [70] 

The values of (0) and /, (0) a re 

^,(0) = - Qm I 

= 3.96 X 10-^ cos ( -83.7°) - 3.96 X lO^* X 0.1097 [17b] 

= 4.34 X 10 -'toulomb; J 

7*(0) = ^ Jrn COS </> | 

= 0.993 cos 6.3° = 0.993 X 0.994 |5bJ 

= 0.986 amp. J 

a.[B] = J5i = q(0) - qAO) = (5.84 - 0.43)10''^ = 5.41 X lO"^ 


[71] 
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^[B] = 52 = - [-i(O) + .,(0) - aBi] 

0)d 


1 


[0 + 0.986 - 47.2 X 5.41 X 10"^] 
= 4.70 X 10 


2,040 
0.^6 - 0.026 
2,040 


[72] 


Therefore 

B = 5, + jB. = (5.4) +y4.70)lfl-< 

= \/5.41“ +1To2 X lO-'y^ tan ' 

= 7.16 X 10- V40.<)° , 

(-a + >,i)B - (-47.2 +-;2,040)7,16 X 10 ' 40,9° 
= 2,040 01 ,.1° X 7.16 X 10 \ 40,9° 


[73] 


[74] 


With the numerical values calculated, Eqs. 40 and 50 become 

(] - 06 X 10 I 

+ 7.16 X 10 17 21 / 2 , 040 )/] coulomb, | 

j = [0.003 6.3V ^’^^»”' + 1.46 0 1.12.2V 2U2,040)/] [-^O.,] 


\s a check on the arithmetical work, these are evaluated for the situation when / 
isO Thus 


r/(0) -= 3 06 X 10- ‘ cos (-8T7^) + 7.16 X lO-^ cos (40.9°) ] 

-=-(0.436+5.42)10' [ 49 b] 

- 5.86 X 10 ' coulomb; J 

;( 0 ) = 0 09^ cos 6 3° + 1.460 cos 132.2° ] 

^ 0 987 - 0 983 [50b] 

= 0.004 amp. j 

These check within reasonable ten-inch slide-rule accuracy the actual initial values of 
5.84 X 10~' coulomb and 0.000 amp. 


9. Spec^ial cases of general oscillatory solution 

Because of the variety of interesting results that can appear in a 
highly oscillatory series RLS circuit when an alternating voltage is sud¬ 
denly applied, the general solution is evaluated in more detail for some 
of these cases. The particular initial conditions and the relations between 
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circuit parameters considered are shown by the following summary: 


5 

(1) w = «o; ojL = ‘ ; Z = i?; e, = 0 

CO 

s 

(2) CO coo; coL ~ ^ R'/L ^ ^ ^ 

CO 2 

(3 J CO COo j R CO A J 



(a) ^ = 0 


~ Wo 


(b)^ = 


2 


9 ( 0 ) = 0 
t(0) = 0 


Case (la) 

This is the series-resonance rase the steady-state response of which is 
discussed in Art. 25, Ch. IV. The solutions for (/ and iby Eqs. 20 and 21, 
p. 261 and Eqs. 258 and 250, p. 228, are: 


By the conditions for this case, <t> is zero, so 

L75| 

[761 


- /e 5 

[77] 

and, since 

Qm — J > 

w 

[78] 


9 ~ ^ Z ~ 

ojK 

[75aJ 


/ ~ (1 - €'"') COSo)/. 

[76a] 


The current, plotted in Fig. 10, consists of oscillations having the same 
frequency as the source voltages which are inclosed by an exfKjiiential 
envelope that gradually allows the amplitudes to grow from zero to the 
maximum value 'I'he initial rate of growth of the amplitude is 

given by the tangent to the envcloi)e at the origin and is e<iual to (di/dt)„ 
or EmIi'iL). If the growth continued at this rate, the amjditude would 
be fully built up in time 1/a, the time con.stant of the circuit. Actually 
the oscillations have reached only 0.632 of their final value at this time. 

Ca5e (2a) 

Here the impressed frequency is very large compared to the character¬ 
istic frequency. Consequently, the reactance is inductive and large com- 
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Case {3a) 

Here the resultant reactance is capacitive and large compared to the 
resistance. The steady-state current leads the voltage by approximately 
90 degrees. Hence the solutions become- 

Em 

^7 ^ -y (cos Uit ~ cos a>o/), [75c] 

• . oj(i . 

^ ~ (sin oj/ — - € sin coo/)* [76rl 

O OJ 

The charge solution luis the same general character as for the preced¬ 
ing case. The current solution, however, is quite (iilTerent. Since w is very 
small compared to ojo, the transient-component oscillatioiv. in the current 
are now large compared to those of the steady state 'Fbe general char¬ 



acter of the resulting current is illustrated in Fig. 12. The decaying 
transient is of relatively high frequency and oscillates about the slowly 
varying steady-state current as an axis. The nc‘t result looks chaotic 
until the steady state gradually emerges and becomes recognizable. "I"hc 
ratio of the initial transient-comjionent amplitude to that of the steady 
state is given by wo/w. 

Case 0/;) 

This is again the resonance case but for a switching instant chosen at 
the time the voltage passes through zero with positive slope. The results 
differ from that for Case la only by being 90 degrees behind them. 

Case {2h) 

The solutions are: 

^ (sin w/ — “ sin ajo0> [75d] 

03 L 0)0 

^7 (cos a - e-“‘ cos [76d] 


Z « 
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Here the transient component of charge is large compared to the steady- 
state charge whereas the transient component of current is not of excep¬ 
tional magnitude. Figure 13 shows the resulting charge and current 
plots. 



Case (M)) 

Here the solutions are: 


(sin ca/ — e sin ojoO) 

[75e] 

0)0 

- (cos 0)1 — cos a)()/). 

[76e] 


The transient in the charge is here negligible. This case is similar to that 
for the series RS circuit for the same voltage phase at the switching 
instant. The transient component of current has the same initial ampli¬ 
tude as the steady-state current (but starts in opposite phase) and 
oscillates about the latter as an axis, as is shown in Fig. 14. 
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10. Transient response of the parallel GCr circuit with 
ALTEENATING-CURRKNT SOURCE 

The transient revSponse of this circuit and of the parallel GC or other 
duals of the series circuits whose transient response has been discussed 
in preceding articles can be obtained readily by analogy and so are 
omitted here in order to avoid repetition of details. 



11. The exponent ial fcn(tion and its relation to linear 

PHYSK^AL SYSTEMS 

The respon.se of simjile linear circuits has by now been examined in 
sufficient detail to make worth while a few general observations by way 
of obtaining i)erspeclive. A survey of the solutions obtained thus far 
shows that the exj)onential function is adequate to describe all the time 
functions encountered, except for the constants expressing steady-state 
currents and charges arising from (onstant im})ressed forces. Some rather 
fundamental relation thus apparently exists betwt‘en the exponential 
function and the behavior of linear circuits. Furthermore, this relation 
applies not only to linear electric circuits but to many and diverse other 
phenomena in nature as well. 

I'he exponential function ap}>ears in two principal forms, the first 
with a real argument and the second with an imaginary argument. It 
also appears with the combination of the two, that is, with a complex 
argument. In each of these ca.ses this function has been found to be the 
solution of a linear differential equation. 

In the first form — with a real argument (and in the cases discussed, 
a negative argument) — the exponential function serves to describe a 
quantity that gradually decreases with time, and decreases at a rate which 
at every instant is proportional to the quantity. The series Rl. and RS 
transients are circuit examples. In other scientific fields the changes of 
concentrations, the rates of chemical reactions, the motions of inertia- 
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friction or elastance-friction systems, the variation of pressure or density 
with a distance, the rates of propagation of living organisms, and many 
other phenomena follow the same law or variation: the exponential law 
with a real exponent. 

The second form ~ the exponential with an imaginary argument — 
is essentially periodic. Its close relation to sinusoidal or simple harmonic 
motion is (‘vident. In fact, the cosine or sine function is merely the sum 
or difference of two conjugate exponentials with imaginary arguments. 
It is convenient mathematically to rei)lace a sine or cosine by the real or 
imaginary part of a single exponential with an imaginary argument. In 
general, these two functions, the sinusoidal and the imaginary expo¬ 
nential, are interchangeable, the choice for a particular problem being 
one of mathematical convenience. This periodic function also describes 
many phenomena besides those occurring in electric circuits. Thus the 
motion of a well-j)ivoted pendulum executing small amplitude oscillations 
is practically sinusoidal. The vibrations of machines in all their great 
variety are resolvable into groups of sinusoids. Likewise, electromagnetic 
waves, the vi})rations of strings, and the motions accompanying propa- 
gat('d waves in gases, in licjuids, and in solids- each can be resolved 
into a series of sine functions of different frequencies, phases, and ampli¬ 
tudes. So naturally and efficiently do the usual jAysical systems respond 
to sinusoidal functions that great care is taken in the design of sources of 
electrical periodic forces, such as alternators and vacuum-tube oscil¬ 
lators, to make their outfmt approximate very closely the sinusoidal or 
simple harmonic form. 

The exponential function with a combined real and imaginary argu¬ 
ment, or a complex argument, is characteristic of nearly all the physical 
systems mentioned in th(‘ i)receding paragraph. In fact, this function 
describes in general the way in which such systems behave when dis¬ 
turbed and left to themselves. Nearly all, if not all, physical systems that 
do not contain sources of energy absorb and reconvert into other forms 
any (*nergy of motion which they may possess. The periodic motions 
which they may have because of some momentary disturbing force there¬ 
fore gradually die out as the energy of motion is gradually converted into 
another form, usually heat. This periodic motion of gradually decreasing 
magnitu(U‘ is what the exponential of complex argument characterizes. 
()nly when energy is supplied by some external source at a rate equal to 
that at which the energy is being dissipated by the vibrating system 
under consideration are the oscillations sustained or of constant ampli¬ 
tude. 

From the foregoing very brief discussion the family of exponential 
functions and the linear differential equations from which they arise can 
be seen to have a far greater importance than merely that due to their 



PROBLEMS 


363 


assiociation with simple linear electrical circuits. For the electrical enf(;i- 
neer the immediate and suflicient justification for a thorough under¬ 
standing of the exponential functions is th(ir importance in electric 
circuit analysis. He is very likely to find, however, that by merely rede¬ 
fining the symbols in terms of other physical ([uantitiei-, he can apply 
this understanding to a wide variety of problems encountered in engineer¬ 
ing and science. 

I^ROBLEiMS 

1 . A voltage v is impressed on a series circuit which has an 

inductance of 0.0106 h and a resistance of 2.(K) ohms. After steady conditions have 
been reached, the resistance of the circuit is doubled at an instant when the applied 
potential is passing through 0. 

What is the magnitude of the current in the circuit 

(a) at an infinitesimally short time before the resistance is increased? 

(b) at an infinitesimally short time after the res’st ince is increased? 

(c) one-half cycle after the resistance has been increased ? 

2. A sinusoidal voltage source having a frequency of 60 is impressc'd on a coil 

that has a resistance of 10 ohms and an inductance o^ { 10, (h) 1(X), (c) 5(K) mh. 

What portion of the initial value of the transient component of i urrent remains after 
one cycle? 

3. The following questions refer to Fig. 15. 

(a) What is the equation for the steady-state cur¬ 
rent at any time / after the voltage is applied? 

(b) What is the initial value of the transient com¬ 
ponent of current if the voltage is 0 w hen the 
switch is closed? The transient and .steady- 
state components of current for this condition 
are to be sketched. 

(c) At what point on the voltage wave should the 
switch be closed to make the transient a maxi¬ 
mum? What is the magnitude of the instanta¬ 
neous voltage at this instant.'' 

4. A sinusoidal voltage with a frequency of 60 
and an amplitude of UX) v is impressed on the series 
combination of a condenser with a capacitance of 1 ^f and negligil)le resistance, and a 
noninductive resistor of resistance R 1 'he voltage is impn'.ssed at such a time that, 
when the switch is closed, the steady-state comi)onent of the curre/it is going through 
its instantaneous positive maximum. The condenser is initially un( harged. 

What are the transient and steady-state currents as functions of time (a) when R 
is 100 ohms? (b) when R is 10,0(X) ohms? 

5. A condenser having a capacitance of vSO /uf and a noninductive re.sistor having a 

resistance of 20 ohms are connected in series A sinusoidal voltage source having a 
frequency of 60 and an amplitude of 230V^2 v is impres.sed across the combination 
at (a) the time the voltage is passing through 0 and increasing, (b) b ) 1, 

(c) (f) of a cycle after the voltage is passing through 0 and increasing. What are 

the initial currents and the initial voltages across each part of the circuit? What are 
the equations for charges and currents? Both the initial charges and currents are 0. 



Err, - f^OOO \ 

R - U()()3()ohm 
/. - 0 0025 h 

/ ^ (A) ^ 

Fig. 15 Series RL circuit 
tor Prob. 3. 
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6. A sinusoidal voltage source having a frequency of 60 ^ is impressed on a 50-^1 
condenser in series with a noninductive resistor having a resistance of (a) 1.0, (b) 10, 
(c) 100, (d) 1,000 ohms. At what time in the cycle must the voltage be applied in 
order to have no transient? 

7. A coil which has a resistance of 10 ohms and an inductance of 0.1 h is connected 
in parallel with a series combination of condenser and resistor. What should be the 
capacitance and resistance so that the total current supplied is always proportional to 
the instantaneous value of the applied voltage from the instant the voltage is impressed 
on the circuit? 

8. A voltage v is applied to a coil and condenser in series. Owing 

to losses in the condenser, the condenser is equivalent to a capacitance of 50.0 juf in 
series with a resistance of JM ohm. The coil is equivalent to a scries circuit with an 
inductance of 0.0061 h and a resistance of 9.0 ohms. 

After steady conditions have been established, the coil is short-circuited at an 
instant when the instantaneous applied potential has a maximum positive value. 

(a) What is the amplitude of the steady-state current before the coil is short- 
circuited ? 

(b) What is the equation of the steady-state current in the condenser after the coil 
is short-circuited? 

(c) What is the magnitude of the transient component of current an infinitesi¬ 
mally short time after the coil is short-circuited? 

9. An electromotive force 230^2 sin (377/ -f- ^') v is impressed on a condenser in 
series with a noninductive resistor and a coil, when / is 0. At 60 the reactance of the 
condenser is —100 ohms, the resistance of the resistor is 100 olims, the resistance 
of the coil is 5(X) ohms, and the reactance of the coil is 500 ohms. Both the initial cur¬ 
rent and charge are 0, The f)hase angle is (a) 0°, (b) 30°, (c) 60°, (d) 90°, (e) 120°, 
(f) lvS0°. What are the equations of the current? 

After the steady state is reached, the coil is short-circuited at an instant when the 
electromotive force is 0 and increasing. What are the equations of the currents in the 
coil and in the condenser from the moment of short circuit? 

10. Is it possible to impress a sinusoidal voltage on a series R/S circuit at such a 
point in the cycle that no transient current results (a) for the condenser unchiirged? 
(b) for the condenser precharged? 



CHAPTER VI 


Steady-State Analysis of Alternating-Current 
Circuits Involving Two Unknowns 

1. Introduction 

T ht‘ princii)les developed in Ch. IV for application to circuits consislinp 
of simple series and parallel combinations of single elements can I)e 
exteiuied to the general case of far more complicated circuits. The multi¬ 
plicity of terms and the notation thus involved, howe\’er, appear rather 
formidable unless one has learned to visualize their signilK'ance by prac¬ 
tice with situations having an intermediate degree of complexity. It is 
ajipropriate, therefore, to develop first the theory for circuits which can 
be most readily analyzed by the simultaneous solution of two inde¬ 
pendent ecpiations. Some of the circuits to be ireated in this way can, of 
course, by the use of projier combinations of eitiiients, be studied by the 
single-loop or single-node metliods ])resented in Ch. IV. A brief experience 
with the i>rocedure invohed will, however, enable one to decide at the 
outset whether the solution of two simultaneous eejuations ap])ears to 
be the most favorable method of attack. The circuits discu.ssed in this 
chapter are of two general classes: two-loop circuits and two-node cir¬ 
cuits. As with the relativ(‘ly sinijile circuits discussed in C'h. IV, the two- 
loop and two-node circuits are comjKised of the three fundamental 
elements R, L, and A, but here any combination of the three may apj)ear 
in series or in jiarallel, to fonn a comjxisite branch; while many such 
branches may be connected in series, in jiarallel, or in other ways to give 
a network having two loojis or two nodes. In this chaj)ter, as in all pre¬ 
ceding chapters, the discussion is limited to circuits containing only 
linear elements; so that tlie relations among currents, voltages, their 
derivatives, and their integrals are linear, the constants of proportionality 
being the constant parameters L, and S or their reciprocals. 

The equations of equilibrium for an electrical network are best formu¬ 
lated through Kirchhoff’s laws for, while these are not the only basis 
upon which the network eciuilibrium can l^e stated, the directness and 
simplicity of their form make them a very satisfactory one. The circuit 
laws of Kirchhoff are two: one expressing voltage conditions around a 
loop, the other expressing current conditions at a node. Similarly, there 
are two corresponding methods of writing the network equations: one in 
terms of branch or loop voltages, and the other in terms of currents 
approaching and leaving nodes in the network. Either method can be 
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applied to any network, but one usually results in simpler equations, 
solutions than the other, the choice in any particular case depending 
the form of the network and the nature of the known data Both method 
arc developed in detail in this chapter. 

2. UlFFKRKNTIAJL EQUATIONS OF THE TWO-LOOP NETWORK 

The circuit of Fig. 1 contains all the features encountered in the two- 
loop case. This circuit consists of two loops abed and abfg with a source of 
voltage in each, and a common branch ab. There is magnetic coupling 
between the two loops by the mutual inductance M in addition to the 
coupling of the common branch ab. Each loop and the common branch 



Fig. 1. ('ircuit diagram containing all features encountered 
in a two-loop network. 

contain independently all three parameters 7?, L, and S; hence the net¬ 
work is general for the two-loop case. 

The direction of voltage induced in one coil of a mutual inductor by 
a rale of change of current in the other coil must be designated, so that 
the proper signs may be given to such voltages in the loops of a network. 
Oiu* convenient system of designating the relative polarities of the coils 
— that used in practice for marking instrument transformers — places a 
dot adjacent to the terminals of corresponding polarity of the coils having 
mutual inductance. Current entering either coil through the dot-marked 
terminal produces magnetic flux in the same direction as that produced 
by current entcTing the other coil through its dot-marked terminal. In 
Fig. 2a, for example, the current entering the dot-marked terminal of 
coil A produces an upward-directed flux in the core. The current Ib 
entering the dot-marked terminal of coil B produces flux in the same 
direction. If one of the coils were wound in the op]X)site direction, it 
would be necessary to place the marking dot at the terminal opposite 


The treatment for direct currents, Art. 3, Ch. II, should be reviewed. 
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tJie one shown. The relative ix)]drity of tlic coils, as indicated by the dots, 
has great importance in the solution of network problems. A positive 
rate of change of the current I^ produces at the dot-marked terminal of 
( oil B a potential higher than that of the unmarked terminal. This result 
is evident from the fundamental relation that coil B tries to establish a 
current which opposes the change^ of Ilux linking it. Such a current would 
be directed outward from the dot-marked terminal and could result only 
from a potential rise from the unmarked terminal to the marked temiinal 
of ('oil B, 'The marks at the two coil terminals thus indicate that a |X)si- 
tive rate of change of current entering either tiot-marked temiinal pro¬ 
duces a potential rise from the other coil’s unmarked terminal to its 
dot-marked terminal, or a jiotential drop from its mark*‘(! terminal to its 
unmarked temiinal. 

In Fig. 2b is shown an experimental method for determining the rela¬ 
tive polarities of two coils with mutual inductance and with windings 
that cannot be insjiected A direct voltage source is connected so tlu^t it 
energizes the coil A of tlie mutual inductor (“i switch K is closed. As 



Fio. 2. Polarity desijjjnation of coils havinj^ mutual induclaruT 


a basis for the marking of one coil, a direct-current voltmeter is con¬ 
nected across the terminals of (oil A. The temiinal which is connected 
to the positive voltage supply is dettTinined and mark(‘d with a dot; then 
the voltmeter is disconn(*cted from coil A, switch K is opened, and the 
voltmeter is connected across the terminals of coil B, With the c ircuit at 
rest, the switch K is again closed and the direction of swing of the volt¬ 
meter needle is noted. If the swing is positive, the terminal of coil B c'on- 
nected to the positive terminal of the voltmeter is marked with a dot; if 
the swing is negative, the terminal connected to the negative terminal of 
the voltmeter is so marked, l^^or the conditions shown in Fig. 2b, both 
voltmeters would have a i^Kisitive swing when switch K is closed. 

In Fig. 1 the polariti(‘s as determined by any suitable method are 
indicated. The second step in determining the sign of the mutual- 
inductance voltage is de.scribed as the equations are written. 

As in the simple resistance case, Kirchhoff’s loop-voltage equations 
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jr£.-i^r-srjr^ 

can be written expressing the voltage drops in the circuit elements 
terms of the currents in the three branches beda, bfga, and ab, or in tern 

of the currents in loops aScefa and aifga. Since Kirchhoffs loop-voltagt 
law leads to two symmetrical equations — the simplest possible combina¬ 
tion of expressions in this case — it is used for the analysis of the behavior 
of this circuit. The loop currents are taken as ii in loop abeda and 4 
in looj) agjba, the arrow indicating in each the direction of a current which 
is described by a positive number. The branch current from a to b, if 
wanted, is easily obtained in terms of the loop currents as ii - 4- 

The voltage equations are written stating that the sum of the drops in 
potential around each Iogj) in the arrow direction is zero. For loop 1, 
which carries the current fi, 

R^h + ~dt ^ df 

- R-,h - U ‘I* - /kdt = e, 

and, for loop 2, which carries the current / 2 > 

R,i., 4 L./^- + S,fi,dl + + S,fi,dt + L, 

+ R.,h - R J^ - l - S-,Jitdl - M '^2 = 

It is most important that the signs in these two equations be clearly 
understood; if they are, the student is not likely to have the further difii- 
culties so often encountered on this subject in network analysis. Since the 
drop in jx)tential across a resistance occurs in the direction of the current, 
the term Rii\ is jx)sitive by the direction conventions adopted. In Kq. 1, 
the term i'^ negative since the drop in potential through R-^ due to a 
positive /2 is op{x)site to the arrow direction in loop 1, which is the direc¬ 
tion of numerically ix)siti\'e ix)tential drops in this loop. The term 
Lx\di\/df\ is j)ositive because a positive derivative of ii results in a 
higher potential at the left end of L\ than at the right end, and thus in a 
|X)tential drop in the arrow direction of loop 1. On the other hand, a posi¬ 
tive dinfdt in makes its upper end negative with respect to its lower 
end and therefore introduces a rise, or negative drop, in potential in the 
arrow direction in loop 1. Consideration of S\ shows that a positive ii 
builds up positive charge on the left plate of 5i and negative charge on its 
right plate, thereby producing a positive potential drop in loop 1. The 
e terms can be thought of as follows: If Ci is a 10-volt battery having the 
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voltage rises indicated by the arrow,* then in going from c to d i\ rise in 
potential of 10 volts is encountered, or a i^otential drop of - 10 volts. In 
thi.'* case Ci, which is numerically mlO volts, enters into the equation 
prefixed by a negative sign if on the same side of the equation as the 
drops, but with a i)ositive sign if on the other side of the eciuality sign. 

Perhaps the term that must be thought out most carefully is that 
invohdng M. As a standard convention in this text, M is taken as a {xisi- 
tivT number; hence the sign of the M term in the eciuation describes the 
direction of the effect of M in the circuit. It is desired to fix t]u‘ sign of the 
Midiz/di] term. A positive dio^dt makes / positive with re.spect to />; 
whence, from the coil polarity marks, r is positive with respect to h. 
Therefore a jiositive di 2 'dt produces a negative potential drop in the 
arrow direction in loop 1, so that the potential drof) in loop 1 contributed 
by d /2 is —M[d /2 d/1. Other methods of fixing the signs and other 
conventions may be used. The important j oint is that the stud(‘nt shall 
hav'e at least one unamliiguous method by which he can fix signs correctly. 

As with a resistance network havdng similar geometry, K(js. 1 and 2 can 
he much simp^lified in appearance. First, lila term-, are collected and 
rewritten as 

(i?i + + (^1 + + Li) + (5i -f- 53 ) J*i\di 

- Rwh - (U 4 ^ 

(Rz 4" Rz)^‘2 4" + //;t + L;,) |- (.S^ S,{) j'izdl 

- R-,ix - (A. 4 St) ^2 - = '■2- 

Next, all of the re.sistances of loop 1 are included in one term, all the 
selTinductances of looj) 1 are included in another term, and so on, thus 


forming new parameters. 

+ R.^ = self- or total resistance in looji 1, [^] 

Lii ^ L] + />3 + 7.4 = self- or total inductance in loop 1, [4] 

5ii = 5i + 53 = self- or total elastance in loop 1, [5] 

7^22 = 7^2 + 7?3 = self- or total re.sistance in loop 2, [6] 

L 22 ^ L 2 + L-s + = self- or total inductance in loop 2, [7] 

522 ^ S 2 + Sh = self- or total elastance in loop 2. [8] 

* As circuit diagrams become more complex, it is found that the use of -f- and — signs on 


the sources becomes awkward. The arrow Ix-sidc the source indicates the dirextion for which 
the rise in potential of the electromotixe force is described by a positive number 


[la] 

L2a] 
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Similarly, for the parameters common to the two loops, 

/fj 2 = —-^3 = total resistance common to loops 1 and 2, [9] 

L \2 = - (Z /3 + = total inductance common to loops 1 and 2, [10] 

Si 2 = — ^3 = total elastance common to loops 1 and 2. [11] 

The terms /?i 2 , and 5i2 are often called mutual parameters. The 
minus signs associated with the individual circuit elements are included 
in the symbols for the mutual parameters. These minus signs result from 
the relative current directions considered as positive for reference in the 
two loops. For example, if ^2 were assumed positive in the opposite direc¬ 
tion (counterclockwise), the signs prefixed to (L^ + M)^ and 
would all be positive in the mutual terms of Eqs. la and 2a, and the 
mutual parameters Ri 2 y Z. 12 , and *S'i 2 would correspondingly be positive. 
Hence if the loop-current directions are the same in a common branch, 
the mutual parameters are defined with the j^ositive sign; if the loop- 
current directions are opposite, the mutual i)arameters are defined with 
the negative sign. This dependence of the sign of the elements comprising 
the mutual parameters on the assumed loop-current directions must be 
clearly understood. The proper signs always can be established by going 
back to the directions of the mutual voltages. 

The double-subscript notation has a useful interpretation which is 
applied without change in C'h. VIII to the general f-loop network. The 
first subscript designates the loop in which an effect is produced; the 
second designates the loop containing the cause. For example, because of 
the inductance L 12 a voltage appears in loop 1 caused by a rate of change 
of current in loop 2. Because of the elastance 5*22 a voltage appears in 
loop 2 caused by the charge circulated in loop 2. It is seen by an examina¬ 
tion of Eqs. la and 2a that 



11 

[9a] 

and 

Li2 = 1^21 > 

[10a] 


11 

[11a] 


a relation which is true in general for all linear networks. 

If Eqs. 3 to 11 are substituted in Eqs. la and 2a, 

Riiii + Lii + i'll J udt + Rvzh + Li2 + 5*12 J^hdt = ^[Ib] 

-^21^1 + L 21 + ^21 J^Udt + R22^2 + ^22 ^ + S 22 i2dt = ^2* ^[2b] 
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One further simplification can be made in writing if all the operations 
associated with one variable are collected into a single integrodiferential 
operator. These operators, 


d r 

^11 = J-'ii ^ + Ri\ + J di 

= self-intcgrodifferential operator of loop 1, 

d 

ai2 = ^21 = + R\2 4 ‘S'i2 

^ mutual integrodifferential operator, I 

_ d r 

a22 = i^22 ^ + R 22 + ^22 J dt 

= self-integrodifferential operator of loop 2, 



[ 12 ] 

[ 13 ] 

[ 14 ] 


are obtained by understanding, for example, that 


<^12^2 


Ri2 


dlz 

di 


+ R\2H 



[ 15 ] 


By use of Eqs. 12 to 14 in Eqs. lb and 2b, the following compact forms are 
obtained: 

a„ii + ai2»2 = fi, K^c] 

021*1 </22*2 ~ <’2- ^[^^] 

Equations Ic and 2c are of use primarily for expressing compactly the 
equilibrium equations of the network. In any actual solutions the a’s 
must be expressed in terms of the network })arameters and the differential 
and integral operators. The notation, however, is a great aid in the more 
advanced theory of comi)licated networks simply because it saves much 
writing, as can be seen by comparing Eqs. Ic and 2c with the fully 
expanded Eqs. 1 and 2. 

3. SteadY-STATK solution with two single-frequency im¬ 
pressed ELECTROMOTIVE FORCES 

In the solution of Eqs. Ic and 2c it is necessary that electromotive 
forces Cl and €2 be given as explicit functions of time. One of the simplest, 
and at the same time most widely useful, cases is the steady-state solution 
when Cl and C 2 are sinusoidal functions of time with identical frequencies, 

ei = Elm cos (o>( + if'i), [16] 

€2 = E2m COS (al + 1^2). [n] 
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Because of the great importance of this case, a detailed development of 
the relations involved is presented here. 

The discussion given in Art. 5, Ch. Ill, relating to the solution of a 
single linear differential equation with constant coefficients applies also 
to the solution of a simultaneous system of such equations. Thus the 
process of solution is not explicit in nature but is essentially a trial and 
verification method of finding a function that satisfies the system of 
simultaneous equations and the initial conditions. Fortunately, the 
experience of others permits the first trial solution to be the correct one. 
It is, of course, that the currents are sinusoidal functions of time having 
the same frequency as the sources. This similarity of form between applied 
force and response is characteristic not only of the one- and two-loop 
linear networks but of all linear networks and, in fact, of linear physical 
systems of all kinds. Thus it is assumed that 

fl,s(0 = Ilm COS (o)l -f <pl)y [18] 

^2 AO = ^2m cos ((*)/ -j- (f>2), [l9] 

in which the amplitudes Iim and /jm, and the phase angles (f>i and <f )2 are 
yet to be determined. 

By using the reasoning developed in Art. 8 of Ch. IV for the single-loop 
case, liqs. 16 to 19 may be written in the following simpler forms: 



r, = 

[lOa] 


£•2 = 

[17a] 

in which 

Kl,„ = 

[20] 

and 

Earn ~ 

[21] 


iu = 

[18a] 



[19a] 

in which 

Ilm = 

[22] 



[23] 


In this simplified form the values for voltage and steady-state current are 
substituted in Eqs. Ic and 2c, giving: 

[id] 

a2xf}(Ahme^'^0 + a22^Ahme^^l = [2d] 

If relations can be found which make the two sides of each of Eqs. Id 
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and 2d identities, the problem is solved. To find these relations, the 
integrodifferential operators as defined in Eqs. 12 to 14 are substituted 
term by term in Eqs. Id and 2d. The first term of the first equation 
becomes 

+ Jin + • [24] 

In a similar manner every derivative symbol d/dl becomes Jo), while 
every integral symbol J* dt becomes 1/jw. Every term in Eqs. Id and 2d 

involves the real part expression; hence the file’s may be omitted, because, 
if the complex expressions are equal, their real parts must likewise b(‘ 
equal. At the same lime, the and terms may all be icplaced by the 
corresponding effective vector values, I and E, by dividing the two 
equations by V2, and the ecpiations may also be divided by the common 
factor If all these changes are carried out, Eqs. LI and 2d become 

+JC 0 L 11 + ^2 = El, [le] 

^ i ?21 + y ^/-'21 + II + ^^22 + i ^-^22 + ^2 = K 2 - [ 2 c ] 


Equations le and 2e express the simultaneous relations between vector 
loop currents and vector-loop-voltage rises. A similarity is immediately 
evident between the terms in parentheses and the impedance of the series 
RLS circuit. This suggests that each of these groups of terms be called an 
impedance as follows: 

Zii ^ Rii +7 ^wLii — 

— self-impedance of loop 1, 



i (o>L,2 - 


Z21 — Z12 = 2?i2 +7 


= mutual impedance of loops 1 and 2, 


[26] 


Z 22 = ^22 j {^^22 - 

= stdf-impedance of loop 2. 


[27] 


By using Eqs. 25 to 27, Eqs. le and 2e can be written 

Ziili + Z12I2 == El, ^[if] 

Z21I1 + Z22I2 = E2, K^f] 
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" ■“ ZnZ 22 - 74 ‘ 

By means of Eqs. 22 and 2vS, Eqs. 28 and 29 yield values of 7i, I 2 , <t>i, 
and tf >2 for which Eqs. 18 and 19 are solutions of the original circuit 
differential equations 1 and 2. 

4. Direct formulation of steady-state vector loop equa¬ 
tions 

From the solution of F^qs. 1 and 2 it is possible to make certain generali¬ 
zations that permit the rapid formulation of equations in vector form for 
any two-loop network. Since the network contains only constant parame¬ 
ters, the steady-state loop currents have only the one angular frequency — 
the common frequency of the various sources. Under this condition, a 
vector current I of angular frequency w produces a vector-voltage drop 
across a series impedance Z equal to IZ, the voltage drop V having the 
same angular frequency o>. Since the vector-voltage drops around a closed 
loop all have the same angular frequency, their vector sum equals the 



Fig. 3 . Representation of loop currents and source voltages in the 
two-loop network by vector values. 


total applied vector-voltage rise around the loop. Similarly the vector 
currents in parallel branches can be added to give the total current enter¬ 
ing the parallel combination. 

In Fig. 3, the same circuit as that shown in Fig. I is used, but electro¬ 
motive forces and loop currents are replaced by the vectors Ei, E 2 , I 1 , 
and I 2 , the arrows representing the positive directions used for reference. 
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The voltage drop around the path dabc caused by the current Ii is Znli, 
where Zn is the entire impedance on the boundary of the loop; that is, 

Z„ ^Ri+Rz + U-VU)-^ (5, + 53 ). [30] 

CO 

But I 2 also produces a voltage drop in loop 1 which is I 2 Z 12 , where 

[311 

The inductance La common to the two loops and the mutual inductance 
M with the polarity indicated produce additive voltages in loop 1 because 
of a rate of change of current in loop 2; consequently, ihtt M term has the 
same sign as the L 3 term in Eq. 31. If the polarities of tl:e mutual induct¬ 
ance had been as shown in Fig. 4, a ix)sitive 
rate of change of would produce because of 
M a voltage drop in the arrow direction of 
loop 1 , and because of L 3 it would produce 
a voltage rise. Hence the mutual-impedance 
term in Eq. 31 would be and the L 3 

voltage and the M voltage would be of oppo¬ 
site sign in loop 1. Since the same directions 
are used for vector currents as for instanta¬ 
neous currents, the sign of the mutual-imped¬ 
ance term can be determined directly from 
the vector currents shown in the diagram. 

Adding the vector-volt age drops in loop 1 and equating to the vector 
electromotive force give 

Ziili + Z 12 I 2 = El. [If] 

In a similar way the vector voltages in loop 2 can be added. Thus 
because of I 2 there is a vector-voltage drop Z 22 I 2 , where 

Z 22 = i ^2 + ^3 +yw(L 2 + La + L 5 ) — “ (5*2 -f ‘S'a). [32] 

0} 

The current Ii causes a vector-voltage drop in the arrow direction in 
loop 2 of Z 21 I 1 , where 

Z21 = Z12 = — +j(^L^ — — joiM. [ 31 a ] 

Equating the vector-voltage drops to the vector electromotive force Eo 
in loop 2 gives 



having relative polarities 
opposite to those ul hig .h 



Z21I1 + Z22I2 — E2. 


[ 2 f] 
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5. Certain special c'onsiderations in network problems 

Through the preceding articles it is assumed that the meaning of 
polarity and direction of vector voltages and current is clearly under¬ 
stood. The student who is not confident of his knowledge of this impor¬ 
tant suliject should carefully review Arts. 5 and 6 of Ch. IV. It should also 
be borne in mind that, once reference directions have been assigned to the 
unknown vector ciuantities such as loop currents, these directions must 
be strictly adhered to throughout the solution of any network problem. 
This procedure parallels exactly the methods of direct-current network 
analysis presented in Ch. II. 

Another detail which requires careful attention is the sign of the 
mutual-impedance terms of the type of Zi 2 , Eep 31. In that case a minus 
sign precedes the expression which represents the impedance Zaz, of the 
branch ah common to loo])s 1 and 2 of Fig. 3. This minus sign apjicars 
because the currents li and T 2 are arbitrarily assigned opjxisite directions 
through the common branch ah so that a positive lo in loop 2 causes a 



Fk;. 5. A circuit in whicli llic same loop current L is present in two 
c'cnls haviiiK the mutual inductance d/i. 


voltage rise or a negativt* voltage drop in the positive direction of Ii in 
loop 1. If the reference arrows for positive loop currents should be so 
assigned that both currents Ii and I 2 were in the same direction in the 
common branch ah. there w^ould not be a minus sign preceding the 
expre.ssion for the im]X'dance Z,p„ as i)reviously mentioned. 

It frequently happens that the same loop current is present in two 
coils having mutual inductance. In this situation, the same type of 
reasoning regarding the mutual impedance as that developed in Art. 4 
applies, but the effect on the impedance terms is different. The case 
represented in Fig. vS differs from that in Fig. 3 only by the addition of 
the mutual inductance M\. Under the polarity conditions indicated, the 
current Ii passing through the coil Li causes a voltage rise in the positive 
direction of Ii in coil Hence the Zn term is increased by —jooMi. 
The same current in L 3 causes a voltage rise in Li, further increasing the 
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Zii term by —jcoMi. Hence the self-impedance Zn of loop 1 is increased 
by At the same time, the current Ii in Li causes a voltage drop 

in the positive direction of I 2 in loop 2; so that Z 21 and Z 12 are each in¬ 
creased by joiMi, Otherwise Zn, Z 12 , Z 21 , and Z 22 are as given in Art. 4. 

6. Two-loop network with complicated branches 

For steady-state analysis, a circuit which contains complicated series 
and parallel combinations of elements can be handled as a two-loop net¬ 
work if the method i)resented in the preceding article is used. Thus Zn 
is the total impedance of loop 1, or the impedance that source Ej sees 
when loop 2 is open-circuited; Z 12 is the impedance representing the 
effect of current I 2 in loop 1; while Z 22 is the total imj)edance seen b> 
source E 2 when loop 1 is open-circuited. Hence Zn, Z 12 , and Z 22 may 
contain any combination of elements for which the expressions for 
impedance can be written in accordance v/ith Ch. IV. 



Fig. 6. Two-loop network some of whose impedances contain parallel branches. 


As an example the network of Fig. 6 is considered. Since the imped¬ 
ance of two branches in parallel is the product of their individual imped¬ 
ances divided by the sum of their individual impedances, Zn can be 
expressed 
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These values can be put directly in Eqs. If and 21 and the network 
then can be solved as a two-loop network. While Eqs. 33 to 35 look rather 
complicated, the solution by this method is considerably simpler than if 
the case were handled as a five-loop network, the other alternative. 
The complications involved in handling the circuit on the five-loop basis 
can be appreciated better after the analysis for the f-loop case is devel¬ 
oped. It should be remembered that this two-loop formulation of a more 
complicated network can be carried out by the methods developed here 
only for steady-state conditions. The method can, however, be extended 
to include transient conditions. 

The two-loop scheme has the further advantage in numerical work that 
each calculation can be associated with a group of circuit elements, and 
the reasonableness of the result can be verified readily. In the /-loop 
scheme the calculations have to be carried out by the evaluation of 
determinants or some equivalent method in which all sight is lost of the 
physical meaning of the terms, and the reasonableness of the calculations 
cannot be verified step by step. In practical work the possibility of 
associating the individual steps of a calculation with the physical aspects 
of a problem often becomes very valuable as a means of discovering 
numerical errors soon after they are made. Otherwise it may happen that 
days and even weeks of work are built up on an error that when finally 
discovered invalidates the work. 

7. Input impedance of a two-loop network 
From the general steady-state solution for a two-loop circuit presented 
in preceding articles, a number of useful relations can be developed for 
special cases. This article considers the effect that the second loop has 
on the impedance of the circuit as measured from the terminals of the 



Fig. 7. Two-loop network for derivation of input impedance. 

first loop. This relation has numerous practical applications in both 
power and communications work. 

The voltage Mj, or V^/ is the drop through a load impedance Zl as 
shown in Fig. 7. The function of such a circuit is usually to transfer energy 
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from the source supplying Ei to a load whose impedance is Z/,. The 
student may well inquire why Z/, is not connected directly to Ei with 
much saving in circuit complication. If the source is put in one loop and 
the load in a second loop having a branch in common with the first in a 
communications application, the source can often be made to deliver 
much more power to the load. Also if Ki contains several or many fre¬ 
quencies, such a two-loop network may enable the load to take power over 
only a narrow range of frequencies, as in radio circuits. Often, in fact, 
the source and load are separated by several or even many loops for the 
same reasons In a power application, long distances may separate the 
source from the load, so that the natural constants of the transmission line 
and associated apparatus form a network which can often be simplified to 
a two-loop circuit. In practical cases some of the pa ram raters shown in the 
general two-loop circuit are usually omitted, but this omission in no way 
alters the usefulness of the final equations as some of the terms of the 
Z's are simply made equal to zero. Some of these special cases are treated 
subsequently. 

The equations relating the applied electromotive force Ei and the cur¬ 
rents Ii and I 2 are Eqs. If and 2f, which are rewritten here for convenience 
as 

Z„Ii + Z,2l2 = Ei, [If] 

Z 21 I 1 + Z 22 I 2 = 0, [2g] 

where Z 22 is the total impedance of loop 2 including the load impedance 
Zl. 

The input impedance of the circuit as viewed from the source terminals 
d and c of loop 1, also termed the apparent impedance of loop 1, is desig¬ 
nated by Zia and defined by 


Since E 2 is zero, Eq. 28 may be solved for Ii, as follows: 


from which 


Ii - E, 2 > 

^11^22 -^12 


[28a] 

El Z 11 Z 22 2^2 rj 

Z?2 

►[36a] 

T 7 

ll ^22 

Z22‘ 


Equation 36a expresses the important fact that the input impedance 
of loop 1 is its own total loop impedance Zn reduced by the term 
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8. Current and voltage ratios in two-loop network 

The ratios oi the vector currents in the two loops and the ratio of the 
vector applied voltage Ex to that appearing across the load illipedance 
Zz, fire readily obtfiined from If and 2g. Thus from Eq. 2g for the 

circuit of Fig. 7 


h 



►[37] 


To determine the ratio of V/, to Ei, Ii can be eliminated between 
Eqs. If and 2g, and I 2 expressed in terms of Vl can be substituted in the 
result. Thus from Eq. 37 

Ii = - [37a] 

Putting Eq. 37a into Eq. If gives 

- - Z 12 ) h = E,. [38] 

But 


V/. 


y.i.lx or 


V. 


/ 


[39] 


Substituting Eqs. 39 and 37a in Eq. If and solving for V JEi give 


E, 




ZT 2 ~ Z11Z22 


►[40] 


By a similar use of Eqs. If, 2g, and 39, the ratio of either loop current 
to the terminal \X)llage of the other loop can readily be obtained. These 
ratios are not evaluated formally in the two-loop case but are derived and 
discussed in Art. 7, Ch. VUI, for the f-loop case. The two-loop results can 
readily be obtained by the student. 


9. Illustrative example of tavo-loop network 

In order that the foregoing analysis may be applied to an actual 
circuit, the voltage and current ratios, the average power delivered to 
the load, and the efficiency of jx)wcr transmission of the two-loop net¬ 
work of Fig. 8 are calculated. The circuit of Fig. 8 is somewhat less 
general than that formally analyzed in the preceding sections because 
some of the parameters included in Fig. 7 are omitted. However, all the 
essential processes involved in the solution of the general case are present 
in the example. The problem is to calculate the total loop impedances, 
the mutual impedance, the apparent impedance of loop 1, the currents in 
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the two loops, t^e current ratio, the power supplied by the source, the 
power absorbed by the load impedance, and the efliciency of power trans¬ 
mission In practice these ''alculations would probably be done at a 
number of frequencies to determine how the behavior of the network 



Ex = 10 0 \ 

CO = 27r50,0(K) radians/sec 
R\ = v^.4 ohms 

Ri - 5.1 ohms 

- 0 5 ohm 
Li = 55 /xh 
Li — 725 /uh 
Lz = 106 mH 


G = -^ = 0.0421 ,A 
G .= i = 0 00760 Mf 


Rj, — 120 ohms 
Li, = 150 /ih 
1/ - 268 Mh 


Fi(.. 8. Two-loop network for example of \il. 9. 


varies with the freejuenty of the source. Here the calculation for only one 
frequency is carried out, since the other fr(‘cjuencies involve exactly the 


same processes with different numbers. 

Solution: The total or self-impcdame Zu of loop 1 i.s 

Ru = + R'l = '^-4 + 5.1 =- 8.5 ohms, [3a] 

Z .11 - Li + U =■ 55 i- 725 780 /xh, [4a] 

wLii = 2 X 3.14 X 50,000 X 780 X 10 ® = 245 ohms, [41] 

‘S'li = Sa - ^-^darafs, [5a] 

- — = —419 ohms, [42] 

u)L\i — — = -174 ohms, [43] 

CO 


Zn Ri\ -f =r 8 5 _ /174 ohms. 


[25a] 
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The total or self-impedance Z 22 of loop 2 is 

7^22 0.5 + 120 = 120.5 ohms, 

L 22 = 4" Ll — 106 -f- 450 =* 556 /ih, 

03 L 22 = 175 ohms, 

S22 = 52 + 53 = 10“ 

= iO'‘(23.7 + 131) = 155 X 10^ darafs, j 


S22 


(i) 


— 495 ohms, 


0)L22 


^22 


—320 ohms, 


[6a] 

[7al 

[44] 

[8a] 

[45] 

[46] 


Z 22 = 120.5 - J.m = 342 / -69.4° ohms. 


[27a] 


The mutual impedance Z 12 includes the impedance Z^c of the common branch be 
and the mutual impedance resulting from the mutual inductance M. The current li 
causes a voltage drop —jSaJi/o), in the direction of Ii, which is a voltage drop of 
-j-j (S 311 /uj) in the direction of I 2 . Hence the mutual impedance contributed to Z 12 
by branch b( is /(.S's/w). A positive i\ causes a positive voltage drop in the direction 
on 2 through the mutual inductance M. Hence the contribution of this inductance to 
the mutual impedance Z 12 isjcoil/. Therefore 


Z 12 =2(” + =i(41'l + 2 X 3.14 X 50,000 X 268 X lO"') 

= y503 ohms. 

The load impedance Z/, is 

Zl - Rl + I^Ll = 120 -f 72 X 3.14 X 50,000 X 450 X 10"^^ 

= 120 +yi41 - 185/^9.r ohms. 


[26a] 


[47] 


Next the apparent impedance Zi„ which the source voltage sees at the terminals of 
loop 1 is calculated. 


Z]2 = -2..S4 X 10“, 

[48] 

- i = 

[49] 

Z“ 

Zia = Zii - = 271 +y.S22 - 589/62.6®. 

A 22 

[36b] 

By taking Ei along the axis of reals for convenience, 


y. 10.0/0° 

'■ -Z..- 589,62.6- 

[36c] 

The current ratio is calculated next 


11 Z 22 342/-69.4° 

- = - =-- 7-„~ = 0.679/20.6°. 

1 2 Z 12 503 /90° 

[37b] 
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Then 


0.0170 7-62.6 ° 

0.679 /20.6° ~ 


0.0251 /—83.2° amp. 


The average power supplied by the source is readily calculated from 
Source power = /i9i«[Zia] = 0.0170^ x 271 = 0.0784 w. 
The average power absorbed by the load impedance Zl is 

Load power = TiRi. = 0.0251" X 120 =- 0.0756 w. 


[37c] 

[50] 

[51] 


As a partial check on the calculations, the losses in the network itself are c<mi 
puted. These losses added to the load power should give the source power. In loops 1 


and 2 the losses are, respectively, 

l\Rn = 0.0172 X 8.5 = 24.6 X 10”^ w, [52] 

and 

I\R^ = 0.02512 X 0.5 = 3.2 X 10"^ w, [53] 

total losses = 27.8 X 10“'* w, 54] 

output = 756 X *0 *w, [51] 

input = 784 X 10 "* w, [50] 


which checks the foregoing figure. 
The efficiency is 

Load power 
Source power 


756 

784 


0.965, or 96.5%. 


[55] 


10. Two MAGNETICALLY ('OUPLED CIRCUITS 

The special case of the two-loop circuit in which the coupling between 
the loops con.sists of mutual inductance only is sufficiently important to 
justify detailed analysis. In Fig. b is shown such a network, in which the 
source Ci supplies power to a load impedance Z/, through the mutual 
inductance of the magnetically coupled coils. The differential equations 
are 

" f - f'*’ 

-M ^ + (& + R}.)h + iU + i;,) ^ J";,* - 0. I2h] 

By use of the relations developed in Art. 4 the vector equations can be 
written immediately as 

{Ri — El, [ih] 

—jo3Ml\ + + Rl + (^2 + Ll) + I 2 = 0, [2i] 
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or by using the simplified form of impedance notation, 


= Ki 

[25bJ 

= Zi2 = —jolM, 

[26b 1 

Sl 

= R2 + Rl +ML2 + Ll) + ^ • 

[27hJ 


Equations 25b to 27b substituted in Eqs. Ih and 2i reduce them to forms 
of Eqs. If and 2g for a two-hop network. The solution of Eqs. If and 2g 
is Eq. 2<!^a for Ij and, for the load current, 


h = E, 


*Zi2 


ZnZ 


l^'22 


r/2 

/^12 


[29a] 


The results obtained in Arts. 7 and 8 ap]dy directly to this case, as they 
must in any linear single-frequency two-loop circuit. 



Two magnetically coupled coils constitute a iramjormcr, one of the 
most important devices used in electric circuits. A transformer may 
behave as a linear or as a nonlinear circuit element, depending on its 
construction and the conditions of operation. In general, the air-core 
transformer is considered linear, and, for many aspects of circuit analysis, 
the iron-core transformer is also treated as a linear circuit element. The 
limitations on the linear point of view and the methods of studying the 
nonlinear characteristics are presented in this series in the volume on 
magnetic circuits and transformers. 

11. The ideal transformer 

llecause of its utility in circuit analysis, a device known as an ideal 
transformer is of considerable im{K)rtance. It can never be realized physi¬ 
cally, although many iron-core transformers can with a fair degree of 
approximation be considered ideal in the sense used here. Since an actual 
transformer can be represented rather accurately, however, by a simple 
network plus an ideal transformer, the ideal transformer is not relegated 
to use in circuit diagrams representing purely fictional situations. 
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When two circuits, 1 and 2, carrying currents ii and ^ 2 , respectively, 
are in proximity, four distinct comiX)nents of magnetic flux may be con¬ 
sidered to exist. The total fluxes of the respective circuits are and 
<^ 22 - Circuit 1 is linked by some flux which does not link circuit 2, 
while circuit 2 is linked by some flux </) 2 f, which does not link circuit 1. 
In the study of transformers and rotating machines these fluxes are called 
the leakage fluxes of the two circuits. The third flux <^12 is that linking 
both circuits as a result of the current /o in r'ircuit 2, while the fourth 
flux </> 2 i is that linking both circuits as a result of the current i\ in circuit 1. 
If L\ and L 2 are the self-inductances of circuits 1 and 2, respectively, and 
M is their mutual inductance, the constants ki and ^2 express the follow¬ 
ing ratios: 


h 


(f>2l 
011 ’ 


[56] 


h 


< l >\2 

922 


[57] 


For concentrated coils 


AT = 




[58] 


approximately, where and N 2 are the number of turns in circuits 1 
and 2, respectively. Also, 


and 


approximately. Hence 


and 




L, =- 


M = 


M = 


71 

N •2<I>22 
• ~ 1 
^2 

Nik2<l>22 _ TV i ^ 2.^2 

~l2 ^ nV 

A^2^1<^>11 N 2k\J-'l 


[59] 

[60] 

[61] 

[62] 


7, 7Vi 

Multiplying together Eqs. 61 and 62 and taking the square root give 

M [63] 
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The quantity is defined as the coeificient of coupling k of the two 

circuits. By this definition, 

M = k\/L\L2- [641 

The coefficient of coupling ^ is a measure of the magnetic proximity of th(‘ 
circuits. Often the magnetic coupling of two circuits is contributed almost 
entirely by coils included in them. When two such coils are wound very 
c losely together, as can be done, for example, by winding two conductors, 
one for each coil, simultaneously on a form, particularly when they havt‘ 
a highly magnetic core, the coefficient of coupling k can approach unity, 
expressing mathematically the fact that all but a very small fraction of 
the flux linking one coll also links the other^ and vice versa. The same 
expression holds for coils whose windings arc not concentrated. It can be 
developed by giving ki and ^2 wiore general definitions in terms of flux 
linkages instead of in terms of fluxes. 

'Fhe ideal transformer is defined as a pair of magnetically coupled coils 
which have the following properties: 

(a) The coefficient of coupling is unity. 

(b) There are no losses associated with the coils; that is, the coils 
have no ohmic resistance, and no energy is dissipated in the flux 
path in the form of hysteresis or eddy-current losses. 

(c) The self-inductances Li and L 2 are infinite, so that the impedances 
of any circuit elements in series with Li and L 2 , respectively, are 
negligible compared with ooLi and a?L 2 , respectively. 

It follows from property (a) and the definitions of self- and mutual induc¬ 
tance as flux linkages per unit current that, if 


__ Ni _ turns in coil 1 
N 2 turns in coil 2 ^ 

" M~ L2~ 


[65] 

[ 66 ] 


The calculation of the current and voltage ratios and the apparent 
impedance Zia at the source terminals of the ideal transformer may be 
readily accomplished by using the results of Art. 8, all properties of the 
transformer having their limiting values. The current ratio is 


h 

I2 



[37] 


Limits may be taken in Eq. 37 as the actual circuit approaches that of the 
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ideal transformer. Property (b) of this transformer here affects only R^', 


lim ^ = lim - /g 2 _ +>Z .2 + ZA ^ + Zl 

R2 — 1-2 R2 —\ 2 #i 2 / Z112 

Using properties (c) gives 

Zl 03 L 2 . 

This, together with Eqs. 26b and 66 used in Eq. 37d, gives 

11 joiL^ _ 1 

1 2 juiM a 


[37d] 

[67] 

►[37el 


for the ideal transformer. 

The voltage ratio may be found by applying Eq. 40 o- follows: 

^12 

V 2 ZlZi2 


L40a] 


from which, by substituting detailed values ai 1 dropping the Ri and R 2 
terms in Zn and Z 22 , 


V, _ (-ico3/)2-./coL,OL2 + W 
\I 2 —joiAI /jL 


[40b] 


or 

V, _ ico/.iZ,. + {ji,Y{L,L2 ~ M^) 

V 2 " " Jo^MZl 


[40c] 


But from the property (a) the Li />2 — term is zero; hence, 
V] _ /a;L i Tjl _ ^ 

V 2 joiMTji, 


►[40d] 


for the ideal transformer. The input impedance Z^ at the source terminal 
is 


Zio = 


ZnZ 


22 


Z^ 


12 


^22 


[36d] 


The numerator of Eq. 36d is the negative of the numerator of Eq. 40a; 
hence, if R 2 is omitted from the denominator, Eq. 36d becomes 


Z 


la 


JojLiZl 
jo)L2 + Zl 


[36e] 


Dropping Zl by comparison with WL 2 ^'Od using Eq. 66 give 

Zia = a^ZL 


>m 


for the ideal transformer. 
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By expressing the results of Eqs. 37e^ 40(1, 3>nd 36f in descriptive form, 
the following important relations are obtained: 

^ In an ideal transformer, the ratio of currents in the two windings is 
the reciprocal of the ratio of the number of turns of the respective wind¬ 
ings; the ratio of the two winding voltages is directly proportional to the 
number of turns; and the impedance as seen by the source is the load 
impedance multiplied by the square of the turns ratio.^ 

An interpretation of Eq. 361 furnishes a set of qualities alternative to 

(a), (b), and (c) that arc often more useful for defining the ideal trans¬ 
former practically. Thus from Eq. 36f an ideal transformer is one that has: 

(a) no losses, 

(b) infinite input impedance when the load impedance is infinite, 

(c) zero input imi)edance when the load impedance is zero. 

In Fig. 10 an ideal transformer connecting a source Ei and a load 
impedance is shown together with a tabulation of its properties. 


ideal transformer 



J 


(vLi ^ other impedance in loop 1 
03J 2 ^ 7. j plus other impedance in loop 2 
M = \/ l.xU 
k - 1 

Fic.. 10 Properties of ideal transformer. 

As Stated at the beginning of this article, the behavior of an actual 
transformer can often be approximately described by that of an ideal 
transformer. Moreover, the fact that the actual transformer possesses 
approximately the properties of the ideal is the chief cause of its being 
such a valuable piece of electrical apparatus, as can be seen from a brief 
consideration of some of its uses. 

In power transmission the principal energy losses are the PR losses 
which can be reduced by decreasing the current. Losses in insulation 
which vary in general with are u.sually small in comparison. Therefore 
power is usually transmitted at high voltage and low current. However, 
because of safety and insulation problems in devices for using power, a 
relatively low voltage is desirable for them. Both requirements can be 
satisfied by transmitting the power at high voltage with the accompany- 
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ing low losses, and by stepping down the voltage and stepping up the 
current at the load with a transformer. For example, in a large power 
development electrical energy may be generated at L>,000 volts, stepped 
up to 220,000 volts for tran.^mission, stepped down to 33,000 volts for 
large-area distribution and eventually stepped down again to 2,300 volts 
for industrial loads and to 230 and 115 volts for small power and domestic 
use. For each transformation a power transformer has a power loss of a 
fraction of one per cent of its full-load rating for large units to a few per 
cent for small units. 

In communications work the transformer is not operated as an efficient 
device for changing the o])erating voltage of the circuit; it is employed as 
a means of changing the apparent impedance of a load to tit ^he particular 
requirements of the circuit. A typical problem of this .*ort involves the 
delivery of audio-frecjuency power from a \a('uum-tube source having an 
effective internal resistance of perhaps 50,000 ohms or more to a loud¬ 
speaker coil having an effectixe resistance of perhaps 50 olmis. If the 
source voltage is 100 volts, the load receives e])r.ut 2 X lO-"^ watt when 
directly connected to the source. If, on the other hand, an ideal trans¬ 
former of ratio V50,000/50 or v^l,000 is used to make th(^ 50 ohms ap- 
jiear as a"\S0, or 50,000 ohms, to the source, the load receives about 0.05 
watt or about 250 times as much jkiwxt as when direct connected. An 
actual transfonner delivers perhaps 90 per cent of the power calculated 
ior an ideal transformer in this case. The great value of the transformer 
is at once apparent. In comparing an actual transfonner with its ideal in 
considering a communication problem such as that above, not only the 
question of efficiency but also that of fidelity of reproduction of the ap¬ 
plied force as a function of time is, of course, important. This question 
cannot be discussed adeciuately at this time because it dei)ends funda¬ 
mentally upon the consideration of transient response, which has not yet 
been treated for this circuit. However, it may be stated merely for the 
sake of co]nj)leteness that the ideal transformer as introduced here is 
ideal also from the standpoint of lidelity re(|uirement, and that actual 
transformers may be made to yield sufficiently good results for practical 
purposes, the comparison being made on the basis of frequency response 
characteristics, about which more is said in this series in the volume on 
magnetic circuits and transformers. Certain second-order effects that 
arise in the use of actual transformers and various special considerations 
that apply in certain cases are also discussed in that volume. 

12. Equivalent current and voltage sources 

In the preceding articles of this chapter, a network is analyzed on the 
loop basis by the formulation of loop-voltage equations. In Art. 13 the 
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alternative method is developed, namely, a formulation in wWch the 
equilibrium conditions are expressed by summing the currents at a node 
to zero. 

In the loop method it is assumed that the sources are voltage sources 
because this type of source is convenient to use in the equations. In the 
node method, current sources arc the natural ones to use. Fortunately a 
source can be represented equally well on either the current or the voltage 
basis and can thereby be adapted to either method of network formula¬ 
tion. Of course one can write the loop equations in terms of current 
sources, and the node equations in terms of voltage sources, but it is 
probably less confusing to change the sources to fit the equations as 
written. 

In Ch. II, it is demonstrated that a constant-voltage source can 
usually be represented by an electromotive force which is independent 
of the current, in series with a resistance. It is further shown that such a 
voltage source may, for purposes of convenient use in the node method of 
circuit solution, be transformed to a mathematically equivalent current 



Fig. 11. J^quivalent vector-voltage and vector-current sources. 


source In parallel with a conductance. This transformation is perfectly 
general in the case of a direct-current circuit, applying to both transient 
and steady-.state conditions, if only resistance is involved in the source. 

In the case of a sinusoidal source, a similar equivalence applying only 
to steady-state conditions is useful in the solution of two-loop circuits by 
the node method. Figure 11 illustrates the equivalent vector-voltage and 
vector-current sources. These equivalent sources have identical steady- 
state terminal characteristics when connected to an external circuit, 
but it should be remembered that the internal power losses are not 
identical. The proof of the equivalence of the two sources of Fig. 11 is 
analogous to the direct-current case, Art. 4, Ch. II. 

In applying the equivalent current source to the node method of 
circuit analysis, the shunt admittance Y is often converted to three 
parallel elements, containing conductance, capacitance, and reciprocal 
inductance, by the conversion methods outlined in Art. 17, Ch. IV. 
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13. Ditferential equations of the two-node network 

At the beginning of this chapter it is pointed out that there are two 
general methods of formulating the equations for a linear passive net¬ 
work, one in terms of loop voltages, the other in terms of node currents. 
Paralleling the presentation of the loop method of analysis, the two-node 
network is now treated by the node method. Because of the similarity 
between the forms of the loop and the node equations mathematically, 
however, it is unnecessary to carry through the solution of the node 
equations in detail; they are the duals of the loop-network solutions and 
can be written immediately by analogy. 

In Fig. 12 is shown a two-node network of nearly geniTal foim, with 
two current sources. All the possible parameters are included in Fig. 12, 
except magnetic coupling 
between the reciprocal 
inductances. While this 
can be included in a node 
formulation, it introduces 
a slight complication, so 
that the analysis of a 
network including mag¬ 
netic coupling is better 
treated on the loop basis. 

This preference is reason¬ 
able since the efTect of magnetic coupling is essentially that of a series 
voltage which enters better into loop-voltage equations than into node- 
current equations. 

Node equations are an expression of Kirchhoff’s current law, that the 
sum of the currents entering or leaving any junction is zero, the currents 
being expressed in terms of the node voltages and the circuit parameters. 
The node voltages are determined with respect to one arbitrarily selected 
reference node. The current between any two nodes is equal to the voltage 
drop between these nodes multiplied by the admittance of the path in 
which the current exists. 

Before the differential equations are written, the subject of .signs should 
be clearly understood. Arrows indicate the positive direction for source 
currents. The node potentials Va and V}, are expressed as the amount by 
which the potentials of nodes a and 6, respectively, are greater than that 
of the reference node. Thus Va and are the voltage drops from nodes a 
and &, respectively, to the reference node. 

The equation for the sum of the currents directed away from node a is 
written first, using the principle of superposition. Because v„ acts alone, 
vt, being zero, the current directed away from node a toward the reference 



Fkj. 12. Circuit diagram of a two-node network. 
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node (through Gi, Ti, and Ci) is 

ia ~ JVadt, [68] 

The current directed away from node a toward node h is 

Kb — G^Va + C 3 — + /’3 J' Vadt. [69] 

If Vi, acts alone and Va is zero, the current directed away from node a 
toward node b is 

C = -GsV, - C 3 ^ - /’ 3 fvt4i. [70] 


Equating these expressions to 4, which is directed toward node a, gives 


dv„ r dvn r , 

GiVa + Cl — “I" ^ 1J + G’^Va + C3 ^ ^ 


- GsVb - C)i ^ ^hdt = /«. 


[71] 


By the same process of reasoning, the corresponding equation for the 
total current directed away from node h is determined to be: 


-G'^Va 


~ C 3 


, dVa 


dt 


/ '3 ^"^ndt + G2Vb (-2 


, dvh 
dt 


+ GiiVb + t 3 — - + I 3 J* "^bdt — ih- 



[72] 


Already the similarity of form between the node equations for the 
two-node network and the loop equations for the two-loop network is 
apparent if Eqs. 71 and 72 are compared with Eqs. 1 and 2 , respectively. 
It is seen that with the understanding that common capacitance is the 
dual of both common self-inductance and mutual inductance — that is, 
that capacitance between two nodes is the dual of inductance common 
to two loops - the equations are duals in form, term for term. This being 
the case, Eqs. 71 and 72 can be treated by exactly the same methods as 
those used for the solutions of Eqs. 1 and 2. The coefficients of like terms 


in the v's are collected, letting 

Gaa — Gi + G^ = total or self-conductance of node a, [ 73 ] 

Caa ^ Cl + C 3 = total or self-capacitance of node a, [ 74 ] 

Uaa = r 1 + Ts = total or self-reciprocal inductance of node a, [ 75 ] 

Ghb = G 2 + G 3 = total or self-conductance of node 6 , [76] 
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Cbb ^ C 2 + Cs = total or self-capacitance of node b, [77] 

Ubb ^ T '2 + U 3 — total or self-reciprocal inductance of node a, [78] 

Oab — Gba = — Ga = mutual conductance of nodes (7 and ft, [79] 

Cab ^ Cba = — C3 = mutual capacitance of nodes a and ft, [80] 


Uab = Uba = — ^3 = mutual reciprocal inductance of nodes a and ft. [81] 



14. Steady-state solxttton of two-node niotwork 
If the currents impressed on the two-node network have the forms 

i(x = lam eOS (cu/ -|- 01), [^2] 


ih " Am cos (w/ + 02)> 

[83] 

the resulting node voltages have the forms 

Va ~ yam COS (w/ + 0 i), 

[84] 

•Vb = Vbm COS (w/ -f 02), 

[85] 

in which the and 0’s must be determined from the differential 

equations 71a and 72a and the known I\ and 0’s. By following steps 
entirely analogous to those used in the two-loop case and by letting 

Yaa = Gaa + j {^Caa -^ j = 

[86] 

Yfca ^ ^ab — Gao +7 ah ~ 

■—)> [87] 

W / 

Yfcb = Gbb +y — -^9 

00 

1_1 
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the cliffcrenticil equations 71a and 72a can be replaced by 


KaK + = la, 


mb] 

YiaVa + YuVt = h, 


►[72b] 

in which the V’s and I’s have these relations: 



la = 

V2 


[89] 

I, 

V2 


[90] 

II 

iSiir 


[91] 

V, = 

V2 


[92] 

From Eqs. 71b and 72b the values of the node vector voltages are found 
to be 

"" 'v 'v,. — * 

^ aa^ bb * ab 


[93] 

^ “1“ ^ a(3b 

Yb — V V — 

* aa I hh * tib 


[94] 

In the two-node case the apparent admittance Yia of the network 
viewed from the node-t/ current source when the node-^ current source is 
replaced by a load admittance Yl (which is included in the node-/; self¬ 
admittance \i,o) is 

V — V 

A 1« * aa 

Ybb 


►[95] 

In this same network, with the 4 source replaced by 
\ the ratio of the node voltages is 

an admittance 

V„ Yfci 

Vi Y„i’ 


►[96] 

The ratio of the current in the load admittance to the source current is 

It -Yi,Y„„ 

la YaaYii, - Y^i' 


►[97] 


The polarities and arrow directions are so assumed in Fig. 12 that the 
signs in Eqs. 95, 96, and 97 are the same as in the corresponding equations 
for the two-loop network, Eqs. 36a, 37, and 40, respectively. 
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15 . Direct formulation of the steady-state vector node 

EQUATIONS 

If only the steady-state solution of a network is desired, it is usually 
more convenient to write equations of the form of Eqs. 71b and 72b 
directly by inspection of the circuit diagram rather than to obtain them 
by way of the differential equations. Another advantage of writing the 
steady-state equations directly is that by this means the number of 
nodes, and therefore the number of equations, can often be reduced, as is 
shown in an illustrative circuit 
such as Fig. 13. If the differen¬ 
tial equations are written, this 
network has four independent 
nodes, a, h, c, and d, because a 
differential expression for the 
current in the U's, Q branch 
cannot be written in terms of 
the potentials of nodes a and b 
alone. More generally it can be 
said that, in order to write the 
differential equations by the node method as developed here, every con¬ 
nection between elements must be made a node. P'or the circuit of Fig. 13 
these equations, for currents directed away from the nodes, become 

(iv 

(Gi + G^)Va + Cl — — G-^Vc = ia, [98] 

~^G>j,Va + CaZ’c -f 1^3 — / 3 J*"^'cidt = 0, [99] 

-j ,Jv4t + r,jvjl + C, = 0, [100] 

Gs'l’b + {(- 2 + C'i) ~ Ct ^ — ib- [101] 

This is a rather complicated formulation, considering the simplicity of 
the circuit 

For steady-state analysis, however, as can be seen from Art. 17, Ch. IV, 
only those points where more than two elements join need be considered, 
provided the meaning of the admittances Yah, and Yhb of Eqs. 71b 
and 72b is correctly understood. The total vector current directed away 
from node a is YaaVa when the vector potential of this node is Va, and the 
vector potential is zero. Also YahYb is the vector current directed 
away from node a towards node b when Va is zero. Similar interpretations 
apply to the other terms of Eqs. 71b and 72b. If these ideas are applied 



Fig. 13. ['\)ur-nod(‘ network solved as 

Iwo-node network. 
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to the circuit of Fig. 13, two nodes, a and b, suffice for the solution. The 
Y’s are expressed as follows: 

Yaa = Gi +jwCi + - y - [102] 

Yab = -. [103] 

2^3 +j(ct}L3 — 

Ybb = G 2 +jo)C 2 H-;-^ • [104] 


In Fig. 13, the elements in branch a-b are labeled in both possible ways, 
JR 3 and G 3 , L:i and r^, and S:i and Ca, for convenience in writing the 
equations, it being understood that the paired symbols are reciprocals. 
It is easily seen that for actual steady-state calculations, Eqs. 71b and 
72b with the Y’s as given by Eqs. 102 to 104 offer a much more direct 

method for obtaining the steady- 
P r sisiie solution than do Eqs. 98 

-- to 101. Both, of course, yield 

. jy\ Uaa/^ y the same result. 

I ^ ^ combining ele- 

‘•0 \ /i- O'- ments in steady-state calcula- 

/ lions can be carried further. 

Any one of the three branches 
0 a-o, a and h-o can be aserie.s- 

Fig. 14. Si\-node network. parallel combination of elements 

and still the alternating-current 
steady-state equilibrium conditions can be expressed by Eqs. 71b and 
72b. For example, the circuit of Fig. 14 can be analyzed in the alternating- 
current steady state as a two-node network by Eqs. 71b and 72b if Yaa 
is called the admittance of the complicated branches a-o and a-h in 
parallel, —\ah the admittance of branch a-6, and \hh the combined 
admittance of branches a-b and b-o in parallel. Thus for this circuit. 


Yaa = j^Ci + 


Ya. = 


Ri + jo)Li 
-1 


R3 +icoL3 + -—-——T 

G3 -T 




^2 +JWL2 


[102a] 

[103a] 


[104a] 
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^ATiile Eqs. 102 a to 104a look complex, it is probably easier to analyze 
this circuit as a two-node circuit with complicated branches, than a? a 
six-node circuit with single elements as branches. This advantage becomes 
more evident in connection with the analysis of the «-node case in Ch. VIII. 

16 . Illustrative example of two-node network 

For the circuit of Fig. 15, the receiving-end voltage Vl is desired. 
The constants Y, G, C apj)roximate those of a circuit equivalent to the 


+ Y5 Y + 



Vs = 150 V, 100 - 
Y.s = 2,000 - 7200 ^ mhos 
Y = 1,000 -7100 m mhos 
G •= 100 M mhos 
C = 5.0 4 

Yi, = 0.002 - 7*0.0015 mho 
Fig. 15. Equivalent circuit of submarine cable. 


submarine cable laid in 1924 between Aldeburgh, SufTolk, England, and 
Dombert, Walcheren, on the Dutch coast, a cable length of 86 nautical 
miles. 

Solution: The sending-end admittance Y, and the sending-end voltage V, are 
replaced by a current source (Fig. 10) in which 

I, = 150(0.002 -y0.(K)02) amp. [105] 



The node equations are, 

V„(y. + G +jo}C -f Y) - V/.Y = I., 

-VaY + Vx,(Y -f G +juC + Yl) = 0, 
Y. -f G -f juC -f Y = 0.002 -y0.0002 -f 0.0001 -1-;0.0031 1 
-I- 0.001 -yo.oool = 0.0031 -Pj0.0028. j 

Y -F C + juC -f Yi = 0.001 -yo.oool + 0.0001 + jO.0031 
-f-0.002 -yo.0015 = 0.0031 +>0.0015. 


t71c] 

[72c] 

[102b] 

[104b] 
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From Eq. 72c 


0 .00..*1 +yo.ooi5 
0.001 -yo.oool 


Vx,(2.92 +il.l8). 


Hence, by using Eq. 71c, 

150(0.002 ^/0.0002) = Vl[(2.92 -hjl. 18)(0.0031 +j0.0028) - 0.001 
-h jO.OOOl] = Vl( 0.005T -hjO.0120) i 


whence 


Vl = 7.6 ~j2\.3 V, 


Vl - 22.6 V. 


[1061 


[71d] 

[107] 

fl07al 


17 . Illustrative example of graphical solution of two-loop 

NETWORK 

This is a situation in which currents and voltages are known in magni¬ 
tude only. The power taken by the load and the power delivered by each 
of the two sources (Fig. 17) are desired. 



Eoa = lv30 V Jab - 30.7 amp 

Eoh = 110 V lie - 20.0 amp 

Vea - 120 V 

R\ jX\ = 0.7 -f- 7O.26 ohm 
R-i -h jXi = 1.5-1- y3.0 ohms 

Fig. 17. Two-loop network used in Art. 17. 


SoltUion: The steps in constructing the vector diagram (Fig. 18) are: 

a. The load voltage vector V, <, is taken as 120/0° v. 

b. With O as a center, an arc of radius or 110 v, is described. 

c. The voltage Vhc is calculated : 

Vbc = 20/^(1.5 -F y3.0) = (30 +y60)/5 , [108] 

Vbc = 67 V. [108a] 

d. With the tip P, of the Yco vector, as a center, an arc of radius 67 v is described. 
The intersection of this arc with the arc of (b) fixes the E 06 and the I 2 Z 2 vectors. 

e. With the I 2 Z 2 vector as hypotenuse, the right triangle of legs L 2 R 2 J or 30 v, and 
12^2^ or 60 V, is constructed. 

f. The current vector I 2 is constructed parallel to I 2 -R 2 , of length 20 amp. 

g. With O as a center, an arc of radius Eoa, or 130 v, is described. 
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h. The voltage Vah is calculated 

Va6 - 307^(0.7 +7*0.26) = (21.5 +77.8)/i, [109] 

Vab = 22.9 V [lOQa] 

i. With the tip Q of the E^h vector as a center, an arc of radius 22.9 v is described. 
The intersection of this arc with the arc of (g) fixes the E^a and the IiZi vectors. 

j. With the IiZi vector as hypotenuse, the right triangle of legs or 21.5 v, 
and /iXi, or 7.8 v, is constructed. 

k. The current vector Ii is constructed parallel to of length 30.7 amp. 

l. The current vector 

U = l2~Ii [110] 

is constructed by vector subtraction. 



Fig. 18. Vector diagram of relations in circuit of Fig. 17. 


The above steps may all be done roughly, and the problem may then be analyzed 
in the following manner. The three sides of triangle ()()/^ are known. Therefore, from 
the cosine law, 

^ , 1202 + 1102-672 22,000 

^ = —2^(T2or“ = 

0 = 33.5°, [112] 

SP = 120 - 110 cos/8 = 120 - 91.5 = 28.5 v, [113] 

cos/^Pg = = 0A25, [114] 

/SPQ = 64.9°. [115] 

Since 1 2 is parallel to FT, 

5 = 180° - (/SPQ + /QFT ) = 180° ~ (64.9° + 63.4°) - 51.7°. [116] 

In triangle OQU the three sides arc known. Hence 

, 110 ^ + 130=* - 22.92 28,500 _ 


cos 05 — a) = 


^ “ 2(110)(130) 

/5 - a = 5.1°, 

a = /5 - 5.1° = 28.4°. 


- 0.996, 
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There are two possible positions of the vector and two corresponding values of a, 
but, for simplicity, only one is used here. 


22.9= 4- 1302-1102 5,320 

cos - 2 ( 22 , 9 ) (130) " 5,950 

/QUO = 26.6°. 


0.89, 


[ 120 ] 

[ 121 ] 


I'herefore the line QU makes an angle of +1.8° with the reference axis. The angle 
ryiT is tan +7.8/21.5) or 20.1°. Therefore ()ir, representing the vector li7?i, 
makes an angle of —18.3° with the reference axis. Since the vector 1] is parallel to the 
vector the angle 7 is — 18.v^°. 

As all the phase angles a, 7 , and 5 are now known, one solution of the problem 
to determine source and load powers may be completed readily. It should be noted 
that for completeness, all possible intersections of the various arcs used in construct¬ 
ing the diagram must be considered in the light of circuit conditions. Additional 
data may be needed to fix one solution definitely as the only possible one. 


PROBLEMS 


1 . For the circuit of Fig. 19: 

(a) What is the potential difTerence across the open switch? 

(b) What is the current in the generator.'* 

(c) If the switch is closed, what is the current in the generator? 

(d) What is the current in the closed switch? 

(e) \ ector diagrams are to be drawn showing all currents and voltages for each 
switch position. 




0 -j 8 ohms N. ^k 10 +j 6 ohms 


Fig. 19. Two-loop network for Prob. 1. 


2. For what value of E is the current 4 amp in the condenser of Fig. 20? 


/ = 60 


2 ohms 0.04 h 
—/WV— ' ^ 



10 ohms 


Fig. 20 Two-loop circuit for Prob. 2. 


3. If the voltage across the condenser is 500 v, what is the value of E in Fig. 21? 

4 . A power-transmission line and terminal Transformers are represented approxi¬ 
mately by the equivalent T-circuit of Fig. 22. What is the load voltage? 
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5. Two generating stations supply a common load through transmission lines as 
indicated in Fig. 23. 

(a) What is the load current? 

(b) What power does each station supply? 

(c) What power does the load receive? 


15 ohms 0.10 h 
-VNA^—'TfWIP' 


/ = 60 -^ 



4 ohms 


0.0311 


140/if 


^ Fig. 21. 'Fwo-loop circuit for Prob. 3. 



R - 10 ohms, V = 100 ohms 
Y= jlO ^ mho Kii =- 100,000 v, 

IL ~ 100 amp 

power factor of load = 0.80 lagginp; 

Fig. 22. Equivalent circuit of transmission line, Prob, 4* 



Fa = 1,910 V, Vl = 2,000 v, F> - 2,150 v 
I\ - 50 amp, !i = 86 6 amp, 

Zi — 2.0 -h 46 ohms, /> — 1 0 f- /I 75 ohms 
Fig, 23. Simf)lified power network, I*rob. 5. 

6 . The circuit shown in Fig 24 represents a transformer for which the inductance 
parameters may be assumed essentially constant All losses are neglected. For the 
assumed reference arrows, the following equilibrium equations mav be written. 

jo)L\l\ -f- jo)M\2 = El, [li] 

yojMIi = Eo. [2k] 

(a) By introducing any factor m in the following way, 

M 

ico/.iTi (ml2)=Ei, [Ik] 

m 

yco ^ I, + > Mj) = f 2m] 

m m 

can the corresponding circuit be represented as shown in Fig. 24a, or, alter¬ 
natively as shown in Fig. 24b? 
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(b) What is the value for m which leads to the equivalent circuit of Fig. 24c, and 
what are the values of the inductance parameters La and Lb? The necessary 
m value is to be expressed in terms of the nominal transformer ratio 



NL ideal 

m 


Fig. 24a. First alternative circuit for Prob. 6. 


/r K\ (^ 

m) mil vm 



ideal 


Fig. 24 b. Second alternative circuit for Prob. 6 . 



ideal 


Fig. 24c. Another equivalent circuit for Prob. 6. 

7. Figure 25 is the schematic diagram of a resonating air-core transformer circuit. 
What are the input impedances of this transformer, that is, the apparent imped¬ 
ances measured across the terminals at 997,1,000, 1,003, and 1,006 kc/sec? 

8 . A vacuum-tube oscillator has an internal resistance of 800 ohms, negligible 
internal reactance, and an effective internal voltage of 5.0 v at 1,000 Power is to be 
supplied from this source to a pure resistance load of 20 ohms, either by connecting 
the load directly to the oscillator or through an iron-core transformer having self¬ 
inductances of 1.2 h and 0.030 h and coefficient of coupling 95%. For the purpose of 
the problem the inductances may be considered constant and the transformer resist¬ 
ances and core loss may be neglected. 
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(a) With the apparatus available, how should the load be connected in order that 
it may receive the most power? What is that power? 

(b) A vector diagram is to be sketched for (a) showing the internal voltage of the 
source, the terminal voltage of the source, the voltage across the load, the 
current in the source, and the current in the load. The voltages and currents 
are to be indicated on a circuit diagram and the direction in which each is 
considered is to be made clear. 


a 



b 


Ri = 10.0 ohms /?2 - 25.0 ohms 

Li = 64.0 nh U = 150 /xh 

M = 49.0 txh C = 169 

Fig. 25. Resonating air-core transformer circuit, Prob. 7. 

9. A transformer has the following parameter values: 

L\ L 2 (joLifRi (jiL^/R^ k 

1.0 h 0.20 h 200 200 0.995 

A voltage source having an internal resistance of 500 ohms and an angular frequency 
of 5,000 radians/sec is connected to the primary, and a load resistance of 100 ohms is 
connected to the secondary. 

(a) What is the power delivered to the load for a 1-v source? What is the power 
delivered for source voltages 1/lOth, 10 times, 100 times as great? 

(b) What is the power for unit source voltage if the transformer is ideal and has 
the same inductance ratio? 

(c) What is the power for unit source voltage with no transformer between the 
source and load? 

10. A telephone receiving circuit is to be coupled to a transmitter through a trans¬ 
former. The impedance of the receiving circuit is 260e-^^’'^^^^ ohms at 1,000 The 
constants of the transformer are: 

Ri R 2 Li L 2 M 

43 ohms 43 ohms 3.6 h 3.6 h 3.5 h 

If Riy R 2 y Liy L 2 , and M are assumed to be constant, what is the apparent imped¬ 
ance of the receiving circuit plus transformer as viewed from the primary terminals 
of the transformer? The core loss of the transformer may be neglected as it has negligi¬ 
ble effect under the conditions of operation. 

11. For the circuit of Fig. 26, the transformer resistance and core loss may be 
neglected, and the coupling coefficient may be considered essentially unity. The 
windings are connected series aiding. How much power is delivered to the telephone 
receiver? 
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12. The successive steps in the conversion of the circuits shown in Fig. 27 are to 
justified by applying the method of converting a voltage source in series with a circuit 
element into an equivalent current source in parallel with that element. In particular, 
for the frequency l/2TV^Zr the circuit becomes that of Fig. 27c. On this basis thf 
circuit to the left of the dotted line in Fig. 27a is to be designed so that it may repre¬ 
sent a current source of 10 amp when E is 110 v and the frequency is 60 



E = 20.0 V 

<0 = 2,000 radians/sec 
E = 200 ohms 
S = 36.0 X 10« darafs 
Zr = 1,790+jl7.9(M) ohms 
L ~ 1.0 h (each of three coils on common core) 

M — 1.0 h (between any pair of coils; 

Fig. 26. Telephone receiver connected through transformer, Prob. 11. 



Fig. 27. Conx'ersion of voltage and current sources, Prob. 12. 


13. If the resistance of the coil in Prob. 12 is taken into account, the source circuit 
looks like Fig. 28a. 

(a) Can this be replaced by the equivalent circuit of Fig. 28b in which 

r = Ril+Q'^l [122] 

L' = L{1 + [123] 

where 


Q- 


(i)L 


[124] 
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so that for reasonably large values of as used in practice the approximate 
equivalent current source becomes that of Fig. 28c? 

(b) If the Q of the coil is 200, the terminal voltage is 110 v at full load, the source 
operates at 10 amp, and the frequency of 60 still is antiresonant, what are: 

1. Full load terminal current? 

2 . Loss in the coil at full load? 

3. Full-load power deliverable? 

4. Efficiency at full load? 


I with L and C as in 

rProb. 12, and a resistance load. 



Ftg. 28. Circuits of lop. 27 modified to lake into account resistance 
of coil, Prol). 13. 

14. What is the expression for Ei/V.i for the circuit of Fig. 29 in terms of the circuit 
parameters and w? 




Fig. 30. Dual circuit of that of Prob. 9, for use in 
Prob. 15. 


15. For the circuit of Fig. 30 the parameter values in farads and mhos are such that 

^l+G = 10-^ [125] 
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- 0.995, 

[127] 


V(Ci + Ci)(Ct + Cs) 


(Cl + Cj)w (Cl + Cslw _ 

Cl Gi 

[128] 

Also, 

u = 5,000 radians/sec 

[1291 

and 

G = 10-“ mho. 

[1.101 


What is the input admittance Y? Is the circuit physically realizable? This is tJic 
dual of the circuit in Prob. 9. 



CHAPTER VII 


Transient Analysis of Alternating-Current Circuits 
Involving Two Unknowns 


1 . Transient and steady-state (>)mponents 

In Ch. VI the differential equations for alternating-current circuits 
involving two unknowns are developed and solvi‘d for >teady-state con¬ 
ditions, by the use of both the loo}> method anrl the node method. For 
networks having two or more loops, just as for the ^hnple single-loop 
circuits, the steady state is substantially reached only after an interval 
of time following any change in the circuit or the forces im])ressed upon 
it. During this interval the currents and charges are gradual.y adjusting 
themselves from values which they had at th(‘ instant that the change 
was made, to their steady-state values. In general, for constant or periodic* 
imj)ressed forces, it may bt^ assumed that each current and charge is 
made up of two comi)onents, a steady-state component and a transient 
component. 

The steady-state component can be considered as becoming established 
immediately following any change in circuit or source conditions. This 
concept may be difficult to acc'ej)t at first, but it arises logically from the 
differential equations, and the* solutions obtained on this assumption can 
always be verified exjierimcmtally as to resultant or total values of current 
and charge. Such exjierimcmts justify this method of solution in which 
the steady-state componc'iit is assumcxl to be established immediately. 
The steacly-state components can be calculated rc‘adily by the methods 
previously discussed, whem the electromotive forces are sinusoidal or 
constant voltages. 

The idea of a transient component serves the same purpose in the multi¬ 
branch network as it does in the single-loop circuit. The current in a coil 
and the charge on a condenscT cannot change instantaneously, or cannot 
be discontinuous functions, in any physical circuit. Sinc'c at the instant 
that a circuit or source change occurs, the current in each inductance and 
the charge in each capacitance are, in general, diffcTent from their new 
steady-state values, there must be another component of current or 
charge in each, which when added to the new steady-state value, makes 
the resultant equal to the actual existing current or charge. These com¬ 
ponents arise solely from the discrepancy between the existing and the 
new steady-state values and die out exactly as they would if they alone 
were present in the circuit, all sources of energy other than that stored in 

407 
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the inductances and condensers being removed. Because of their transi¬ 
tory nature tb(y are called transient components of charge and current 
This GxpJana.tion is a duplication of what is given in Chs. Ill and V, but 
the ideas involved underlie all linear-circuit behavior and can scarcely 
be overemphasized. Once these ideas are understood clearly, the theory 
of transient analysis in multibranch networks is quite simple and 
straightforward. Unfortunately, the arithmetical labor involved in mak¬ 
ing a complete transient analysis of any but the simplest of networks is 
extremely arduous. Two arithmetical tasks are involved: one the location 
of the roots of an algebraic equation, usually of the third or higher de¬ 
gree; the other the solution of a set of simultaneous linear equations 
having, in general, complex coefTicients and unknowns. 

The differential equations 1 and 2, p. v368, describe the behavior of the 
two-loop network of Fig. 1, p. 366, under all conditions. The transient 
components of currents are those values of current which satisfy the 
force-free network, in which the e's are made zero. The differential equa¬ 
tions of the two loops then become 

+ hii + 5'ii J'i\dt + R\2H + E\2 *f ‘S'i2 Jhdt = 0, [J] 

+ I>2i + Szi Jiidt + ^22^*2 + L 22 + 822 hdi = 0. [2] 

As in previous differential equations written with i rather than q for 
the dependent variable, the integrals of the currents in Kqs. 1 and 2 must 
be so interpreted as to include the total charges on the respective elas- 
tances at the instant under consideration. 

If values of i can be found that satisfy Eqs. 1 and 2, those values can be 
added to the steady-state i’s that satisfy Eqs. la and 2a, p. 369, and the 
sums also satisfy Eqs. la and 2a, p. 369. Mathematically, this procedure 
is that regularly used for the solution of simultaneous linear differential 
equations with constant cocflicients, the solutions of Eqs. 1 and 2 being 
called the complementary functions, and the solutions of Eqs. la and 2a, 
p. 369, previously found in Eqs. 18 and 19, p. 372, being called the par¬ 
ticular integrals. Physically, the solutions of Eqs. 1 and 2 provide the 
values of transient components of current, if, to add to the steady-.state 
values for the complete solution in cases where transients may exist. 
From previous work it is known that exponential functions satisfy linear 
differential equations with constant coefficients. In addition, it may be 
assumed for trial, subject to verification, that the same exponent applies 
to the solutions of both loops, giving the assumed solutions 

hi = 


[ 3 ] 
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and 

Hi = [4] 

where A, B, and p are to be determined. In this treatment the coefficients 
A and B are not identical with the .same .symbols as used in Chs. Ill and 
V; they are more general and may turn out to be either real or complex. 
Substituting Plqs. 3 and 4 in Eqs. 1 and 2 and performing the indicated 
operations give 

^-^11 + P-^'ii H — ^^12 "f P ^ i 2 + ^ ~ 

^■^21 + P ^ 2 i H —+ p /-22 + 

The expressions in parenthe.ses are very similar to those for the steady 
state in Eqs. le and 2e, p. 373; hence, they are called transient imped¬ 
ances as follows, the functional notation Z(p) being used to di.stinguish 
them from the corresponding steady-state impedances Z(ya)), (which are 


abbreviated to merely Z): 

Zii(p) ^ Rii + pZ-^ii + > [5] 

Zi2(p) = Z2i(p) = R\2 + p/^12 H— 9 [b] 

Z 22 (p) + + [7] 

Putting Eqs. 5 to 7 in Eqs. la and 2a and dividing out the common 
term give 

Z„(p)A+ Zi2(p)B = 0, [lb] 

Z,2 (p)A + Z22 fp)B = 0. [2b] 

Equations lb and 2b have as solutions 


Zn(p)Z22(p) - [Zi2(p)]' 


which are trivial if the denominator is nonvanishing. That is, zero cur¬ 
rents are a mathematically correct solution of Eqs. lb and 2b but one 
which is of no importance. If, on the other hand, the denominator van¬ 
ishes, the indeterminate forms 



[ 9 ] 
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and 



[ 10 ] 


result. These are in reality precisely what are wanted, since A and B must 
be fixed by the particular initial conditions of the problem and not by 
the basic differential equation if the transient is to serve its purpose as a 
buffer between the initial and steady-state conditions. Consequently 
the possibility of the denominator being zero is investigated. 


2. The characteristic equation 


The denominator of Eq. 8 is indicated by D(p), which is a polynomial 
in p as can be seen by expanding it. Thus 

D(p) = Zn(p)Z 22 (p) - [>'- 12 (p)]^ = 0 

= P^(f-'uf-'22 — ^ 12 ) + p(^nf-'22 + f'^22^11 — ^ 1 ^ 12 ^ 12 ) 

+ {R11R22 ~ R \2 H" f'll‘S'22 “h f' 22 'S'll — 2L12S12) 

+ - (RnS^i + R‘,2Sxi - IRvzSx^) ^ 

P 

+ {SxxS22 - * 5 ?,)= 0 . 
p 


Equation 11 is called the characleristic or determinantal equation of this 
network. Since, in general, p equal to zero is not expected to be a root of 
Eq. 11, it can be multiplied by p“ to obtain 


«iP‘‘ + a 2 P'* + "aP^ + av? + as = 0, [11a] 

in which the coefficients are indicated by a’s merely for ease in writing. 
These a\ are quite unrelated to those used in Eqs. Ic and 2c, p. 371. 
From the theory of equations it is known that Eq. 11a has four roots. 
'Fhese may be real, imaginary, or complex. The imaginary and complex 
roots always come in conjugate pairs. Thus if one root pi is 
there is always a second root p 2 , or — « — 7 /?, conjugate to pi. 

Before the important properties of these roots arc examined further, 
the fact that there arc four values of p satisfying Eq. 11a should be com¬ 
pared with the original assumptions, Eqs. 3 and 4. Apparently in and / 2 / 
each contains four terms, a fact which leads to four A’s and four B’s. 
These eight terms are not independent, however, since either Eq. lb or 
2b relates A to B for any given value of p. In the light of these findings, 
the assumptions of Eqs. 3 and 4 may be expanded to include the four 
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values pi, p 2 , ps, and p 4 of p. First the assumptions are made that 

Hi = -f ►[4a] 

In Eqs. 3a and 4a the subscrip^ts to A a?id B show the value of p with 
which they are associated. 

An example of the physical meaning of the terms of Eqs. 3a and 4a can 
be developed from an examination of any one, such as the term 
This term states that loop 3 2 contains a transient com}X)nent of current 
varying with time according to the factor and that the amplitude of 
the transient comi)onent initially is the constant coefficient B.s. Simi¬ 
larly in loop) 1 there is a transient component of current varying in 

the same manner with time but having the different initial magnitude A 3 . 
Equations lb and 2b state that h>r a ciu'rent varying in the manner 
the loop) 1 and loop) 2 magnitudes are related ])y 

A3 _ rp1 

B3 ^ * Zn(p 3 )' “ zLiPa) ' ^ 

That the two ratios of Z’s in Eq. 12 should be equal is evident when the 
elements are cross-multipilied and transposed, with the result that 

Zn (l)3)Z22(p8) ~ [Z|2fl>3)]^ = b? 

for p )3 is one of the values of p) that satisfies this \xTy Ecp. 1 1. A similar 
interp)retation ap)p)lies to each of the other piairs of terms containing a 
given value of p. Thus the comp)lete transient in each loop) consists of 
four exponential components. 

If both L and 5 are piresent in the network — as they are in the case 
under discus.sion — and if the resistances are sufficiently small, two or all 
four of the values of p are complex quantities occ urring in conjugate p)airs 
as just pointed out. If, for exampile, pi and p 2 are conjugate comp)lex 
roots, it is found that the corresp)onding A’s and TFs for each loop) arc 
conjugate complex numbers. The two terms combine to form a term as 
follows, for examp)le, for loop 2 : 



= cos (corfi + 5 ) ] 

[13] 


1 - 1 

,3 

r 

II 

Pi = — a +jo)d, 


[14a] 

P2 = — a — joJd, 


[14b] 

Bi = ~ B2. 


[15] 


One further property of the p’s is important. From physical considera- 
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tions it can be seen that the real part of p (which may be all of p) must 
be negative. If it were positive, transient components would increase 
without limit with time, an absurdity from the physical point of view, 
especially since this discussion concerns the force-free solutions. 

A few words are appropriate here concerning the possibility of p equal 
to zero. When Eq. 11 is changed to the polynomial Eq. 11a containing 
only positive powers of p, the statement is made that in general p equal 
to zero is not a root of Eq. 11. This is always true for a physically realiz¬ 
able network, which necessarily contains resistances. For if zero were a 
root, there would be a term containing as an indefinitely persisting 
part of the transient current, which is not in accord with the law of 
conservation of energy for a system containing dissipative elements. The 
student may encounter this case if he idealizes a circuit by omitting resist¬ 
ances, as is sometimes done for simplification. A treatment of this some¬ 
what special situation is given in more complete works on network 
analysis.^ 

3. F] VALUATION OF THE CONSTANTS OF INTEGRATION 

The transient solutions for currents in the two-loop network is now in 
the tentative form of P.qs. 3a and 4a, some of whose j>roperties have been 
investigated. Each of the solutions contains four undetermined constants: 
a real A ox B for each term of ii or 4, respectively, for which the p is 
real; and the two components of a comjilex A or B for each pair of complex 
p’s. If this number of undetermined constants is equal to the number of 
initial conditions that can be given for the network arbitrarily, and if 
these constants can be determined in terms of the initial conditions, Eqs. 
3a and 4a are the solution of the problem. These equations satisfy the 
differential equations 1 and 2, p. 368, but to be a correct solution they 
must also be unique, for a given network always reacts the same way to a 
given set of impressed conditions. Equations 3a and 4a can be unique 
only if the constants can be uniquely determined from the initial currents 
in inductances and from the initial charges in condensers. 

An examination of the circuit of Fig. 1, p. 366, discloses the number 
of initial conditions that can be fixed arbitrarily. Loops 1 and 2 both 
contain inductance; hence their currents are mathematically continuous 
through any instantaneous change in the circuit. This fact means that if 
the value of each current is known for an in.stant immediately preceding 
any change in the circuit or source, it is known also for the instant imme¬ 
diately following the change, for the two differ only by the infinitesimal 
amount that a quantity which changes at a finite rate can change in an 
infinitesimal time. The common branch also contains inductance, but this 

^ E. A. Guillemin, Communications Networks (New York: John Wiley & Sons, 1931), 
Vol. I, Ch. V., paragraph 10. 
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introduces no additional information since the current in it is merely the 
difference of the two loop currents. Initial current values of the two loop 
currents then serve for two of the initial conditions. 

There are independent capacitances in both loops, each in series with 
resistance; hence, the integral of either loop current, representing the 
charge displaced around either loop, cannot be changed instantaneously. 
Therefore the values of the loop-current integrals immediately following 
any instantaneous change in the circuit or the applied forces are the same 
as those immediately preceding the change. This fact provides two more 
initial conditions, making four in all, which is exactly the number required. 

From the foregoing argument: 


ii(0) = fi..(0) + ii/fO), 


[16] 

^2(0) = fo^sCO) /2/(0), 


[17] 

^i(O) = (/urt)) + 


[18] 

<72(0) = ^2^(0) + ^2/0) 


[19] 

But just after the change of ( ircuit conditions, the transient currents are. 

from Eqs. 3a, 4a, and 12, 



A<(0) = (0) — fi.s(0) = Ai -f Ao + A3 + A4, 

[20] 

^*2/(0) = ^*2(0) — f2«(0) = Bi + B2 + B3 + B4, 

[21] 

.,,(0) - A, + A. - 


[21a] 

, . Z,,(p3) . Zn(p4) 



If Pi and p2 are conjugate complex roots and and are real, then the 
A and B terms can be reduced to 


“ 29?c[Ai] A ^ A [20a] 

^*2/(0) = + Ba + B4, [21b] 


^2i(0) = 29le Ai 


— Zi2{—ot +ywd)_ 


+ A[i 


Z\ \ (ps) 
~-Zi2{p3) 


+ A 4 , 


Zii{p4) 

— Zi2(p^) 


[21c] 


If all four roots are complex, then the p^ and /?4 terms take the form of the 
term for pi and p2 in Eq. 21c. 

The transient loop charges are found by integrating Eqs. s3a and 4a. 
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Putting / equal to zero in the resulting expressions and using Eqs. 18 and 
19 give 


Vu(o) = qi {0) — qis(o) = ^ -f -- -f - - [22] 

Pi P2 Ps P4 

?2i(0) = 92 ( 0 ) “ ?2s(0) ^ 

Pi P 2 P3 P4 


^ Zi_i_(Pi) _L _^^ 11 (P2 ) ■ A3 Zn(p 3 ) 

Pi [~Zi2(pi)] P 2 [“^i2(P2)J Pa [~^i2(Pa)] 

^ Zi 1 (])<) 

P4 -[Zi2(P4)]‘ 


[23a] 


If Pi and P 2 are conjugate complex roots, and pn and ^4 are real, the 
expressions reduce to 


quiO) = [ 

q^M = 2 ik, [ 

7,,(0) = 2‘«. [ 


A, 

-a + /^3 p4 ' 

_ Bi 

— (X ps pA 

A 1 __ Z ii( — cx 4 jo)d) 

— a 4 jo^d 1 — Z 12 ( — 4 jo)d) 1 




, ^1 a -Z11 (/?3) I ^ ♦ 

[-Zi2(A4)] pi 


[-Zl2(/>4)1 i 


[ 22 al 

[23b] 


[23c] 


By solving Eqs. 20, 21a, 22, and 23a simultaneously, the values of the 
A’s are definitely determined from the initial conditions. If one pair of 
conjugate roots occurs, these e(|uations can be replaced by E(js. 20a, 21c, 
22a, and 23c. If there are two pairs of conjugate roots, the terms for the 
P'S and pi roots merely repeat the fonn of the terms for the first pair of 
conjugate roots. 

The four con.stants having been obtained, the final transient solution 
for looj) 1 can be written as Eqs. 3a and 4a with numerical values inserted, 
or perhaps more conveniently with terms of the cosine form of P^q. 13 
substituted for each pair of conjugate complex roots that occur. The 
coefficients for loop 2 are calculated from the A’s by the process of Ec]. 12 , 
after which the comjdete exqiression for the transient current in loop 2 
can be written. 


4. Summary of procedure for transient solution 

The method of solution for transient currents in a two-loop network 
whose initial charges and currents are known may be summarized briefly 
in the following suggested procedure: 
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(a) The loop-voltage forcc-iree equations are written, Eqs. 1 and 2. 

(b) Solutions of the forms Eqs. d and 4 an' assumed. 

(c) Equations 3 and 4 are substituted into E(js. 1 and 2 to obtain 
Eqs. la and 2a. 

(d) The characteristic equation 11 is formed and is simpJiiied to 
Eq. 11a. 

(e) Equation 1 la is solved for all values of p. 

(f) The equations for transient currents are written in the forms of 
Eqs. 3a and 4a. 

(g) The steady-state components of initial charge and current are 
computed. 

(h) Equations 20 and 21 (or forms similar to Eq. 20a and 2lb) are 
written. 

(i) Equation 12 is substituted in la|. 21 (or Eq. 21b) to obtain 
Eq. 21a (or Ecj. 21c). 

(j) Equations 3a and 4a are integrated to obtain the charg( equations. 

(k) By use of the charge equations with / eq’^al to zero, Eqs. 22 and 23 
(or forms similar to Eqs 22a and 23b) an' obtained. 

(l) Equation 12 is substituted in luj. 23 (or l^)q. 2v^b) to obtain P>q. 23a 
(or E(]. 23e). 

(m) The four values of A are obtainc'd by solving the four corresj)ond- 
ing equations for initial charge and current. 

(n) The four values of B are obtained by use of luj. 12. 

(o) The \'alues of A and B are substituted in Ecjs. 3a and 4a. 

It is readily seen that to carry through this (omph‘t(‘ process numeri¬ 
cally for even the two-looi) network containing all the parameters involves 
many hours of tedious calculation. Often, however, complete solutions 
are not necessary and very useful results can be obtained with compara- 
ti\’e ease. For examjte, a knowledge of the nature of the roots, whether 
real or comj)lex, and of their aj)proximate numerical values yields a 
considerable amount of information. Thus tiie reci])roc'al of the real part 
of a root gives the time constant of that com})onent of the transient, or 
the time required for its amplitude to dc^crc'ase to l/e of its initial value. 
One can rather readily determine in this way how long an appreciable 
transient lasts, information which may be \c*ry useful. Whether or not 
the transient is oscillatory is also evident from the nature of the roots of 
Eq. 1 la. A complex root yields an o.sc illatory transient. Tlu‘ ratio of co,/ to « 
shows immediately wheth(*r the oscillations are slightly or highly clamped, 
for w,//(27ra) is the number of c yc le's occurring in the interval during which 
the amplitudes of the oscillations decay to l/'e of their initial value. If 
the circuit is highly oscillatory, approximate methods of loc'ating the 
roots may be great timesavers. The student who is interested in pursuing 
the subject further can find .suitable material in the literature.“ 

2 Footnote p. 418, and bibliography p. 761. 
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5 . Illustrative example of complete solution of two-loop 

CIRCUIT 

Figure 1 shows a two-loop circuit for which a complete steady-state 
and transient analysis is made in the following numerical example. 

The circuit is somewhat 

^2 


& 



simpler than the general 
two-loop circuit of Fig. 1, 
p. 366, in order that the 
dcterminan tal equation 
shall be of the third, 
rather than the fourth, 
degree. Thus the actual 
arithmetical work is made 
less tedious to follow with¬ 
out sacrificing any real 
generality in the methods 
required for the solution 
of the circuit. 

The problem solved can 
be stated tis follows: In 
Fig. 1, Cl has been im¬ 
pressed on the circuit long 
enough for steady-state conditions to have been reached, switch K being 
open. Switch K is clo.sed at the instant when Ci and Co arc zero, Ci hav¬ 
ing a negative and a ix)sitive derivative. 

The de.sired results are complete expressions for /], 7*2, and after 
closure of .switch K. 


E, ^ 75 V, / = 60 ^ 
Li = 6.20 mh 
L 2 = 506. mh 
Ls = 32 0 mh 
U = 59.3 mh 
Lh — 47.5 mh 
M = 39.7 mh 


Ej = 115V 
R\ — 0.54 ohm 
R‘i — 7.68 ohms 
/?3 = 0.74 ohm 
Ra = 3.31 ohms 
Rb = 2.61 ohms 
Cl = 30 0 Mf 

Fig. 1. Two-loop network solved for transients 
Art, 4. 


Solution: In order to make the procedure clear, the steps in the solution of the prob¬ 
lem are lettered in accordance with the outline of Art. 4, additional detailed explana¬ 
tions being made as required. 

(a). The loop-voltage force-free equations are written first from inspection of the 
circuit diagram: 


di d * 

Rnii •+■ Lii J i\di -}- Ri^h + L 12 ~ [1^1 

Rni\ + 1*12 -h 1^22^2 + L 22 ~ [2c] 

in which 

Rii — Ri "I" R^ "I" R 4 “ 0.54 4" 0.74 4- 3.31 — 4.59 ohms, [24] 

Ln ~ Lt+Lz + U^ (6.2 + 32.0 + 59.3)10- •’ = 97.5 X lO'* h, [25] 
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^11 = — 3-33 X 10^ darafs. [26] 

-R22 = i ?2 + i?3 + i?6 = 7.68 + 0.74 4- 2.61 = 11.03 ohms, [27] 

1^22 = Z^2 + + U = (306 -h 32.0 4- 47.5)10 ^ - 0.3855 h, [28] 

i2i2 = -i?3 = -0.74 ohm, [29] 

i -12 = -(Z.3 4- M) = -(32.0 4 30.7)10-- -71.7 X lO'^ h. [30] 

(b) and (c). Assuming that the transient solutions have the form of Eq. 3, these 

equations, similar to Eqs. la and 2a, are obtained: 

( 4.59 + 0.09751) + At'-' + (-0.74 - 0.0717}))Bt"' = 0, [Id] 

(-0.74 - 0.07t7p)A€'" + (11.05 + 0.,585.5|)lBt'>' - 0. [2d] 

The common term is now divided out, giving etjualions of the form 

( 33 3(K)\ 

4.59 + 0.0975p 4-4 (-0.74 - (!0:!7p)B = 0, [le] 

(- 0.74 - 0.0717p)A 4- (11.05 4 0.585.5p)B 0. [2e] 


(d) and (e). The charactcribtic eciuation is. now wrilten and simplified as follows: 

D(p) = (^4.59 4- 0.0975p 4- (11.05 4 - ().,1855p) 

- (-0.74 - 0.0717p)- 

= p2[97.5 X 585.5 - 71.7"]10 '■ I 

4- p[4.59 X 58.5.5 + 11.05 X 97.5 - 2 X 0.74 X 71.7]10-'’ [ ' 

4- [4.,59 X 11.05 - 0.74“ 4- 0 f 0.5855 X 5.55 X 10^ 4- 0] 


4- ’ |0 4- 11.05 X 5..15 X 10^] 0. 

P 

Multiplying by p and evaluating the coeflicients give 

D(p) = 0.0324p'' + 2.74p" 4 12,900p 4 3.68 X 10** = 0, [lid] 

which is satisfied by the three roots 

pi = -27.9 42629 , [14c] 

P 2 = -27.9 -2629, [14d] 

/>3 = -28.6. [31] 


In this problem, owing to the absence of a condenser in one of the loops, the charac> 
teristic equation has only three roots, though the equation for the general two-loop 
circuit has four. The location of the roots of a higher-degree algebraic equation is an 
arithmetical task of some length. For a single simple case such as the present example, 
possibly the quickest procedure is to locate, by trial and error, the real root, in this 
case ps. The term (p - ps) is then a known factor which can be divided out of the 
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equation, leaving a quadratic that can be solved by the usual method. For more dilTi 
cult problems, various systematized methods arc usiduL'^ 

(f) . The numerical values of the roots given are now substituted into the general 
forms assumed for transient current: 

/l, ^ Ai£<- 27 f 9-y(.29)/ 4 J [ 3 ^ 

i2t - Bic'- 4- Bo6^- 4 B,e- [4b] 

(g) . Before proceeding with the evaluation of tlie complex coefficients in Eqs. 3b 
and 4b, it is necessary to determine the steady-state components of initial charge and 
currents. These can be found from th(‘ vector values of current and charge. The self- 
and mutual impedances are evaluaU‘d for steady-state conditions, the notation of 
Art. 3, Ch. VJ, being followed thus; 


Zii 

- R]i + j 

to / 



• A ^ 

, 3.33 X 10'\ 

[32] 


= 4.59 -f J (2x60 

X 97.5 X 10-» - - - - ) 


= 4.59 -i51.6 = 

51.8/ -84.9° ohms, 


Z 22 

— R 22 4 j^F 22 ~ 

11.03 4 y27r60 X 0.38551 

[33] 


- 11.03 4 il45.2 

= 145.7/85.7° ohms, J 

Z 12 

= R ]2 +jo}Fi 2 = 

-0.74 - y27r60 X 71.7 X 10-'‘ 

j m 


= - 0.74 - 727.0 

- 27.0/ -91.^ ohms. 


These values together with the vector K’s are used in Eqs. 28 and 29, p. 374, to 
obtain the steady-state I’s subsequent to th(‘ switching. Thus, 

145.7/85.7° X 75.0/27.0/ 91.6° X 115/ 90.0° 

Tsi.S / - 84.<>^ X 145~7 /85 7° (27.0 / ’ji-O”) - ■ [ 35 ] 

= 0.946 /174.1 ° amp, 

51.8/-84^r X 115/ 904f - 27.0/ -91.6° X 75.0/90.0° 

X 145.7 /85.7°~ -'~(274) / 91.6°) - • [-.^l 

= 0.963 / -176.9° amp, 

T, 0.946/174.1° 

'5" ' 5 X MU 


Prior to the instant of switching ci alone acts, r-j being zero; hence for this fieriod 
the current and charge ()[ are given by 


75.0/90.0° 
^ 51.8/ 


1.448/174.9° amp. 


[35a] 


HV. V. Lyon, “Note on a Method of Evaluating the Complex Roots of a Quartic 
Equation,” J. Math. Phys., Ill (Apr., 1924), 188-190; L. l\ Woodruff, “ Note on a Method 
of Evaluating the Complex Roots of Sixth- and Higher-Order Equations,” J. Math. Phys., 
IV (-May, 1925), 164-166; Y. II. Ku, “ Note on a Method of Evaluating the ('omplex Roots 
of a Quartit E(iiiation,” J. Math. Phys., V (Eeb., 1926), 125 128. 
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_ r, 1.448/J74.<)” 

Trt6/^X)>‘ = X 10-VS4.Q° ooulonil). f47a] 

The instantaneous values of (he al)ov'e nirren(.s aitd charges are determined a( the 
initial instant, and an* the real parts oi the (orresfionding vector i']uantities, multi¬ 
plied by V'2. Thus 

iu{0+) = 40.046^2/174 I/] - - amp. [d8| 

i 2 <r (0 + ) = ;3v e [0.06,1 V2/_ 4764/1-1..16ami), [,10] 

91 .( 0 +) - X 10- V2 /84.1°1 - 3.6.S X lO"' coulomb, |40l 

U«(0 —) — flt.fl ■448V'2 /174,0°] ^ —2.04 amp, [41] 

9i»(0-) = til. 1-3.84 X I0--V2/ 84.0° 1 4.8.3 X KT ' coul.mib. [42] 

Also 

? 2 «( 0 -)= 0 . [ 43 ] 

(h) and (i). It is known that /'stO - ), ). and - ) arc the actaal currents 

and charge at the instant preceding the dosing of swi^h K. Hut they are also the 
actual currents and charg(‘ immediati lv after the closing of s\\it< h A, for none of the 
three can change instantaneously. However, the steadv->late comj)onents of the two 
currents and the charge (‘xisting suhseqiuntto the switching have instantaiK'ous 
values /is(0 + ), and (/is(0 1 ) immediately after the .>witching. (\)nsequentl,V 

there must be transient ('omfK)nents of (nirriMit an<l charge having values just after 
switching such that when thi/v are addc'd to th(‘ niwv stc^adv-state values, the .sums are 
the actual values. Thus, if the transient compoiuMits are i u(0-[ ), iotiO I ), and c/u(()-f), 
respectively, 

Ms(0 + ) T /u(0 I ) ~ —), [44] 

/2s( 04 ) 4 72^(04) - ?2s(0 —), [45] 

</ks(H \ ) 4 i/u(04-) ~ </is(0 —). [46] 


Hence the initial values of the transient components arc 

/ii(04-) - iu(0-) - iu(04) - -2.04 i 1.33 - -0.71 amp, [44a] 

^2^(04) = /2«(0-) “ ?2«(0-f) - 0 4 1.36 = 1.36 amp, [45a] 

7u(04-) = qis{0-) - <718(04-) - (4.83 - 3.65)10-^ - 1.18 X 10”^ coulomb. [46a] 

These values of transient comf)onents are now substituted into Eqs. 20 and 21a, 
giving 

—0.710 = Ai 4 A‘2 4 4.'{, [20b] 


A /ii(pi) , . ^n(p2) . Zxx(p:x) 

—: 4 Ao ——-—4 A'a — rJ~-7T~\ ' 

- /o2(Pl) —>^J2(P2) ~Zlo(pn) 


Since pi and po are c'onjugate (omplex roots, Eqs. 20a and 21c may be used: 


/u(04) - -0.710 -- 2fJ?c[Ai] 4-^3, 


[20c] 
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The coefficients of the A’s in Eq. 21e are now evaluated: 

Zn(pi) _ Zn(-27.9 +j629) 

-Zi2(pi) " -Zi 2(-27.9 +y629) 

3 y 10^ 

4.59 + (-27.9 +i629)97.5 X KT* + ^ 

0.74 + (-27.9 + i629)71.7 X 10“* 

= (188 + .;S.4)10-* = 188 X 10~ Vl.7°. 


[ 47 ] 


Zll(^3) 
— ^12(^3) 


Z„(-28.6) 

-Z, 2 (- 28 . 6 ) 

888 . 


4.59 + (-28.6)97.5 X KT’ + 

— 28.0 

074 + (-28.6)71.7 X KT^ 


[48] 


Substituting these values into Eq. 21c, 


-0.710 = 2a.rA,] + .4 3, 

[20d] 

1.36 = 29(.[Ai X 188 X 10-Vl.7°] + 888.4,. 

[21f] 

(j) and (k). Equation 4b is integrated to obtain qu with the result 



[49] 

9.,(0+) =2f7}.[^]+^\ 

[22b] 

1.18 X 10 - 2.J?. [ 27 g ^(, 29 ] -28.6 ] 

[22c] 


= 2f)Jc[(-0.0704 -yi.59)10-‘^Ai] - O.OSSOzls. 


Equations 20d, 21 f, and 22e are three equations involving the complex constant 
Ai and the real constant As- Eor convenience in solving these equations simultane¬ 
ously, the complex constant Ai is written ,as 

Ai = ylr -\-jAj [50] 

where Ar and A, are constants to be determined. Equations 20d, 21f, and 22c then 
become 


-0.71 - 2^r +0 4- As, [20e] 

1.36 = 2(188^. - 5.4.4 ,)l(r» + 888 ^ 3 , [ 21 g] 

1.18 X ICr^ = 2(-0.0704/lr + 1.59.4, )l(r’ - 0.0350.43. [ 22 d] 

(m) and (n). The simultaneous solution of these three equations may be accom¬ 
plished in any suitable way, such as the use of determinants or the elimination by 
multiplication and subtraction. One method that is self-jiroving and particularly 
useful in higher-degree sets of equations is known by statisticians as the Doolittle 
method.^ This can be laid out so that any computing-machine operator is capable of 

* F. C. Mills, Statistical Methods (New York-.Henry Holt and Company, 1924), pp. 577-581. 
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doing the work. The result of the solution in this case is 

Ar = -0.356, 

A, = 39.9 X 10-» 

As = 1.68 X 10-». 

From these and coefficients found previously, 

Ai = -0.356 +J39.9 X 10“* = 0.3.58/173.6'’, 

Bi = Ai ^“^7“ = 0.3.58/17.56° X 188 X 10" Vl 7° 

-Zi2(-a +jS) <■ - 

= 67.3 X IQ- yi 7.5^3° , 

Bs = = (1.68 X lO-^lCSSk)] 

= 1.49, 1 

A, 0.358/173.6° 


As 

P3 


1.68 X 10~^ 
-28.6 


= 5.88 X 10-». 


[51] 

[52] 

[53] 

[54] 
[551 

[561 

[57] 

[581 


(o). All the coefficients have now been evaluated, and as the final step the ex¬ 
pressions for the currents and charge are written, by substituting the coefficients in 
Eqs. 3b, 4b, and 49 and adding the steady-state terms: 

ii(l) = 1.34 cos (27r60/ + 174.1°) 

-f fRer0.7l6/l7^C<-27.9+^629)/] ^ j [* 59 ^ 

hit) = 1.36 cos (27r60f - 176.9°) 

-h [0.135 /1 + 1.49e-2« 

gi(0 = 3.55 X 10-*^ cos (27r60/ + 84.1°) 

4- g?4l.l4 X 10-3/81J^€^’-27.W62<)lf] _ 5 gg ^ lQ-5g~28.« 


In Eqs. 59, 60, and 61 the first term on the right side is the steady-state component; 
the remaining terms comprise the transient component. 

The arithmetic is partly checked by substituting / equal to zero in Eqs. 59, 60, and 
61, giving the following results: 


From equation 
fi(0) -2.04 

7*2(0) -0.003 

gi(0) 4.83 X 10-^ 


Given initial value 
-2.04 
0.000 

4.83 X 10-4 


By looking at the solution as a whole it is readily seen that a consider¬ 
able amount of labor is involved. In fact, the details of two of the most 
laborious computations have been omitted, namely, the location of the 
roots of the characteristic equation, and the solution of the set of simul¬ 
taneous equations for the coefficients. It can be appreciated that the 
complete solution of a circuit giving rise to a characteristic equation of 
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much higher degree than the third is not a task to be undertaken lightly, 
or without first having satisfied oneself that the importance of the result 
justifies the necessary la>)or. Certain methods involving more advanced 
mathematics can lighten the labor somewhat, the proportionate reduction 
in labor increasing with the complexity of the problem. 

6. Transient solution of two-node network 

For the transient treatment of a two-node network, the circuit of 
Fig. 12, p. 391, and the differential Eqs. 71a and 72a, p. 393, are used. 
As the transient is a force-free liehavior the impressed force or i terms 
drop out of Eqs. 71a and 72a, p. 393, to give the differential equations 
which the transient node voltages satisfy. The resulting equations are 
the duals of the corrcsjionding Eqs. 1 and 2 of this chapter for the two- 
loop network. Enough of the jiarallelism between the differential equations 
of the two-looj) and two-node networks and their steady-state solution 
is shown in jireceding article‘s so that it .^eems unnecessary to repeat the 
rather lengthy process of solving for the transient in the two-node case. 
The procedure is analogous in every step to that carried out for the two- 
loop network; so the student who understands that case should be able, 
with a little thought, to apply the same ideas to the transient in the two- 
node network. 

PROBLEMS 

1. In Prob. 9, ('h. \T, the source ha.s an anipliiudeof v and is inifiressed when 
the voltage is a [)ositive niaxinium. What is the equation of current in the secondary? 

2. Two coils are .so ( loselv wound on a common magnetic core of reluctance that 
the coetheient of coupling can be taken as unit> for the purpose of the problem. Coil 1 
has N} turns of resistance A'l; coil 2 has \-2 turns of resistance A voltage Pm cos w/ 
is impressed on coil I when / is 0. Coil 2 is short-circuited. Wdiat is the efiuation of flux 
in the core? 

3. In Prob 15, Ch. VI, a sinusoidal current source of am[)litude V^2 amp having 
shunt conductance of 5(K) v t() ^ mho is impressed at the left-hand terminals when 
the current is a positive ma.ximum. What is the e(iuation of the voltage across (j? 




c = 170 cos 377/ V, where / is in sec 
Fig. 2. Circuit fed from dropw'ire, Prob. 4. 

4. In the circuit of Fig. 2, with both swatches open there is no initial charge on the 
condenser. 
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(a) What is the current in the inductance as a function of time alter switch K\ is 
closed, if it is closed when r is 0 and decreasing? 

(b) What is the current in the Inductance as a function of time after switch Ki 
is closed, if it is closed a long time after switch Aj is closed, and when c is a 
positive maximum? 

0.50 iuf 



4 


f = 14.1 cos 5,000 1 V, where / is in sec 
Fig. 3 . Circuit for Proh 5 

5. In Fig. 3, if switch K is closed when t is 0, what is the eejuation of uJi I'he circuit 
is initially at rest. 



CHAPTER VIII 


Multibranch Alternating-Current Networks 

1. Introduction 

The method of analysis developed for solution of two-loop or two-node 
networks is, in more elaborate form, applicable to the analysis of linear 
networks having a larger number of loops or nodes. Such extension to 
more general cases involves certain additional features and theorems 
widely useful in network analysis, but as the complete analysis of the 
general network is beyond the scope of this text, this discussion is lim¬ 
ited to those features which are likely to be most useful to electrical 
engineers. 

The study of lumped-constant electric circuits has two main aspects: 
the analysis of the behavior of a given network under all conditions and 
the design or synthesis of a network to perform given functions. The 
problem of design has the greater potential importance practically and is 
at the same time much the more difhcult and complex of the two aspects. 
Certain phases of network synthesis, such as simple filter theory or the 
design of networks to exercise a selective effect in the steady state with 
regard to bands of frequencies, are considered in this series in the volume 
on electronics. The more general problem of designing a network that 
shall have arbitrarily specified characteristics in either the transient or 
steady state is an advanced phase of the subject which is now in the 
stage of active development. 

Although the analysis of a given network can be carried out as a unit 
by a more advanced procedure, it can, if it is separated into its steady- 
state and transient aspects, be handled by the use of methods already 
developed. Since the labor involved in transient analysis is formidable 
when advanced methods are not used, and since the steady-state aspect 
is especially important to everyone dealing with circuits, only the steady- 
state solution of the general lumped linear network is presented here. The 
following four considerations are discussed: 

(a) the nature of the components constituting a network; 

(b) relations existing between network geometry and the number of 
equations required; 

(c) particular networks involving essentially all the features encoun¬ 
tered in the general case; 

(d) the equations and their steady-state solution for a general f-loop 
or «-node network. 
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2. Network components 

The simplest components into which a lumped linear network can be 
resolved are sources and resistance, inductance, and elastance elements 
or their reciprocals.* In the most general case of formulation, each of 
these components is considered to be a separate branch having its own 
two terminals. These components can be grouped variously for the 
different methods of writing the network equations, thus reducing the 
number of branches that have to be considered. If each of the elementary 
components is considered as a separate branch, the potential difference 
across a branch (excepting sources) can be written as a constant times 
the current in the branch or its derivative or integral. Or, alternatively, 
the current in the branch (again excepting sources) can be written as 
a constant times the potential difference across the branch or its deriva¬ 
tive or integral.f For source branches, the electromotive force of a pure 
voltage source or the current of a pure current source may be a known 
quantity. Then, the current in a pure voltage source or the potential dif¬ 
ference across a pure current source is an unknown and must be so con¬ 
sidered in finding the number of equations lequired to fix a unique 
solution. It should he recalled that a physical source can be represented 
by either a pure voltage source or a pure current source in combination 
with an appropriate element in series or parallel.J 

3. Network c^eometry and the number of equations 

The circuit diagram of a network comprises a definite number of 
branches connected in a manner indicated by the geometry of the dia¬ 
gram. The study of the properties of this diagram is called ncAwork 
geometry. If the physical sources of a network are represented as voltage 
sources, the geometry of the network is slightly different from that for 
the same network when the physical sources are considered as current 
sources. In general, voltage sources are convenient for solution by the 
loop method and current sources for solution by the node method, but 
this correspondence is not essential. If circuit data are known in terms 
of impedances, the loop method of solution may be more convenient, 
while the node method may be more convenient when circuit admittances 
are known, irrespective of the number of equations required. 

3a. Branch method 

Figure 1 is the geometrical diagram of a somewhat complicated net¬ 
work. The branch adjacent to a source branch contains the series element 
associated with the source. In each of the branches is a current whose 

* Article 3, Ch. I. 

t Article 20, Ch. I. 

t Article 12, Ch. VI. 
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assumed direction is indicated by an arrow and whose magnitude is 
given by an i with literal subscripts. Across each branch exists a voltage. 
Except for the sources, both the branch currents and the branch voltages 
are unknown.s. For the source branches either the current or voltage is 
known, the other being an unknown quantity. There are 14 branches of 
which 3 are sources; hence there are 22 nonsourcc-branch unknown cur- 


branch containing a 
single passive element 
branch containing a pure voltage 
source 


branches = 14 
sources s = 3 
independent nodes « = 10 
independent loops f — 0 — n = 4 



Fig. 1. Simplified diagram of nodes and branches constituting a multibranch network. 


rents and voltages and 3 source-branch unknown currents or voltages, 
making 25 unknown quantities in all. For a general network containing 
/) branches of which ^ are sources, there are 2b — s unknowns. Conse¬ 
quently 25, or in general 2b — s, independent equations are required to 
fix them uniquely. Of the.se the relations between branch current and 
branch voltage supply 11, or in general b — s, leaving 14 or 6 others to be 
found. 

As the laws for individual elements are used in determining the 11 
relations, the laws for networks may be investigated as a possible source 
of the remaining 14 relations which are needed.* KirchhofFs current law 
can be applied to yield an independent equation at every node, or junc¬ 
tion of branches, but one. 'Fhere arc 11 nodes in the example, yielding 
10 independent equations. This network is therefore called a 10-node 
network. Only 10 e([uations can be obtained, since the equation for the 
eleventh contains only the information already contained in the other 10. 
These 10 ecpiations, together with the 11 already found, supply 21 of the 
required 25, leaving 4 to be found. If the general 6-branch network con¬ 
tains 11 independent nodes, (b — s) + n of the required 2b — s equations 
are now known and f, or 6 — w, additional equations are still required. 
By the use of KirchhofFs voltage law, loop-voltage equations can be 
written, but only 6 — or 4, of these loop-voltage equations are inde¬ 
pendent. The.se f equations are written for various closed paths or loops 

Article C^'h. II, should be reviewed. 
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with the stipulation that every branch must be included in at least one 
loop. 

In the analysis of a network having h branches and n independent 
nodes, it is therefore necessary to employ n node-current equations and 
f loop-voltage equations in addition to the 6 - ^ branch equations. 

3b. Loop method 

For very simple networks where h is small, the foregoing method is 
sometimes the most direct way of obtaining the desired branch voltages 
or currents. When h is greater than three or four, however, it becomt\s 
desirable to reduce the number of simultaneous equations to be solved. 
In the loop method this reduction is efifected by choosing new current 
variables which identically satisfy the n node-current equations.* 

The first step in this reduction process i’, to select f independent 
loops, in general choosing the shortest paths for convenience. In compli¬ 
cated circuits it is well to check with the extwssion h — n the number f 
of loops required from a count of the branches and nodc'^. In each of these 
loops a current is assumed to exist in an arbitrarily designated direction. 
Because such a loop current leaves every node that it enters, the n node¬ 
current equations are automatically satisfied, leaving only f loop-voltage 
equations to be written and solved for the f loop currents which are now 
the unknowns. The method of writing these equations in terms of the 
loop currents and solving them is carried out in detail for the two-loop 
case in Ch. VI. By the loop method, then, f equations are obtained to 
solve for f unknown loop currents. From these the branch currents are 
readily obtained by algebraic addition. 

3c. Node method 

In Fig. 2, each pure voltage source e of Fig. 1 with its associated series 
resistance is replaced by a pure current source in parallel with the same 
elements. As has been emphasized previously, this source conversion, 
while not essential to the solution of the problem by the node method, is 
likely to be convenient in a complicated network. It renders the node 
equations identical in mathematical form to the loop equations. Figure 2 
contains the same number of branches as Fig. 1, namely, 14, or ft in 
general. It also contains the same number of sources and therefore has 
the same number of unknowns, 2(14 — 3) + 3, or 25. Of the 25, or 
2ft — 5, equations required to fix these unknowns uniquely, 11 or ft — .s 
can be supplied by the current-voltage relations for individual elements 
as for the branch method. The remaining 14, or ft, can be supplied by 7 


Articles 3 and 5, Ch. II, should be reviewed. 
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or n node-current equations and 14 — 7, or 6 -- loop-voltage equations. 
As compared with the formulation for Fig. 1 there are 3 more loop and 
3 fewer node equations. This results from the removal of 3 nodes and the 
addition of 3 loops in modifying Fig. 1 to Fig. 2, as the representation of 
the sources is changed. 

Whereas in the loop method the n node-current equations are elimi¬ 
nated through the choosing of new current variables that satisfy these 

branch containing a single 
passive element 
pure current source in 
parallel with its associated ^ 
admittance 


Ujtv — current in source 
branch x y 

izy — current in shunt 
admittance be¬ 
tween X and y 
branches /> = 14 
sources s = 3 
independent nodes » = 7 



Fig. 2. Multibranch network of circuit of Fig. 1 with voltage sources changed to 

current sources. 


equations identically, in the node method the f loop equations are 
satisfied identically by replacement of the branch-potential-difference 
unknowns with unknown node potentials. More specifically, one node 
to which numerous branches converge is designated to serve as a refer¬ 
ence node. Potentials Vi, V 2 - • • v„ are then assigned to all other nodes, 
each node potential being the amount by which the potential of the 
particular node exceeds that of the reference node. These n node poten¬ 
tials are the new unknown voltages replacing the branch-potential differ¬ 
ences. It is easily seen that the branch voltages, if wanted, can be obtained 
as differences of node potentials. The important property of the node 
potentials, however, is that they satisfy the Kirchhoff loop-voltage law 
identically. This can be seen if each of the branch voltages around any 
closed loop is expressed as the difference between the potentials of its 
two terminal nodes, and the branch voltages so expressed are added. The 
potential of each node on the loop appears twice in the sum — once with 
a positive, and once with a negative, sign — and the sum becomes identi¬ 
cally zero as required by Kirchhoff’s law. This fact shows that the f loop- 
voltage equations arc eliminated and only the n node-current equations 
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need be considered. These node-current equations can he written in 
terms of the node potentials and the branch parameters, as shown later, 
and the resulting set of n simultaneous equations can be solved for the 
n node potentials. From these any current or voltage in the network can 
be calculated readily by explicit arithmetical operations, and the network 
is therefore considered as solved mathematically. 

3d. Comparison of loop and node methods 

In any actual problem there is a choice between the loop and node 
methods of solution. One is frequently much shorter than the other, as 


A 




Node method with 
current source 
branches b ~ \2 
independent 
nodes w = 3 
3 equations by 
node method 


Loop method with voltage source 
branches h — \2 
independent nodes « = 4 
independent loops f ^ h — n = S 
8 equations by loop method 


Fig. 3. Circuit in w'hich solution by the node method involves fewer 
ecpiations than the solution by the loop method. 


can be seen from a comparison of the two methods to the circuits of 
Figh. 3 and 4. The choice of method is itself an engineering problem of 
determining how to obtain the required results with least time and effort. 
For steady-state solutions the contrast between the two methods is 
usually less marked than that indicated by the examples given, because 
of the possibility of combining elements. Even here, however, one method 
may lead much more directly to the desired result than the other. 

The discussion in this section is purposely made general in order that 
the main thread of the argument may stand out. In the actual solution 
the details are sufficiently numerous to obscure the main outline while 
the actual mathematical work is being done. 

In order to remove any possible confusion in the reader^s mind, it 






should be noted that the alternative loop and node methods of formu ¬ 
lating the equations for a given network have nothing to do with 
duality. 




Node method with Lo<^p method with voltage source 

current soune branches 6 = 10 

brant hes h - 10 independent nodes « = 8 

independent nodes n — 7 independent loops f = b — n = 2 
7 ecpiations by 2 equations by lcx)p method 

node method 


Fig. 4. Circuit in which the solution by the loop method involves fewer 
equations than the solution by the node method. 


4. Formulation and steady-state solution of differential 

EQUATIONS for MULTIBRANCH NETWORKS 

Figure 5a represents an actual circuit whose sources are represented as 
pure voltage sources in series with resistance. This circuit is adapted to 
solution by the loop method. In Fig. 5b these voltage sources are replaced 
by current sources shunted by conductance to facilitate solution by the 
node method. One difference is made in the actual network: The mag¬ 
netic coupling represented by M in Fig. 5a is omitted from Ing. 5b. While 
magnetic coupling can be treated on the node basis, it is treated somewhat 
more simply by the loop method. Consequently M is assumed to be zero 
for the circuit to be analyzed by the node method. 

4a. Loop method 

In Fig. 5a there are twelve branches and eight nodes; so 12 — 8, or 4, 
loop equations are required for finding four loop currents. In this example 
this number is also easily found by inspection. The selected loops are 
indicated by the arrows associated with the loop currents ii, 4, and u. 
By observation of the polarities for source voltages and the mutual 
inductance, and the assumed current directions, the four necessary loop- 
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RxCh = 1 
Ul\ = 1 
R-Tn = 1 
LA \ - 1 


RzCn — 1 

S\Ci — 1 

R^G^ = 1 

0 = hRi 

R,G, = 1 

i’l - iR'i 

SA\ - 1 

t .1 — hR^ 


Fig. 5. Circuits used in Arts. 4a and 4b for formulation of equations by both the 
loop and the node methoti^ 


voltage equations can be written as follows: 

loop V.Rxh + /., ^ + SiJixdt + R-ih - R-,k 


(It 


dt 




[ 1 ] 


loop 2 1 — AI —— + 7?2^*2 ~\r L 2 “rj h ‘5*3 Ci 2 dt + 2 

dl dt J ^2] 

— i’sdt — /^ 4^4 ~ ^b] 

loop 3: —RJi — S 3 j'hdt + K 3 H + Rrdii + ‘^3^' i'sdt = eu\ [3] 


loop 4: -S^^udt - R^h + R4a + ^ 4 /Udt = 0. [4] 

In Eqs. 1 and 2, M is a positive number; the sign of the term takes into 
account the direction of the induced voltage. 

Equations 1 to 4 are four simultaneous equations in the four unknown 
loop currents. Their complete solution contains both transient and steady- 
state terms. For reasons stated previously, only the steady-state solu¬ 
tion for constant-frequency, constant-amplitude sinusoidal impressed 
voltages is considered here, all three source voltages having the same 
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angular frequency ct;. If other frequencies arc present in the sources, 
the solution carried out below can be applied independently for each 
frequency and the results can be added. This very convenient procedure 
results from the linear character of the network, which makes the princi¬ 
ple of superposition applicable. 

In mathematical terms the source voltages are described by 

= £Am cos (ojt + ^ i) = [5] 

ea = Earn cos (w/ + [ 6 ] 

en = Ei)m cos (w/ + ^/>) = [7] 


From the theory of simpler linear networks it can be reasonably assumed 
that Eqs. 1 to 4 have as solutions the four currents 

4 = fkm COS (co/ + <t>T) = [8] 

k = 1,2, 3, 4. [9] 

Through the reasoning and procedure given in Art. vS, Ch. VI, Eqs. 1 
to 4 can be rewritten in steady-state terms as 


j^/?i + Ii -ju>Mh - R-sh 

+ 7 ^ I 4 = Ej E/j, 

CO 

-Mfh + + R, +j(o,L2 - 

+ 7 I^ — 2?4l4 = — Eli, 

CO 

— RjJi + 7 I2 + ["tJs + Rrj “■ 7 ~113 = Ed, 
CO L W J 

+7 ~ II ~ 2?4l2 + r/f4 — 7 “1 I 4 = 0. 
CO L J 


[la] 


[ 2 a] 


[3a] 

[4a] 


Equations 1 to 4 can be rewritten in terms of impedances Z and total loop 
voltages as 


Ziili + Z 12 I 2 4- Z 13 I 3 + Zi4l4 = El, 

►[lb] 

Z 21 I 1 + Z 22 I 2 + Z 23 I 3 + Z 24 I 4 = E 2 , 

►[ 2 b] 

Z 31 I 1 + Z 32 I 2 + Z 33 I 3 -f- 0 = E 3 , 

►[3b] 

Z 41 I 1 + Z 42 I 2 + 0 -f Z 44 I 4 = 0, 

►[4b] 
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in which in the arrow directions 

El = Ea ^ E/) = total source vector-potential rise in loop 1 , [ 10 ] 

E 2 = — Eb = total source vector-potential rise in loop 2 , [ 11 ] 

E 3 = En = total source vector-potential rise in loop 3 , [ 12 ] 

and the Z’s are identified with the coefficients in Eqs. 1 to 4, as, for 

example, 

Zii = Ri -h i?3 -hjfajLi — = total self-impedance in loop 1, [13] 


\ O)/ . - - 

. S3 

Z 33 = i ?3 + i ?5 “ i = total self-impedance in loop [14] 

CO 

Z 21 = Z 12 = —joiM = impedance common lo loops 1 and 2, [15] 

Z 41 = Zi 4 =j — = impedance common to loop^ 1 and 4, [16] 

CO 

Z 42 = Z 24 == — i ?4 = impedance common to loops 2 and 4. [17] 


It may be pointed out again what self- and mutual impedances are. 
Impedance means vector volts per vector ampere. If the current and volt¬ 
age concerned are both in the same loop, the impedance is called self¬ 
impedance. The self-impedance of a loop is all the impedance associated 
with that loop. Mutual impedance, on the other hand, is impedance 
shared by, or common to, two loops. It is the vector volts in one loop 
caused by a unit vector current in the other loop. Thus Z 24 the vector- 
voltage drop appearing in the arrow direction in loop 2 when there is one 
vector ampere in the arrow direction in loop 4, all other currents being 
zero. 

The circuit of Fig. 5a is by no means the most general four-loop net¬ 
work that can be drawn. In fact, the number of elements is purposely 
kept low to avoid undue complexity. However, all the types of difficulty 
that are likely to be found in any network formulation are included in this 
circuit. A more complicated four-loop network, or f-loop network for 
that matter, would merely contain more terms of the same kinds. Hence, 
the way in which each term of the differential equations 1 to 4 is obtained 
from the circuit diagram, including signs, as well as the formulation of 
the impedances, should be clearly understood from the differential 
equations. Equations lb to 4b can, as is shown in Art. 4, Ch. VI, for 
the simpler two-loop network, be written directly from the circuit diagram. 

It should be mentioned that when only steady-state results are wanted, 
a considerable saving in labor may result from combining several ele- 
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ments into a single branch. For example, the circuit of Fig. 5a can be 
analyzed in the steady state as a three-loop network, provided and 
are combined into a single branch, common to loops 1 and 2 , and having 
an impedance 

—J — R 4 

Z4=- -‘V- [18] 

R,-J^ 

OJ 


In this way loop 4 is entirely eliminated. The total impedance common to 
loops 1 and 2 then becomes Z 4 plus the effect of AI, or 


Z 12 = Z 21 •= -“Z 4 jo)M — ' 

R,-J^^ 

0 ) 


joiAI. 


[19] 


Equations Ib to 4b are linear and can bo solved for the I’s by elimina¬ 
tion or by determinants, using Cramer’s rule,* which expresses the 
solutions as 


11 = 

1 2 = 

13 = 

1 4 = 


M„ M 2 , M:n 
■ 5 ^ E. + — t, + -p- h., 


M ,2 

Mjj, 

Mi4 

Dz 


El -f 


El -h 


M22 

E2 

-f 

M32 



Dy 

M23 

E2 

-h 

M33 

Dz 


T>z 

M24 


1 

M34 

Dz 

1^2 

-r 

T>z 


E3, 


►[ 20 ] 

►[ 21 ] 

►[ 22 ] 

►[23] 


in which, as shown in Art. 7, Ch. II, 

Mgk = cofactor of 5th row and ^th column of Dz 

including the term (—1 [24] 

^ determinant of the Z’s of Eqs. lb to 4b. [25] 


It should be emphasized that all the Z’s, M’s, and D’s are, in general, 
functions of co. The functional notation to indicate this fact becomes 
rather cumbersome in the lengthy expressions, and so is omitted for ease 
in reading and writing. 

Numerous interesting deductions can be made from Eqs. 20 to 23, but 
* Appendix B. 
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these are deferred until the general f-loop network is considered. In this 
present discussion the technique of setting up and solving for the steady 
state the differential equations for actual circuits is of greatest interest. 
The generalities in linear*network theory are considered when the 
manner of obtaining solutions in terms of specific connections and ele¬ 
ments is understood. 


4b. Node method 

The network of Fig. vSb, as stated before, is the same as that of Fig. 5a 
except for two features. The first difference is that the voltage represen¬ 
tation of physical sources of Fig. 5a is replaced in Fig. 5b by the current 
representation of the same physical sources. In the nonsource branches, 
therefore, the values of currents and voltages obtainc'd by solving either 
circuit arc identical except for the second difference. This second differ¬ 
ence is that M of Fig. 5a is assumed to be zero in Fig. 5b; M is included 
in the former to increase its generality; it Is omitted from Fig 5b because 
of the awkwardness of handling mutual indu t ince in the node method. 

Inspection of Fig. 5b shows that five node equations are required. 
Node / is used as reference node, since it has as many entering branches 
as any node and therefore eliminates as many terms as possible from the 
eijuations. To the remaining nodes are assigned the potentials Vay Vu • • • 
winch are the amounts l)y which these nodes are positive, respectively, 
with regard to the reference node /. These node voltages become the 
unknowns in terms of which the equations are written. 

Kirchhoff’s current law states that the sum of currents directed away 
from a node is equal to the sum of the currents directed toward the node. 
1 'his law is ap})lied to node c as an illustration. The current directed away 
from node c toward node b is ictn given by 

irb = Ui j* {vc - H)dt ^ TiJVrdl - /h Jvbdt, [ 26 ] 


A negative numerical value is interpreted as usual as a current directed 
oppositely to the stated direction. The right-hand form of Eq. 26 can be 
obtained by superposition, which is the most convenient way of formulat¬ 
ing the equations. Thus, if all nodes except c are put at zero potential, the 

current from c to 6 is Ti J* v^di. If all nodes but b are put at zero potential, 

the current from r to 6 is The actual current with normal node 

potentials is the sum of these as given by Eq. 26. Since node / is at zero 
potential by definition, the current L/ from c toward/ is 


ic/ == G4VC + C4 


dvc 

dt 


[27] 
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Adding Eqs. 26, 27, and 28 and equating the sum to zero, since tiere arc 
no sources connected to node give the total current directed away from 
node c. 


— J'l J*Vijdt + O^Vc + C 4 


-f f/'i + / 


i>) J*Vcdt ^‘2 J*^ddi 


When the foregoing i)roce(lure is carried out for each of the five inde¬ 
pendent nodes, the following equations are obtained: 


node a: 

(G’l + + G^)va — CmiVu — Gr;L\ — —Ia — Id, 

[30] 

node b: 

— GiVa "b 1^1 ^6 ^ i J*"i^bdl — f'l ^Vf-dt = 

[31] 

node c: 

r ^ ^ 

““/’ij "d(,dt + C 4 VC + C 4 — 

r r 

[32] 


4-(/'i 4 /’li) J v,dt - f' 2 J ’i\idt = 0, 


node d: 

2 J "^'idl 4 (fjVd 4 / 2 f^Cddl — Ga\ = iiiy 

[33] 

node c: 

— Gb'i'a — 4- (G-j 4 Gr,)Vf 4 ( n — = —in- 

dt 

[34] 


From these equations the entire behavior of the network can be de¬ 
termined. However, only the solution for steady-state conditions with 
sinusoidal sources having the same angular frequency w is desired. By 
the method used in ]:>revious cases, the source currents are written as 


/.I ” lAm COS (o)t -h </>j) =• [35] 

Ih ~ him ^^'os (u)/ -h <t)ii) = [36] 

il) = f Dm cos {u)t + <t>D) = [37] 

in which the /’s and ^’s are given. It is certain that the five unknown 
node voltages have the form 

Vk = Vkm cos (w/ + \^k) = f>{*[VA:m€^‘"'], [38] 

k = a, fc, c, d, €, [39] 


in which the Vkm and the \l/k are to be determined. Substituting the 
exponential forms of Eqs. 35 to 38 into Eqs. 30 to 34, performing the 



FORMULATION OF STEADY-STATE SOLUTION 


437 


indicated differentiations and integrations, and dividing out the common 
factor which is equivalent to replacing J* dt by l/O’a?) or -~y(l/^co) 


and d\d^) hyya), give the following vector equations; 

(Gi + + C5)Va GiVfc “* Gr,Vf = — — !/>, [30a] 

- 6 ^V„ + (g’i - } V, + j V, = , [31a] 

y - V* + r 64 +jLc\ - '-'-tOAl V, 4 j r.-’ = 0, [32al 

CO L \ to /J CO 

y - " V. + (g, - j -) V,i - C,\', - 1«. [33al 

— Gr,Va ~ G2Vrf + (G 2 + Gr, +7Co( .l)V, - —I/?. 


In Eqs. 30a to 34a the coefficients of the V's have the form of admit¬ 
tances. These ecjuations may be rewritten in the more a)nvenient form 


Y„„V„ + WhW + 0 +0 + Y„<V< = I„, ►L3()b] 

Yt,.Va + + Y,„V. +0 f 0 = l,„ ►[311.] 

0 + ^^.Y6 + Y„Y, + +0 = 0, ►[32b] 

0 + 0 + \,i,\'I + \ ,w\ </ + ^ </<V, = Irf, ►(33b] 

Y,„V„ +0 +0 + Y„,V,, + ’S’„V, = T,, ►(341)] 

in which 

= total source current directed toward node c/, [40] 

h; = 1 1 = total source current directed toward node [41] 

Id = 1b = total source current directed tow^ard node c/, [42] 

== = total source current directed toward node c, [43] 

and, for example, 


Vaa ^ Gi + G 3 + G 5 = total or self-admittance of node cz, [44] 


Yftfe = Gi — y= total or self-admittance of node [45] 

CO 

Y„ =G4+y(a.r4 - 

= total or self-admittance of node c, J 
Yah = —Gi = admittance common to nodes a and i, [47] 

Ych — j ~ — admittance common to nodes c and [48] 

CO 

Ycd = — G 2 = admittance common to nodes e and d. [49] 
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The self-admittance of a node is thus seen to be the sum of all admit¬ 
tances connecting it with adjacent nodes, whereas the admittance com¬ 
mon to two nodes is the negative of the sum of the admittances between 
them. The fact that the mutual admittance may be composed of more 
than one term is not illustrated in this example when node / is chosen 
as the reference node, but it can be easily seen that had node e been se¬ 
lected as reference node, the mutual admittance Y,./ would have 
been — G 4 — 

Equations 30b to v34b can be, and in practice usually arc, written 
immediately from the circuit diagram by inspection, by the use of the 

foregoing conceptions of self- and mu¬ 
tual admittance. In fact, for steady- 
state work, nodes can often be sup¬ 
pressed and the resulting number of 
simultaneous equations decreased if 
a combination of branches is consid¬ 
ered as a single branch. Thus if the 
combination of elements involving four independent nodes shown in Fig. 
6 is a portion of a network, nodes d and e can be suppressed from the 
steady-state equations of the network, and the number of equations can 
be decreased by two if 

Y.,- 


' * r* TA 


Fig. 6. 


Series-parallel combination of 
circuit elements. 


Ri -f- joiL 


j R2 

U) 

R2 -y - 

W 


[50] 


is taken as the mutual admittance of nodes r and /. The potentials of 
nodes d and c, should they be desired, arc readily found from the poten¬ 
tials of nodes c and/ and the parameters of the combination branch. 

Since Eqs. 3()b to 34b are obtained in terms of the unknown V’s, their 
values can be stated explicitly in terms of the source I’s and the Y’s by 
the application of Cramer’s rule. This yields for the voltage Va: of any 
node k 


■*T j . j , j 

d7 '+1)7 '■ 


151] 


Since there is no current source !<• connected to node r, the term in 1^. 
is missing from Eq. 51. In Eq. 51 as in Eqs. 20 to 23 

MaA; == cofactor of the sth row and ^th column of Dr 
including the sign factor (— 

Dr = determinant of the Y's in Eqs. 30b to 34b. 


[52] 

[5^] 
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For the determinants of either E(|. vSl or E(|s. 20 to 23 the labor involved 
in calculating a complete numerical solution is considerable. Fortunately, 
in many problems complete solutions are not reciuired and only a few of 
the coefficients of the form occurring in Eq. 51 need be evaluated. 

5. Steady-state loop equations for the general multi branch 

NETWORK 

In the preceding article the formulation and steady-state solution of a 
particular, relatively complicated, network lire carried out on both the 
node and loop bases. By following the methods there illustrated, the 
student should encounter little difficulty in writing the differential 
equations of any jiassive linear network on either bads and in writing 
from these the corresponding steady-state e(|uations, sinli as luis. lb to 
4b for the loop basis or Eqs. 3()b to 31b for the node basis He should also 
be able to write either of these sets of steady-state vector ecpiations 
directly from an inspectiim of the appropriate circuit diagram. In the 
development from this ]K)int on, this ability ])resu}>])osed and further 
analysis is based directly u])on ecjuations having a form sucli as that of 
Eqs. lb to 4b and 3()b to 34b. If, therefore, the ])hysi( al and mathematical 
considerations leading to such sets of ecjuations are not entirely clear in 
the student’s mind, they should be reviewed or restudied. 

For a network having f loops, evidently f looji-voltage ecpiations can 
be written, which in their steady-state form are as follows: 


Zlllj + Zi 2^2 + • * 

• + ZuTfr T • • 

• T Ziflf - El, 

►[54] 

Z21I1 + ZjO'jiXi T * • 

• + T * ' 

* + ~ E2, 

►[55] 

Z;lll + ZJ2I2 + * • 

• + + •' 

• + y.jth = E^, 

►[56] 

z,iii + y.v 2^2 + ' • 

• + Z^a^k h • ' 

• + Z„T, = K,. 

►[57] 


Some of the terms may be, and usually are, zero in any ])ar(icular case. 

In these equations the one containing E,, which is written for the 7 th 
loop, may be thought of as typical of all of tlii'in, and the ciuantities may 
therefore be defined for this loop. The quantity E, i^ the total source 
potential rise in the arrow direction in loop/, expressed as a vector; 
is the vector current circulating in this loop; Zj, is the total or self¬ 
impedance of loop 7 ; k designates any other loop k, in which the complex 
or vector current Tat exists; 'Zjk or 'Z^j is the mutual impedance of, or the 
impedance common to, loops / and k. Either / or k independently can be 
any number of the .series 1 , 2 , 3 * * * f. 

Equations 54 to 57, like Ecjs. lb to 4b, can be solved for the Ts by 
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Cramer’s rule, yielding the following equations: 


M,, Mzi 

'■ dV + d; 

+ ' 


4 . F. 

[58] 

T - ^’2 p M 22 

- u; + 1)7 

E 2 + • 

^ ih * 

, M ,2 „ 

[59] 

, M,j,, , M,, 

'' ■ 1)7 Ih 

1^2 T * * 

l>. + 

Dz ” 

[60] 

* !>; + d; 

Eo * * 

. 4 . F 4- 

M„ 

' +1)4 

[61] 


in which is the cofactor of the ki\\ row and 7 th column, including the 
sign factor (— 1 and \^z i^^ the determinant of the Z’s of Kqs. vS4 to 57. 

In Ecjs. 58 to 61 every E term has a coefficient which is the quotient of 
the appropriate cofactor and the determinant of the Z’s. Each of these 
coefficients is rei)resentable as an admittance.* In general 


yjk = 


M,_, 


[62] 


is the vector current in loop / resulting from a unit source vector voltage 
in loop k when all other loop source voltages are zero. It is called the short- 
circuit transfer admittance between looj^s 7 and k. d’he term short circuit 
refers to the replacement of all sources by short circuits except the 
sources in loop /e.f The term transfer may l^e associated with the fact that 
Yjk is a measure of the effect of Ea- of loop k in producing current in loop 7 . 
When source voltage and current are in the same loop so that the admit¬ 
tance has the form 


Yjj = 


Dz’ 


[63] 


the latter is called the short-circuit self-admittance, since it is the vector 
current in loop / per vector applied in loop / when the source voltages in 
all other loops are replaced by short circuits.t 

* This case is analogous to the direct-current case for resistances, Arts. 7 and 8, Ch. II. 

t If a .source is common to two loops, it must be replaced b}' a short circuit with respect to 
the loop in which the source is not desired, and inserted in the loop where it is desired so as 
to be solely in that loop. For example, if in Fig. 5a co is to be replaced by a short circuit with 
respect to loop 3, but retained w ith respect to loop 1, it should be moved temporarily to be 
adjacent to r.i. 
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6, The reciprocity theorem 

An important deduction can be made here from a consideration of 
Eqs. 58 to 61 and the nature of the coefficients of the E’s in them. This is 
the theorem of reciprocity^ which is used frequently in subsequent work. 
This theorem states: 

^In any passive linear network the current in any loop k caused by a 
given voltage applied in any other loop/’ is identical with the current in 
loop j caused by the same voltage applied in loop k, all other sourc e 
voltages being zero.^ 

In other words, in any linear ])assive network, a pure voitage source and 
an ideal current-measuring devic'e can be interchanged without altering 
the indications of the measuring device. While this important theorem is 
demonstrated here only for steady-state aliernating-current contlitions, 
it is true in general, and for transient as well as steady-state conditions. 
In the transient case, however, the network must be initially at rest. 
This theorem is stated for direct-current resistanc'e networks in Art. 8 , 
Ch. 11 . 

For the case under consideration the theorem is proved by proof tliat 
Mkj and M,^- are equal. This is the same thing as saying that if VI, alone 
acts, the current 1^. is the same as T, when Ej^. acts alone, i)rovidc‘d that 
E^ and Ea- are equal. By review of the way in which the Z’s of Eqs. lb to 
4 b are obtained from the network, it can be seen that and Tj^j are e(|ual 
and Dz can be written 



Zii Z12 • 

ZI2 Z22 ■ 

• Z,; • 

• • /j2j • 

' Zif 

• z„ 

Dz = 


• z,, • • 

• Z;f 


Zif Z 2 f * • 

’ Zjr • • 

• Aft 


in which, to make the symmetry more evident, the/th column is written 
instead of the kth column as in Eqs. 54 to 57. The cofactor of, for example, 
the second column and 7 th row o])tained by expanding along rows can be 
seen to be identical with the cofactor of the second row and /th column 
obtained by expanding along columns. I'his identity becomes evident 
when the two expansions are actually carried out for any simple case. 
The same result holds for the cofactors Mjk and Iffius Mji^ and 
are equal and the reciprocity theorem is proved for steady-state 
conditions. 
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7. CrRRExVT RATIOS 

If, when a \()Itage source is present in only one loop, the ratio of two 
currents is wanted, this ratio can be calculated by evaluation of only two 
cofactors. If, for example, the ratio I^/I^ is wanted when E 3 is the only 


source voltage, then 

I - - E 

[65] 


T - V 

[ 66 ] 

and the ratio of the two currents is 




[67] 

or, in general, when En i 

s the only source voltage, 



C M„y 

M„,’ 

►[67a] 


which can be obtained without evaluating 1)^ or any but the two cofactors 
M„; and M„a-. 

It is readily seen that an evaluation of all the coefficients of the E\s 
in a set of ecjuations, such as Kqs. 58 to 61, is a laborious task, especially 
if f exceeds three or four. Sometimes, however, the evaluation must be 
made. For exami)le, in studies of power systems, particularly w^hen the 
transient (onditions following lightning, short circuits, switching, or 
other disturbances are being investigated, this evaluation or the equiva¬ 
lent may liave to be made several times.^ In such situations it is often 
more economical to do the work experimentally by actually reproducing 
the network at a small convenient scale on a device designed especially 
for the pur]M)se.^ I'hus the general case of the f-loop netw^ork containing 
sources in sev eral or even all the loops is one of considerable practical 
importance. In x^ractical situations, how’ever, the solution of the network 
is made less laborious than the solution for the general case by the absence 
of many of the sources and coupling parameters indicated for the general 

' C. F. W'agner and R. D. Evan?, “ Static Stability and the Intermediate Condenser Sta¬ 
tion,” A.l.E.K. Trau'^ , XLMI (1928'), 94 128; 1. H. Summer? and J. B. McClure, “ Progress 
in the Study of System Stability,” ibid., XIJX (1930^ 132-161; F. R. Longley, “ The Calcu¬ 
lation of Alternator Swing Cur\e?,” id., 1129-1151, Edith Clarke and R. G. Lorraine, “ Power 
Limit of S\nchronou? Machine?,” E.E., LII (1933), 780-787. 

‘II. L. Ha/.en, O. K. Schurig, and M. F. Gardner, “ M.I.T. Network Analyzer; Design 
and .\pplication to Power System Problems,” A.I.E.E. Trans.., XLIX (1930), 1102-1113; 
H. A. Tra\ ors and W. W. Parker, “ An Alternatinu-Current Calculating Board,” Elec. J., 
XXVII (igiO), 266-270. 
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case. Also, in many practical cases the complete solution of the network is 
not desired; currents and voltages at terminal or other {X)ints of special 
interest suffice. 

In making solutions of complicated linear networks, the use of ratios 
frequently is advantageous. For example, if the current in some branch / 
of a network is desired, a convenient value of current 1 ' may be assumed 
to exist in that branch. By using that hyjx)lhetical current as a starting 
point, computations can be carried back through the network to some 
Inanch k for which the current or voltage is known. Flu' current 1/ or 
voltage computed for this branch of course does not agree with the 
actual current h or voltage known to exist there unless the assujni)tioii 
made for the current is correct, which is extremely un’ikely. However, 
the complex ratios or I/'V/ of the assumed current in branch j to the 
calculated current or voltage in branch k art‘ th(‘ same res])ectively as the 
complex ratios 1^/1/,. or I, of the actual (j’lantities. Hence with one of 
these ratios and a corresponding aclual (urrcnl or \\»ltage known, the 
unknown current I, can be comjmted. For obtaining a numerical answer 
this jirocedure is sometimes simpler algebraically than tlie more conven¬ 
tional procedures of working directiv from kiuAsn to unknown (juantities 
by one of the formal mdhods previously presi'iited. It is assumed, of 
course, that all im])edanc(‘s invok ed are knowm. 



Network Analyzer at Massachubcttb Inbtitute of Technology (footnote 2, p. 442).’ 
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SingU* line diagram of the ld2 kv .system and intermediate \oltage network' 
connected to the l.U kv system of th<* \merican (iasand Klectric C®. 
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Keductionof a portion of the systems of the American Gas and Electric Co. and the Ohio Public Service Co. 'partially shown on the pre¬ 
ceding diagram) for representation on the Network Analyzer. The complex numbers beside the lines and transformers represent per¬ 
centage impedance on a 100,000 kva. 132 kv base. The numbers beside the shunt capacitances represent actual system micromhos 
susceptance. The representation on the Network Analyzer E on a scale of 200 volts, 2 amperes, or 400 va base. 
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8. Illustrative example of the loop method 

In the analysis of the impedance bridge an expression for the detector 
current as a function of the impedances involved is of interest. The 
general diagram for such a bridge is shown in Fig. 7. The problem is to 



find the current in the detector element '/m. Impedance Z,s is the im¬ 
pedance of the source and impedances Zi, Zo, Z^, and Z 4 are the 
bridge arms. 

SoItUion: The loop current I {not chosen in a mcsli in order that the loop current 
Ti may represent directly the result sought, fhe loop equations are 

(Z 4 “h Zi + Zc/)Ii —Z 4 I 2 -f-Zils = 0, [54a] 

—Zdi + (Z4 -h Z3 -f Z.s')l2 +Z.SI3 - E, [ 55 a] 

Zili -\-Lsl 2 + (Zi -f- Z 2 -f- Z,.,*)!.*} = F. [57a] 

The solution for I] is 


0 

-Zi 

Z, 

E 

Z 4 + Z3 z.s 

z.s- 

E 


Zi 4" Z 2 4- Z.s 

Z 4 -+- Zi -f- 7 j(i 

-Zi 

Zi 

-Z 4 

Zi -h Z 3 4- Z.s 

Z.s 

Zi 

Z.s 

Z] 4“ Z 2 4" Z 5 


^ E[ZiZ.s - Z4Z.S - Z i(Z 4 + Znjh Z.sOj- ZifZi -hZa + Z.s)] 

— Zi(Z4 + Z3 + Z^O — Z|(Z 4 -f- Zi + Za) ~ Z 4 (Zi + Z2 + Z^)) 

_ ~ Z2Z4 _ 

^ {Z1Z2Z3 -|- Z1Z2Z4 + Z1Z3Z4 + 'Z2Z{L\ -j- Z1Z2Z.S 4 " Z\ZzZs “h Z1Z3Z0 
Z1Z4ZG’ + Z2Z3ZG -f- Z2Z4Z.S -j- Z 2 Zi 7 ja + Z3Z4ZS 
-f ZiZo’Z.s + Z2ZC/Z.SH- ZzLqZs -f Zi^Z(^s\ 
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Since the denominator of Eq. 58 a cannot be infinite when all the Z’s are finite, Ii is 
zero when 

Z1Z3 = Z2Z4, [68] 

which checks the general equation of balance for the impedance bridge obtainable by 
much simpler procedure. 

9 . The coupling network 

A somewhat less general case of the f-loop network than that just 
discussed has widespread application in both the power and communi¬ 
cations fields. This case is the f-loop network to which sources or their 
equivalent are connected in only two of the f loops. For examjde, the 
entire transmission system used to connect an electrical generating 
station with a distant load center, including a long transmission line and 
transformers at both ends, is usually analyzed as an f-loop network with 
the generating station as one source and the load as an equivalent of a 
negative source. Most of the circuits used in communications work arc 
also analyzed in this same way. Such an f-loop network with two pairs of 
terminals, one pair in each of two loops, to which sources (or loads which, 
from the point of view of the f-loop network, are treated as sources) can 
be connected is often called a coul)Ung network. It is also a two-terminal- 
pair network, so called from the fact that it has two pairs of terminals. 
The latter term is often shortened to two-tcrminal pair. 

'J'he coupling network is often rather comi)lex and, in a broad use of 
the term, may, as mentioned above, contain long transmission lines, or 
even energy-conversion devices, so that between the two pairs of termi¬ 
nals a mechanical, acoustical, or electric-wave link may exist. In the 
latter cases the equivalent electrical behavior of the mechanical or other 
link, must be known before the combination of such a link and electric 
circuits can be treated as a two-terminal-pair, or coupling, network.* 
l"he coupling network is treated in this chapter as applied to lumped 
linear passive networks only. However, this concept of a coupling network 
may also be applied to the study of networks containing energy sources, 
as, for example, the equipment used in completing a connection between 
two tele{)hones through a common-battery exchange or through long¬ 
distance circuits having a radio link. 

The two-terminal-pair network can be shown diagrammatically as in 
Fig. 8. A pair of leads 1 - 1 ' represents a portion of one of the loops con¬ 
tained in the box, while the other pair 2-2' similarly represents a portion 
of another loop. Although the E’s and I’s associated with these terminals 
are designated with subscripts 1 and 2, they are usually not adjacent 
loops They are thus designated merely for convenience in writing. 

* Electromechanically coupled systems are treated in Ch. XII. 
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While the coupling network itself is concealed in a box and only two 
pairs of terminals are brought out, the complete internal structure is 
assumed to be known and is used when the equations are written for its 
performance. As pointed out previously, the coupling network contains 
no sources. Any currents or voltages ai>pearing in it must therefore be a 
result of the application of one or more sources to its terminals. In order 
that the analysis of the coupling network may be independent of the 
circuits to which it is connected, the nature of the sources or loads con¬ 
nected to the terminal pairs is not specilied. In other words, Ej, Ii, E 2 , 
and I 2 are all treated as unknown 

(|uantities. It is seen in Art. 3 that if _H 

any two of these four quantities are linear ' 

known, an explicit solution for the 

coupling network can be obtained. If, ^ ^ 

however, all four of these quantities 

are retained as unknowns, the most / 

. , . , / , . coupling, nctwoilv. 

exjHicit form in which the solution 

can be put is two equations relating them. Then two additional equations 
relating them or the values of two of them are requisite for a complete 
solution. This is precisely the result desired, for when an external circuit 
is connected to each end, the two additional values or ecjuations are 
obtained, one from each external circuit. For example, if a pure voltage 
source is connected to terminals 1 l', Ih becomes known, and, if a 
simple impedance Z/, is connected to terminals 2 2\ the relation 

E 2 == - “V2. [69] 


Kir S. T\v(> terming I-pair, iir 
coupling, nctwoilv. 


can be used. These two additional relations taken with the two coupling 
network equations uniquely lix all the currents and voltages in the .sy.s- 
tem. The result desired here, however, is the pair of equations relating 
the four unknown quantities E|, I|, E 2 , and l 2 - In this i)resentation of 
the coupling network, Ej or E 2 may be u.scd to indicate voltage rises 
which are not necessarily caused by a source voltage. As indic.ated by 
Eq. 69, a passive element may be connected to one pair of terminals. 

Since the coupling network is an Moop network, the general equations 
58 to 61 apply, but with the restriction that source voltages E;,, E 4 • • • E, 
are zero. From these equations - if it is assumed, as stated above, that 
the internal structure of the network and the values of its parameters 
are known — the t currents Ii, T 2 • • • F can be expressed in terms of E, 
and E 2 . But in the two terminal pair, only I, and I 2 are of intere.st; con¬ 
sequently the equations containing the remaining currents, while true, are 
irrelevant. For the two-terminal-pair Moop network these equations apply: 

11 = yiiEi + yi2E2, ^[58b] 

12 = yi2Ei -h y22E2. ^[ 59 a] 
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As indicated by Eqs. 62 and 63, the y’s of Eqs. 58b and 59a are 



[63a] 

M22 

[63b] 

M21 Mi 2 

’ Dz " T>z ■ 

[62a] 


It is well to recall at this point that these y’s are functions of co even 
though this fact is not expressly stated in the notation. This is evident 
from the fact that they are obtained above from the Z’s of Eqs. 54 to 57 , 
which are functions of co. 

It is worth while to emphasize that because of the theorem of reci¬ 
procity, the coefficient yi2 appears twice and that therefore only three 
parameters are necessary to characterize a general coupling network 
uniquely. The term parameter ’’ is used here in a more general sense 
than when defining the elements R, L, and 5 in that it here designates a 
coefficient that is dependent upon frequency. 

The following physical interpretation can be given to these y parame¬ 
ters: If the terminals 2 - 2 ' of pair 2 are short-circuited, E2 is zero, and 
Eq. 58 b gives 

yn = I;- [70] 

1^1 

from which it is seen that yn is the admittance looking into end 1 with 
end 2 short-circuited. Similarly, if terminals l-l' of pair 1 are short- 
circuited, then El is zero, and the second equation gives 

I 2 


y22 — 


E2 


[71] 


which .shows that y22 i^ the admittance looking into end 2 with end 1 
short-circuited. The admittances yn and y22 are called the short-circuit 
input admittances or short-circuit driving-point admittances with respect to 
ends 1 and 2, respectively. 

Now if end 2 is again short-circuited and Ei is applied, Eq. 59 a gives 

yi2 = |^- [72] 

El 

On the other hand, if end 1 is short-circuited and E2 is applied, 

Ii 
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The tidmittance yi 2 is therefore the ratio of the vector current at the 
short-circuited end to the vector voltage applied at the other end, which 
ratio, by the reciprocity theorem, is independent of the particular end 
short-circuited. This admittance is called the short-circuit transfer admit¬ 
tance. In many practical cases the y^s can be written by inspection of the 
network and making use of Eqs. 70 to 7.T 

Equations vS8b and 59a are explicit expressions for the currents at the 
terminals of a two-terminal-pair network in terms of the terminal volt¬ 
ages. The voltages are often required when the currents are known, and 
can be determined if Eqs. 58b and 59a are solved for the voltages Ej and 
E 2 in terms of the currents Ii and I 2 . 'khis solution yields the equations 


in which 


El 

— ^iiTi + 

[58cl 

E2 

— 212T1 + Z 22 I 2 , 

[59bJ 

Zll 

y22 

1 - 1 

Z22 

yii 

[75] 

Z12 

11 

1 

[76] 

T), 

= yiiy22 - yi2- 

[77] 


Here is the determinant of the y’s of Eqs. 58b and 59a, and is different 
from Hr- 

The three parameters zn, Z 22 , nnd Z 12 are an alternative set to the 
three y’s for unictuely characterizing a coupling network. These z’s, like 
the y’s, are functions of the angular frequency w of the sources. 

Physically the z’s have very simple interpretations. If end 2 is open, I 2 is 
zero, and Eq. 58c gives 

= [78J 


which shows that zn is the impedance looking into end 1 with end 2 open. 
Similarly, Z 22 is seen to be the impedance looking into end 2 with end 1 
open. The impedances zu and Z 22 are called the open-circuU input imped¬ 
ances or open-circuit driving-point impedances with resjDect to ends 1 and 2 
respectively. 

If Ii is applied to end 1, and end 2 is open, Eq. 59b gives 

E2 

Z12 = Y"’ 


[ 79 ] 
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while the application of the theorem of reciprocity gives 

zi 2 = 7 ^ [79a] 

for end 1 open-circuited and I 2 applied to end 2. The impedance zu is 
called the open-circuit transfer impedance with respect to ends 1 and 2. 

It is important to note the difference between the Z’s of Eqs. 54 to 57 
and the z’s of Eqs. 58c and 59b, since both are impedance parameters of 
the same network. If the loops are numbered the same for these two sets 
of equations, the difference between Zn and Zn is that Zu equals Ei/I^ 
when all loops but loop 1 are open-circuited, whereas Zn equals Ei/I^ 
with loop 2 open-circuited but with electromotive forces of all other loops 
but loop 1 short-circuited. Similarly, Z ]2 equals F-^ 2/^1 with loops 2, 3 , 
4 • • • f open-circuited, while Z 12 equals E 2 /I 1 with loop 2 open-circuited 
but with electromotive forces of loops 3, 4 • • 7 short-circuited. 

As with the y’s, the z’s can in many practical cases be set down by 
inspection of the circuit diagram. If the z’s are ol^tained by inspection 
and the y’s are wanted, the latter can readily be obtained by reinverting 
Eqs. 58c and 59b to obtain Eqs. 58b and 59a again, a fact which shows 
that the y’s are related to the z’s by 


>'11 

Z22 

" i^’ 

[80] 


/-II 

dV 

‘ [81] 

yi 2 

Zl 2 

I)/ 

[82] 

ly. 

2 

= Z11Z22 — 2 ^ 12 * 

[83] 


Here is not the same as 1);., since the z’s are not loop and mutual 
impedances. 

As a recapitulation of the coupling-network parameters, Fig. 9 is 
given, showing the physical interpretation of the y’s and z’s as they have 
been given in the foregoing paragraphs, together with the general rela¬ 
tions among the parameters and the terminal currents and voltages. 

10. General c irc uit constants A, B, C, D 

It is shown in the foregoing section that three parameters (which are, 
in general, functions of frequency) suffice to fix uniquely the steady-state 
response of a two-terminal-pair network to sinusoidal impressed termi¬ 
nal forces. The three z’s and the three y’s are two such sets of parameters. 
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short-cixcuii admittances opcn-circuit impedances 



Ei=Z„Ii+Z,2l2 


general relations 



Fig. 9. Current and voltage relations at the terminals of a 
coupling network. 


They are not, however, the only sets of three ])arameters that can be used. 
For power engineering it is usually convenient to ex})ress the voltage and 
current at one end of a two-lerminal-pair network in terms of the voltage 
and current at the other end. Such equations are much u.sed by the power 


engineer, in i)referen('e to the ecjuations 
giving the two currents in terms of 
the two voltages, and vice versa. 

The sign conventions customarily 
used by the power engineer in his 
treatment of the coupling network, as 
shown in Fig. 10, differ in one partic¬ 
ular from those used thus far. Here 



Ei=AE;+Bl2 Ei-DErBIi 

If=CEi+Dl2 l2=~CEi-fAIi 

10. The two-terminal-pair netvv^ork in 


the conventions for the directions of terms of general circuit (onslants. 


El, I,, and I 2 are the same as those 

used in Figs. 8 and 9. The voltage E^ at the terminals of loop 2 is, how¬ 
ever, the amount by which 2 is [wsitive in a vector sense with respect to 
2', while E 2 of Figs. 8 and 9 is the amount by which 2' is positive with 
respect to 2. The networks of Fig. 8 and Fig. 10 are the same network, 
and Fa and E 2 describe the voltage across the same two terminals, 2 and 
2'. Because of the difference in the definitions of and Eg, however, 
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The power engineer usually thinks of the terminals 1-1' as the sending- 
end terminals, the terminals 2'-2 as the receiving-end^ or load-end^ 
terminals. 

The equations of the coupling network as used in power circuits are 
customarily written'* 

El = AE^ + BI 2 , ►[85] 

Ii = CE^ + DI 2 , ►[86] 

in which the parameters A, B, C, and D are called general circuit con¬ 
stants, of which only three are independent. 

These general circuit constants are in reality no more general than the 
z’s and y’s of the previous article; in fact, the parameters of any one of 
these three sets are readily expressible in terms of those of either of the 
two remaining sets. Thus, substituting Ii as obtained from Eq. 59b into 
Eq. 58c, gives 

E, =5iiE2-^l2. [87] 

Z12 Z12 

Solving Eq. 59b for Ii gives 

1, =—E2- —T2. [ 88 ] 

Z 12 


Equations 87 and 88, when rewritten in terms of E'>, become 

El = - —E^'-^Ia, [87a] 

Z12 Z12 

Ii = - — E^ - ^ I 2 , [88a] 

Z12 Z12 


which, when compared with Eqs. 85 and 86, show that 


A= 

Z 12 

D, 


B = - 


C = 


Z 12 

1 

-, 

Z 12 


[89] 

[90] 

[91] 


D = - — • [92] 

Z 12 

* R. D. Evans and H. K. Sels, “ Transmission-line Constants and Resonance,” Elec. 7., 
XV'Ill (1Q21), 306-30Q; R. I). Evans and H. K. Sets, “Transmission Lines and Trans¬ 
formers,” id.j 356-359; William Nesbit, Electrical Characteristics of Trajismission Circuits 
(East I’ittsburgh: Westinghouse I'echnical Ni^ht School Press, 1926); Cecil Dannatt and 
J. W. Dalgleisch, Electric Power Transmission and Interconnection (London: Sir Isaac Pitman 
& Sons, Ltd., 1930); O. G. C. Dahl, Edeitric Circuits, Vol. I: Theory and Application (New 
York: McCraw-IIill Book Company, Inc., 1928), Ch. ix. 
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Solution of Eqs. 85 and 86 for E] and in terms of Ii and I 2 and appli¬ 
cation of the reciprocity theorem show readily that 

AD - BC = 1. 

[93] 

This result can also be verified from Eqs. 89 to 92. Equation 93 shows 
that only three of the four general circuit constants are independent, 
since, when any three are known, the fourth can be found. 

The general circuit constants are also easily expres.sed in terms of the 
coupling network y's by using Eqs. 74 to 77 in Eqs. 89 to 92, giving as 
results 

II 

< 

[94] 

II 

[95] 

C = -", 
yi2 

[96] 

yi2 

[97] 

If the z’s or y\s are desired in terms of the general circuit constants, 
they are found directly from Eqs. 89 to 92 or Eqs. 94 to 97: 

1 

Zi2 — ~ 

[98] 

A 

Zii — 

[99] 

D 

^22 — 

[100] 

- 

11 

[101] 

D 

yii = -B> 

[102] 

A 

y.. = 

[103] 


Equations 98 to 103 show that if A and D are equal, the network is 
entirely symmetrical as viewed from its terminals. This condition is true, 
for example, of the equivalent lumped circuit of any two-wire transmis¬ 
sion line having uniform conductors and spacing. 
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A useful physical interpretation can be given to the general circuit 
constants, useful both because it aids in visualizing their meaning and 
because it shows how they can be obtained by measurements on an actual 
network. From Eqs. 85 and 86 it is seen that A is the ratio E 1 /E 2 when L 
is zero, or, differently stated, A is an open-circuit voltage ratio; B is the 
ratio E 1 /I 2 when Ej is zero, or B is a short-circuit transfer impedance; 
C is an open-circuit transfer admittance, the ratio I 1 /E 2 when I 2 is zero; 
D is the short-circuit current ratio I 1 /I 2 , that is, the ratio with E 2 equal 
to zero. It is seen by inspection that A and D are dimensionless complex 
numbers, that B has the dimensions of an impedance, and that C has the 
dimensions of an admittance. 

In concluding this brief discussion of general circuit constants, it is 
emphasized again that they provide only one of several ways of handling 
the two-terminal-pair network. Their importance lies in the fact that 
such extensive analyses and tabulations are expressed in terms of them 
that neither the power nor the communications engineer should be un¬ 
familiar with them. 

11. T AND TT, OR Y AND A CIRCUITS 

Two very simple but important networks used extensively in both the 
power and the communications fields are now considered as illustrations 
of the application of the relations developed for the two-terminal-pair, or 



Fig. 11. T or J' network. Fig. 12. vr or A network. 

coupling, network. These are the T or Y network shown in Fig. 11 and the 
TT or A network shown in Fig. 12. The resemblance between the network 
structures and the forms of the descriptive symbols have led to these 
designations. The T and tt networks are rather special cases of the 
coupling network both because they are simple and because they have 
only three independent terminals, terminals 1 and 2' being connected. 

11a. r OR F NETWORK 


h'rom the consideration of network geometry, it is seen that the T 
network, involving three nodes and two loops, is probably more easily 
treated on the loop basis and therefore in terms of impedances rather 
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than admittances. Because of the simplicity of the network the loop 
equations need not even be written in order to find the coupling parame¬ 
ters of the network, as ^"alues of these parameter^ can be written by 
inspection, their physical definitions being used. Thus the open-circuit 
diiving-point and transfer impedances in terms of the branch impedances 
are 


Zn = Za + Zc, 

[104] 

222 = + Zc, 

[105! 

Zi2 = ““Zc. 

[lOo! 


The corresponding y’s are not so easily written down by inspection, but 
are readily obtainable from the z’s by use of Kq.s. 80 to 88. Tliey are 


in which 


z,, + Z, 

= D. ’ 

[107] 

Za Zc 

y22 = -j3^ . 

[108] 

Zc 

[109] 

— 2^2 = ZaZt + Z/,Zc + ZcZa. 

[110] 


The general circuit constants of the T network are obtained by substitut¬ 
ing Eqs. 107 to 109 in Eqs. 94 to 97, or Eqs. 104 to 106 in Eqs. 89 to 92, 
and are as follows: 


A __ _ Za 

A — ” / ^ 


^ ZaZb + Z(;Zc -f- ZcZa Z^Z/; J ^ I ^ 

U — " ~ — y -f- ^6 "T > 


[ 111 ] 

[ 112 ] 


C = ^, [113] 

/->c 

D = = [114] 

Zc Zc 

To ascertain the branch impedances of a T network that is equivalent 
to a network whose general circuit constants are known, the functions 
Za, Zt, and Zc are found by solving Eqs. Ill to 114 for them, beginning 
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with Zc. This solution gives 


Z..^C '• 

[115] 


[116] 

II 

N 

[117] 

In general a T network that is equivalent at one frequency to a given net¬ 
work is equivalent to it only at that frequency. 

lib. IT OR A NETWORK 


The relations for the tt network corresponding to those which have 
just been developed for the T network are now treated. By examination 
of Fig. 1 2 from the point of view of network geometry it is seen that the 
TT network probably lends itself to simpler formulation on the node basis 
than on the loop basis. Therefore the parameters arc more convenient if 
they are expressed in terms of admittances rather than impedances. This 
greater convenience is independent of the way in which the relations 
among the parameters are obtained. 

The short-circuit input and transfer admittances can be formulated by 
inspection from their physical definitions as follows: 

yn = Y„ + Y,, 

[118] 

y22 = Y* + Yr, 

[119] 

yi2 = Y... 

[120] 

By Eqs. 74 to 76 the corresponding set of open-circuit impedances is 
found to be 

Y6 +Y. 

Zn - 

[121] 

Y„ + Y, 

Z22 = 

[122] 

Y, 

Zl2 = - D ’ 

[123] 

in which, from Eq. 77, 


D, = Y„Y6 + YfcY, + Y.Ya. 

[124] 

The general circuit constants for the tt network are 

obtained by sub- 
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.tituting Eqs. 121 to 123 in Eqs. 89 to 92, or Eqs. 118 to 120 in Eqs. 94 to 
97, and are as follows: 


_ Y, + Y, 


[125] 

[126] 


C = 


+ YfcY, + Y,Y„ 

- 


Y^+ Y, 


[127] 

[128] 


When either the short-circuit admittances yn. yn, and yi 2 or the 
general circuit constants A, B, C, and D arc known and the branch 
admittances Ya, Yi,, and Y^ of the v circuit arc desired, they can be 
obtained from Eqs. 118 to 120 or Eqs. 125 to 1re.spectively, as 


Ya = yn - yi2, 

[129] 

Yh = y22 - yi2, 

[130] 

II 

[131] 

Y = 

Va g 

[132] 


[133] 

Y - 1 . 

g 

[134] 


11c. Equivalent T and v networks 

One more aspect of T and tt networks is of interest at this point. Pro¬ 
vided certain relations given below obtain, a tt network can be equivalent 
to a given T network, and vice versa, as far as the behavior of the termi¬ 
nal functions Ei, Ii, Eg, and I 2 is concerned. Two networks are said to be 
equivalent with re.spect to stated conditions when under these stated 
conditions one is indistinguishable from the other. In this ca.se the T and 
IT networks are equivalent when the relations among the terminal E’s 
and I’s are the same for both. This condition is true if the z’s for the 
T network as given by Eqs. 104 to 106 and for the jt network as given by 
Eqs. 121 to 123 are identical. Or, alternatively, the networks are equiva- 



y s of Eqs. 118 to 120 for the tt network. Thus the two networks arc 
equivalent if 


Zc = 


Z5 = 


Xl 

Xi 

D. 


7 - It 

Za ~ —» 


[135] 

[136] 

[137] 


or 





[138] 

[139] 

[140] 


Multiplying Eq. 138 by Eq. 135 shows that 

D,D, = 1. [141] 

Since, in general, three parameters can uniquely characterize a coupling 
network, two coupling networks are evidently equivalent if any three 
corresponding independent parameters are the same for both networks. 
In other words, they are equivalent if either the three corresponding y’s 
the three corresponding z's, or three of the corresponding general circuit 
constants are the .same, respectively, for both networks. Thus for equiva¬ 
lence between a T and a tt network the condition that the A’s, B’s, and 
C^s from Eqs. Ill to 113 and Kqs. 125 to 127 are the same for both leads 
to the same relations as Ikjs. 138 to 140. These equations are frequently 
very useful in simplifying complicated networks. By their use any group 
of three impedances connected in Y can be replaced by an equivalent 
A-connected group, and vice versa.That is, either the T or w network is 
really a three-terminal network since the terminals 1 and 2' are the same, 
and they can be used interchangeably to interconnect three terminals 
provided the relations of Eqs. 138 to 140 are true. 

* This is pro\ed for resistances in Art. 10, Ch. II. 

^ There is also a theorem showing a general equivalence between star and mesh networks. 
Any star can be replaced by an equivalent mesh, but the transformation from mesh to star 
i.s indeterminate when more than three elements are involved. A. Rosen, “ A New Network 
Theorem,” I.E.EJ., LXII (1924), 916-918; G. A. Campbell, “Direct Capacity Measure¬ 
ments,” B.S.TJ., I (1922), 18-38. 
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J2. Illustrative example of a coui’ling network 

The cin uit shown in Fig. 13 frequently occurs in [xiwer-system stability 
problems. The following quantities are to i)e calculated: 

(a) the short-circuit transfer admittance, Ij, Ej when Ej is equal to 
zero; 

(b) the constants for the equivalent T; 
tc) the constants for the equivalent it; 

(d) the general circuit constants. 



7? - 5 66 ohms A'l - 2^0 ohms 

A' = 81.8 ohms A'', = — S,790 ohnis 

Fio Ivh Circuit for e.Kamplc ol Vii 12. 


Solution: The mesh equations are: 

7(-Vi-fA;)ii 0 -;am., - Ei, 

-jXM -i-V.l! + [f? +;(.V + 2.V,)J1, =. 0, 

0 ./(.V,+.V,)l2 -./.\M., =E2, 

i(.Y,-l-X,) E, -/.Y, 

-yx, 0 K-|-i(.Y 4-2.Y,) 

. ^_0_ Vi __ /.V, 

* y(A',+ Y,) 0 -/X 

-jX, -X K+,/(.V + 2.\,) 

0 jiS'i + -Y,) ~jS, 

Since the short-circuit transfer admittance is wanted, E^ is /.ero in the above 
for I 2 because of the short circuit at terminals 2. 

„ I -jX. K + 7(X + 2X.) I 


solution 


= -jXl{Xy + X.) -jx^ix, -f- A’,) 1 

- [-(.Yi -h A',)(.Y2 + A',) i A! +j(X + 2A%)1]. J 

Since Xi = X 2 , 

Oz = -y2(X? -I- XX“) -t- (x5 -f 2YX + Al){i? +jix + lXc)\ 
= K(X? -f 2XX + x\) -t-y[X(Al + 2XiA’, -|- A1) 4- 2A1 A-c 

4- 4X.X? - 2XiX?] 

= R{X\ + 2XX + Xl) +j[X{Xl + 2XiX, 4- X?) 

4- 2(X5X, -b XiX?)]. 



Putting in numerical values: 



Xi = 240^ 

= 0.006 X 10' 

[143] 


2A'iX. = -2 X 240 X 3,790 = 

: -0.182 X 10' 

ri44j 


II 

II 

1.436 X 10', 

[145] 


(A1 + 2XiA% + A?) 

1.260 X 10', 

[146] 

X(X5 + 2A',X„ + Al) = 81.8 X 1.260 

X 10' = 1.030 X 10*, 

[147] 

2X\X, 

= -2 X 240= X 3,790 

= -0.436 X 10“, 

[148] 

2XiXl 

= 2 X 240 X 3,790= 

= 6.90 X 10*, 

[149] 

IA'(A1 

+ 2A'iA'c + A'=) + 2(X?A',. + A’ 

,A1)] - 7.49 X 10“, 

[150] 

XCX! + 2XiA'c + Xl) = 5.66 X 1.260 

X lO' = 7.14 X 10', 

[151] 


Dx = (0.0714 +i7.49) 

O 

X 

[152] 

I, 3,790= X Ur" 0.01436 

(0.0183 -^1.92)10-= mho. 

[153] 

El “ 0.0714 + ^7.49 ~ 0.0714 +y7.49 ~ 



Fig. 13a. Equivalent T for circuit of Fig. 13. 


The portion of the circuit between a h-c can be replaced by an equivalent T. The 
equivalent T resulting for the whole circuit then can be replaced by an equivalent tt. 
The result of the first step is illustrated by Fig. 13a, in which 

_ (-j 3,7 90)(5.66 +i81.8) _ 310,000 -j21,440 ] 

“ (~/3,790) + (5.66 +i81.8) + (-^3,790) ~ 5.66 ->7,498 [137a] 

= 2.89 -1->41.3 ohms, J 

^_ (5.66 + >81.8) (->3,790) _ ^ 310, 000 -> 21,440 1 

^ (5.66 +>81.8) + (->3,790) + (->3,790) “ 53)6 ->7,498 i [136a] 

= 2.89 +>41.3 ohms, J 

(->3,790) (->3,790) -14,360,000 ] 

(->3,790) + (->3,790) + (5.66 +>81.8) " 5.66‘->7,498 [135a] 

= —1.45 —>1,915 ohms, j 


The constants for the whole circuit are therefore 

Zoi = Za + Zai = (2.89 +>41.3) +>240 = 2.89 + >281 ohms, [154] 

Zu 2 = Zb + Zb 2 = 2.89 +>41.3 + >240 = 2.89 + >281 ohms, [155] 

Zoc = Zc = —1.45 —>1,915 ohms- [156] 
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Replacing the above J-connected circuit by the equivalent ,r-connected circuit give. 
((-1.45 -yi915)(2 89 +y281) f (2 89 4 ./281)(-1.45 -./1,915) 


Zij _____+ (2.89 4y2ai)(2.89 + j281)l 

-1.45 - 

(997 -y 10.26) 10'' 

■ -1.45 -yi,915 = +•'^21 ohms, 

. ^ (997 - ;10.26)10' ^ . 

= 2.89'^Hfy^ = 0 -75,540 ohms. 

(997 -yi0.26)10'' 

= 2.89 47281 ” -75..S40ohms 

The general circuit constants for the r-connecled circuit are 

/aw 


A = 1 + 


Zo/ 


B = Zoi + Zo2 + 


ZoAiz 


C = 


Zii2 


D = 1 + , 

Alt 

A = 1+ = 0.S55 4 /0.(X)140. 


-1.45 -yi,9is 
B = (2.89 4 -y 281 ) 4 (2.89 +y281) 4 


[138a] 

[139a] 

[140a] 

[111a] 

[112a] 

[113a] 

[114a] 

[157] 


(2.89 4 /28I)(2 89 4 y281) 


] 


= 4.97 4-y320, 

1 

“ -1.45 -yi,915 
2.89 + y281 


(-1.45-yi,915) ] [158] 


J 


0 = 1 + - 


1.45 -yi,915 


= (- 0..396 4 7 , 521 ) 10 -", 
= 0.853 4 y0.00140. 


[159] 

[160] 


13. Steady-state node equations for the general multi¬ 
branch NETWORK 

In this article the general formulation of the equations for a compli¬ 
cated network is carried out on the node basis. In the same way that the 
results obtained in Art. 4a for a four-loop network were generalized to 
the f-loop case in Art. 5, this article generalizes to M-node form the 
results obtained for a five-node network in Art. 4b. Thus the develop¬ 
ment in this article is a parallel and alternative method to that of Art. 5. 
Either method leads to the same results, but one is sometimes much less 
laborious than the other. 

By applying to a network having n independent nodes the processes 
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which are employed in Art. 4b, n equations relating the n unknown node 
potentials to the known source currents can be written. Consideration is 
given here to the case of steady-state conditions in which all the sources 
have the same frequency; so the equations are written in terms of complex 
voltages, currents, and admittances. These equations have the form 


Y<.„V„ + + • • 

• + Y„,V, + • 

• * + YanVn = la, 

[161] 

Y^aVa + ybb^h + • 

■ + YijVj + • 

* • + YbnYn = I^, 

[162] 

Yi„V„ + YfcbVt + • 

• + Y,,V, + • 

• • + Yfc„V« = h, 

[168] 

YnttVa + YnbVb + * ' 

• + Y„,V, + • 

• • + Y nnY n = In* 

[164] 


In these equations the one containing Ik, which is written for node ky 
may be thought of as typical of all of them, and the quantities may be 
defined for this equation. The quantity Ik is the total source current 
directed toward node ky expressed as a vector; Va- is the vector potential 
of node k above the reference node; Yaa is the total self-admittance of 
node k]j designates any other node hciving a potential V^; Ya;; or Y^a is 
the mutual admittance of nodes k and /. 

In general, the node potentials are to be determined in terms of the 
currents. These can be obtained, of course, by solving E(|s. 161 to 164 
through use of Cramer’s rule or any other method desired. Cramer’s rule 
leads to these relations: 


V __ T I T I 

Dy iJy 

V6 = la -1- 1/, -h • • 

iJy Ur 

Va = 1« h -t • 

Uy Uy 

V — T 4- I 4- 

' " - I)v + Dr + 


+ d;'‘+ ■+1.;.'- 

]VIa6 t T 


IVIaAt -r 


+ Dr 


+ d4 + ■ ■ ■ + dT 


►[165] 

►[166] 

►[167] 

►[ 168 ] 


The coefficients of the I’s of Eqs. 165 to 168 have a physical interpre¬ 
tation similar to that given for the coefficients of the E’s of Eqs. 58 to 61; 
they are open-circuit transfer and driving-point impedances: 


Zkj = 


M,k 

Dy' 


Zkk 


Mjfcfc 

Dy ’ 


[169] 


In general, of course, they are functions of o). 


[ 170 ] 
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The theorem of reciprocity applies to this case as well as to the case in 
which the voltages are the impressed forces and the currents are the 
responses. Here the statement of the theorem is that the voltage of any 
node k resulting from the application of a source current to any node/, 
all other source currents being zero, is identical with the voltage of node j 
resulting from the application of an equal source current Ia: to node 
all other source currents being zero. In other words, the points of appli¬ 
cation of a pure current source and an ideal voltage-measuring device 
can be interchanged without affecting the indications of the voltage- 
measuring device. This is merely another way of saying that iind 
Mav are equal. 

Equations 165 to 168 are the general steady-stale solution of the 
w-node network for n impressed vector currents T„, T» • • • I„, all of the 
same angular frequency ui. If other angular frequencies are present in the 
impressed currents, separate solutions must be made for each fn'tjuency. 
If desired, these solutions can be super{)osed, because of the linearity of 
the system, to obtain the resultant node volt iges. 

Occasionally the engineer applies the foregoing analysis in its complete 
form to networks in which n is four or five or perhaps even more. More 
frequently, however, the results are useful as applied to the w-nodc two- 
terminal-pair network which is considered in the next article. 


14. Coupling-network parameters from node equations 
One of the useful ai)plications of Eqs. 165 to 168 is to the two-terminal- 
pair network. The first such application, which can be used in the majority 
of practical cases, is that in which terminals 1 and 2' of Fig. 8 are the 
same node and can be used as the reference node in writing Eqs. 161 to 
164. Simple examples of networks in which this condition obtains arc the 



etc. 


‘*t7 V 




reference node 

(a) 



Fig. 14. Coupling network analyzed by node method. 


T and tt networks of Figs. 11 and 12. The second application, which is 
included here in the interests of generality, is that in which no two termi¬ 
nals of the coupling network are the same and in which, therefore, the 
terminal voltage at one end of the coupling network is obtained as the 
difference in two node potentials. While this situation occurs less fre¬ 
quently in practice than the first, it is important that the methods pre¬ 
sented here be general enough to include it. 
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In Fig. 14 are shown two schematic diagrams of the same network. 
Diagram (a) has the notation and sign conventions used in the node 
formulation, and diagram (b) has those used for the coupling network of 
Fig. 8 . Nodes a and 7 become terminals I'and 2, respectively. The rela¬ 
tions between the coupling network and node quantities are evidently as 
follows: 


E, = V„, 

[171] 

1 

II 

[172] 

1 

11 

M 

[173] 

Ii = I„. 

[174] 


The only sources present are la and 1/, all other source currents are zero 
by the definition of a two-terminal-pair network. Using Eqs. 171 to 174 
in the two general equations which give Va and Vj, and remembering that 
Mflj equals one finds 


E, 


E 2 


Dr 


Ii 


M 


^3 T 

Dy 


j I T 


[165a] 

[166a] 


A comparison of Eqs. 165a and 166a with Eqs. 58c and 59b for the two 
terminal pair shows that the open-circuit driving-point and transfer 
impedances characterizing the two terminal pair are given in terms of 
the impedances obtained by the node formulation by 



^ference node 2^ 


Fig. 15. tt network analyzed 
by node method. 


^laa 

= b;. ’ 

[175] 

II 

(N 

[176] 

M,„ 

^>2 = - 5 -- 

[177] 


As a simple illustration, the z’s for the tt network of Fig. 15 are obtained 
by use of the node formulation just developed. The node equations are 

la = (Y, + Y,)v„ ~ Y.V,, [178] 

I. = -Y.Va + (Y, + Ye)V,. [179] 


Here node./ of Eqs. 172 and 17v^ becomes h. Solving Eqs. 178 and 179 for 
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the V’s gives for the cofactors M: 


M„„ = Yft + Y„ 

[180] 

M(,6 — Y„ + Yf, 

[181] 

M„b = Y,, 

[182] 

and by Eqs. 175 to 177 the z’s become 


\\ + Yr 
= Dy ’ 

[121] 

Y„ + Y, 

= ' D, 

[122] 

N 

II 

1 

[123] 

in which 


D,. = Y„Yfc + YfcY, ^ Y,Ya. 

[124] 


For the special case of the tt network, Dv and 1)„ are equal. 

Of course the tt network is st) easily solved by any method that the 
])rocedure just used seems unduly complicated and indirect. In more 
complicated networks, however, the node method may easily he a less 
laborious way than the loop method of Art. vS to obtain the desired 
coupling-network parameters. Once the z’s have been obtained, all the 
results of Arts. 9 and 10 ex})ressed in terms of these z’s can be used. In 
other words, the z’s given by Kqs. 175 to 177 are identical with those of 
Arts. 9 and 10. 

The foregoing results apply to the first case, that in which the terminals 
1 and 2' of the coupling network are common and are ust‘d as the refer¬ 
ence node in the formulation of 
the node equations. The second ^ 
case, in which all four terminals 
1 , l', 2, and 2' are separate 
nodes of the network, is more 
general and also slightly more - 
complicated. Such a case is 
shown in Fig. 16. This network 
contains n independent nodes 10 . n-node network analyzed as a two 

C7, h • ' ' n. Oi these, nodes a, y, terminal pair, 

and k are brought out as ter¬ 
minals 1', 2, and 2', respectively, of the coupling network. Terminal 1 is 
taken as the reference node. In the general node formulation, a source 
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current is expressed as a current directed toward the node. These are 
shown as !«, I;, and I*, subsequently expressed in terms of the currents Ii 
and I 2 of the coupling network. Voltages Vy, and V* are the vector 
amounts by which the potentials of nodes a, j. and respectively, 
exceed the potential of the reference node. 

Since the parameters of the network of Fig. 16 are assumed to be 
known, equations like Eqs. 161 to 164 can be written by following the 
procedure carried out in detail in Art. 9. When solved for the V’s, the 
resulting equations have the form of Eqs. 165 to 168. Only the equations 
involving the potentials of nodes a,j, and k need be considered. Further¬ 
more, since sources are connected only to these same nodes, no terms other 
than those in la, Ij, and 1^ are present. Equations 165 to 168 reduce 
therefore to 


\T T I J , Mfcg J 

\T T I T I T 


^ Uv “ ^ + d7 


[165b] 

[166b] 

[167a] 


Equations 165b to 167a can be rewritten in terms of the coupling-network 
parameters if the V’s and Fs of Fig. 16 are expressed in terms of the E’s 
and I’s of the coupling network. Thus a comparison of Figs. 16 and 8 
shows them to be identical if 


E, = V„, 

[183] 

Eo = Vfc - V„ 

[184] 

Ii = I«, 

[185] 

I 2 = Ii = -ly. 

[186] 


Substituting the values for and from Eq. 186 in Eqs. 165b to 167a, 
subtracting the second equation from the third to obtain E 2 , and com¬ 
bining terms in like currents give the two equations 


El 


d7 


ii + 


I d ; ) 


[165c] 




[166c] 
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These two equations take the standard form for the coupling-network 
equations in terms of the z’s if 


Zii = 



[187] 


Z22 


1„ + Mti- — 2Mj;t 

d; ’ 


[188] 



al( 1^1 

dT 


[180] 


These z’s arc the same as the z’s of Arts. 9 and 10, and as soon as its z’s 
arc found by Eqs. 187 to 189, the network of Fig. 16 can be treated as a 
coupling network by the methods of these two articles. 


15. Th£venin’s theorem 

In Art 9, Ch. II, a useful relation known as Thevenin’s theorem is 
demonstrated for a direct-current network containing resistances only. 
'I'his theorem suitably extended is also true for alternating-current 
steady-state conditions for the general linear network containing any 
number of constant vector-voltage or current sources. In fact, the theorem 
can also be applied to transient conditions, l)ut this subject lies beyond 
the present treatment. 

Though usually not phrased in this way, Thevenin’s theorem for the 
case considered here may be stated as follows: 

►in the alternating-current steady state and for any given single fre- 
(luency, any network containing only linear passive elements and con¬ 
stant vector-voltage or current sources is, when viewed from any given 
pair of tenninals, indistingui.shable from a simple vector-voltage source 
consisting of a constant \'ector electromotive force in series with a con- 
•stant impedance. 1'he vector electromotive force is equal to the open- 
circuit voltage across the given pair of terminals, and the series impedance 
is equal to the impedance of the given network as viewed from the same 
terminals with all sources replaced by connections of zero impedance. 
The vector current source, wliich is the equivalent of this vector-voltage 
source, as shown in Fig. 11, p. 390, may likcwi.se be substituted for the 
given network.^ 

This theorem is useful when the characteristics of one branch of a net¬ 
work are to be changed by varying its parameters or where two networks 
are to be connected through two pairs of terminals. In the latter case, if 
each network is converted to a simple series circuit, both the current 
between the two networks and the terminal voltages of the networks may 
be calculated readily. 
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The proof of Thevenin’s theorem for the alternating-current steady 
state is identical with the proof in Art. 9, Ch. II, if resistance symbols 
are replaced by complex impedance symbols, and voltages and currents 
are regarded as complex. 


16. Illustrative example of thSvenin’s theorem 

As an example of an application of Thevenin’s theorem, the three-loop 
circuit of Fig. 17a is replaced by the circuit of Fig. 17b, which has 
identical characteristics when viewed from the terminals a and h. 



Fig. 17. Application of Thevenin’s theorem to a three-loop network. 


Solution: In this network, the loop-voltage equations are: 


Lull -f Z12I2 + Z13I3 = El = Eo, 

1 — 1 

Z 21 I 1 + Z22I2 -f Z2.J3 = E2 - Eri — E/, 

rssc] 

Z 31 I 1 -h Z32I2 + Z33I3 = E3 == E/ -f Eg, 

[57c] 

in which 

Zii = Zo -h Zb -f- Zc, 

[190] 

N 

II 

1 

N 

[191] 

Zi 3 = 0 , 

[192] 

Z22 = Zc + Zd -h Z/, 

[195] 

Z »3 = —Z/, 

[194] 

Z33 Z/ Z< -h Za. 

[195] 

In the equivalent circuit, 

E = Vo* » I 3 Z*. 

[196] 

Applying Cramer’s rule to obtain I 3 gives for E, 

E = (M 13 E 1 + M 23 E 2 + MmE,). 

[197] 


When a connection of zero impedance is made from a to 6 , 

Io«c = Isar = fT" (^IlsEi -|- M23E2 + M33E3), 


[61a] 
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in which the determinant Dz»c is the determinant of the Z’s with Zss equal to Z/ + Z. 
instead of Z/ Z® + Zh as before. Then 


2 — _ ^hOzac 

Isjr T)z 


[198] 


Equations 197 and 198 give the necessary values of E and Z for equivalence. 

It should be noted that the values of the parenthetical terms in Eqs. 197 and 61a 
are identical, because in both the three cofactors are taken with respect to column 3 
of the determinant of Z’s, so that no column-3 terms are involvtni; hence the change 
in the Z 33 term caused by short-circuiting a and h does not affec t the expansion of the 
minors, although it does affect the value of the determinant l)z. I'he value of Z founci in 
Eq. 198 is the same as the impedance of the network as viewed frimi terminals a and b 
with all sources replaced by short circuits. Other useful applications of Thevenin’s 
theorem can be worked out by the student. In general, labor is srived if the circuit 
diagram is so arranged for analysis that only one loop current (I .3 in this case) passes 
between the terminals a and b to which the theorem is applied. 

Once the equivalent elements of Fig. 17b are obtained, the current I in any imped¬ 
ance Zl connected to the terminals a-b evidently can be found from 


I - 


E 

Z+Zl’ 


[199] 


This is the usual statement of Thevenin’s theorem in which E is understood to be 
the open-circuit voltage and Z is interpreted as the short-circuit self-impedance of the 
circuit viewed from the given pair of terminals. 


PROBLEMS 

1. What are the Kirchhoff equations in complex form for the network of Fig. 18 

(a) on the node basis, using the ground as the reference node? 

(b) on the loop basis? 



What is the general expression for the complex ratio of L to Ii in terms of symbols 
representing network parameters? What value has the expression for the parameters 
of Fig. 18? 

2. The parameter values indicated for the circuit of Fig. 19 are in ohms, henrys, and 
megadarafs. The values of the vector-voltage and vector-current sources are in 
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volts and amperes at 0 phase angle. For the given loop reference arrows, what are the 
loop and mutual parameters? What are the steady-state voltage equilibrium equations 
for 0 ) equal to 1,000 radians/sec? 



3. The diagram of Fig. 20 is a simplified approximation of one phase of a high- 
tension transmission line connecting a generating station at E to a substation Zsl 
at A-Ay supplying a general community load, and to a large industrial plant at B~B. 
'Fhe power factor of the general load is improveil at the substation by means of 
a synchronous condenser, represented by Kc and Co inclosed by the dotted rectangle. 



Rx - «.2 ohms C'o = 10 /xf 

Li -= 0.065 h - 12,500 ohm.s 

Ci, ~ 0.5 )uf 7..SL = 165 -f 7103 ohms 

Znii - /05 f- j2M ohms 

I'lG. 20. Simplified eciuivalent circuit of power system, Prob. 3. 


What are the power delivered by the generating station and the corresponding power 
factor? The method to be used in this problem is to determine the vector value of 
generator current 

(a) by reducing the network by combining impedances; 

(b) by the loop method, using the three major loops, and using the process of elimi¬ 
nation for solving for the generator current; 

(c) by the loop method, using determinants. 

4. What are the driving-point impedances of the circuits of Fig. 21 for w'hich the 
parameters satisfy the relation 


El L2 
Ci C’l 



[ 200 ] 
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Fig. 21. Circuits for calculating driving-point impedances, l*rol). 4. 

5. The bridge circuit of Fig. 22 is used to determine the inductance of a coil. The 
value of L can be calculated from the values of the parameters in tin bridge arms when 
the bridge is balanced, that is, when the current through the dc Uv tor isO. 

(a) What are the loop equations and the general solution for the loop currents 
li, 1 * 2 , and I;{? 

(b) What is the relation between the unknown L and the parameters AV, Ru 
A 2 , and Rl for the condition when the bridge is balanced ? 



E 


Fig. 22. Hay bridge, Prob. 5 . Fio. 23. Monocyclic square, Prob. 6. 

6. Figure 23 shows the circuit of a coupling network known as a monocydic square, 
used in connection with a proposed method of high-voltage power transmission to 
transform a constant voltage, impressed on one diagonal, into a constant current 
across the other diagonal, and inversely. The resistance R of the reactor coils is made 
as small as practicable and economical. If a load of impedance Zl is connected to 
terminals 2 and 2', 

(a) What is the expression for the transfer admittance Y 12 between the source Ei 
and the load Zl? In the idealized case of zero resistance, is the current through 
the load Zl independent of the load impedance and hence does the network 
transform a constant voltage into a constant current? 

(b) If in the idealized case of zero resistance a constant current is impressed across 
1-1', does a constant voltage apf)car across 2-2' regardless of the load imped¬ 
ance Zl? 
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(c) What is the expression for the input admittance at terminals 1-1 ^ with termi¬ 
nals 2-2'' short-circuitedF What is the expression for the transfer admittance 
giving the current at short-circuited terminals 2-2' per volt impressed at 
terminals 1-1'? 

(d) For the idealized case of zero resistance, what are the network equations on 
the node-potential basis? By determinants, what is the solution for the voltage 
across the load impedance Zl? What is the explanation of the result? 




E V 

I Va 


5 


z 


+ 

V,2 


-'TnnnT'—*+1 

„! 

Eji 


synchronous equivalent circuit of cable machine 2 

machine 1 


El = £2 = 10,000 V 

= Xgo = 20 ohms 
Z = 4 4- i4 ohms 
Y = (20 4- i2,200) X 10*^ mho 

Fig. 24. Synchronous machines connected by cable, Prob. 7. 


7. The circuit of Fig. 24 represents in the first approximation two synchronous 
rotating machines connected electrically through a cable. As shown, a synchronous 
machine can be rei^resented electrically in the steady state by a constant vector volt¬ 
age E in series with a reactance A'«. 

A synchronous machine operates as a motor if \4 leads E in phase, and as a genera¬ 
tor if E leads in phase. In the circuit of Fig. 24 machine 1 acts as a generator 
delivering power to machine 2 if Ei is leading E 2 . 

(a) What are the Kirchhofl’s equations on the loop ba.sis? Numerical values are to 
be given for all self- and mutual impedances. 

(b) What is the vector power at the terminals -f and ~ of Ei and at the terminals 
4- and — of E 2 as a function of the phase angle (^1 — ^ 2 ), by which the 
vector voltage Ei leads the voltage E 2 .'* 

(c) When yj/i is appreciably larger than ^ 2 , that is, when leads E 2 by more than 
some minimum angle, does machine 1 operate as a generator or as a motor? 
What is this minimum angle? 

(d) As an additional interesting exercise this problem may be solved on the node 
basis, representing the two machines by their equivalent current sources. This 
results in a circuit of the form shown on Fig, 24a. 



2 4 


Fig. 24a. Modification of Fig. 24 for solution by the node 
method, Prob. 7. 
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8. At a given frequency what impedances Z<,„, Z„^. and Z„k make the two circuits of 
Fig. 25 exactly equivalent between their terminals ah. he. and rn? 



(a) • (b^ 


Z„6 = 10 

Lie = 15 « qJiuij, 

Lea = 5.0 e ohms 

Fig. 25. Equivalent tt and T circuits, Prob, 8. 


9. For the circuit of Fig. 26 

(a) What are the equations which give Ki and 1 1 in terms of the circuit parameters 
and E 2 and I 2 ? 

(b) What are the general circuit constants of the circuit? 

(c) What is the open-circuit input impedance from end 1 ? 

(d) What is the open-circuit transfer impedance? 



immm^ 



R^jo)L2 



F'ig. 26. Coupling network for Proh. 

10. The branches of the network at the left end of Fig. 27 contain only resistance 
with ohmic values as indicated. The network at the right is characterized by the follow¬ 



ing data: With the right-hand terminals open-circuited 

^ = 2 ptumericdlly ; 

E2 Ii 


[ 201 ] 
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with the right-hand terminals short-circuited 



[ 202 ] 


(a) What are the general circuit constants for the right-hand network? 

(b) What is the T-circuit representation for the right-hand network? 

(c) What are the equivalent T and the equivalent tt circuits for the combination 
of both networks in cascade? 

(d) What are the general circuit constants for the resultant combination? 

11. A transformer has the following parameters: 


Ri 

U 

Ik 

U 

M 

15 ohms 

1.0 h 

0.60 ohm 

0.04 h 

0.18 h 


What are the values of the general circuit constants at an angular frequency of 
5,000 radians/scc? The No. 1 side is the input side of the transformer. 

12. A transmission line 225 miles in length supplies a load of 25,000 kw at 0.85 powder 
factor lagging. The voltage at the load is 127 kv. The line has the following circuit 
constants: 

A = D - 0.9/ 0.02 radian, [203] 

C = ilO-3 j^hio. [204] 

(a) What is the voltage at the sending end referred to the load voltage? 

(b) What are the power supplied at the sending end and the efficiency of the line? 

(c) What is the magnitude of the voltage at the receiving end if the load is dis¬ 
connected and the sending-end voltage held at the value found in part (a) ? 


T" 

Es 


Z, 


I 




ii:j 


-line- 


eiving-end 


receivingH 
transformer 


Zi = 3 4-y40ohms 
Z 2 = 1,200 -f-79,000 ohms 
Zl = load of Prob. 12 

Fig. 28. Diagram of transmission line, transformers, and load, 
Prob. 13. 


13. The transmission line of Prob. 12 has a receiving-end transformer which may 
be lopresented by the equivalent circuit in Fig. 28, in which all values are referred to 
the high-tension side of the transformers. 

(a) What is the sending-end voltage E 5 , corresponding to the load of Prob. 12, 
referred to V^? 

(b) What are the sending-end power and power factor for the load of Prob. 12? 

(c) If \h is held constant at 127 kv, what is the sending-end voltage E 5 for the 
condition of no load at the receiving end (Zl = «>) but with the transformer 
connected? 
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(d) What are the power input and power factor at the sending end under no-load 
conditions as described in (c)? 

(e) What are the general circuit constants of the combined line and transformer? 



iueai 




Fig. 29. Kquivalcnl circuits of transmission system, Prob. 14. 

14. A transmission system has the general (ircuit constants A, B, C, D. Can the 
circuits of Fig. 29 be used as equivalents 




Fig. 30. Equivalent circuit of transmission system, Prob. 15. 

15. By applying Thevenin’s theorem to the network represented by the general- 
circuit-parametcr equations, can it be shown that so far as receiving-end conditions 
are concerned, the transmission system may be represented by the circuit of Fig. 30, 
so that for any load impedance Zl, the ratio of voltages becomes 


^11 



[205] 





CHAPTER IX 


Loci of Complex Functions 

1. Impedance and admittance loci; circle diagrams 

In Ch. IV the steady-state impedances, admittances, voltages, and 
currents in simple series and parallel circuits are studied from the analyti¬ 
cal point of view. Graphical representations which aid in a visualization 
of the analytical expressions are also given, in the form of vector diagrams 
drawn in the complex plane. These vector diagrams are such convenient 
and powerful aids to thought in alternating-current circuit theory that 
facility in their construction and interpretation is essential to anyone 
working in electrical engineering. In Chs. VI and VIII the analytical 
study of alternating-current circuits in the steady state is extended to 
include methods of solving more complicated networks, and means are 
developed for representing the behavior of these networks in terms of 
circuit characteristics as viewed from one pair or two pairs of terminals. 
Thus the general circuit constants and Thevenin’s theorem provide 
convenient ways of lumping together all but one element of a network so 
that the influence of this one branch may be readily studied. In this 
chapter these methods of analysis and demonstration are shown to be 
useful in the investigation of the characteristics of circuits having one 
parameter which varies according to known restrictions. 

In the plots of steady-state time vectors in previous chapters, the locus 
of the terminal of any individual rotating vector is a circle concentric 
with the origin, and the angular displacement of the vector at any instant 
is proportional to the independent variable, time. In this chapter the use 
of this vector diagram is for the steady state only, but is extended to 
include a range of steady-state conditions by letting a vector sweep out a 
locus in the complex plane as either a parameter or the frequency is 
varied. This application differs from the concepts of previous chapters in 
that the locus is not swept out by a thne vector. By means of this extended 
vector diagram, the circuit behavior can be visualized and quantitatively 
analyzed not only for a single steady-state condition but also for a range 
of conditions. This method is especially convenient and practically useful 
because these loci prove to be circles (or straight lines) in many useful 
cases. They are easily drawn after a small amount of computation. For 
these reasons such loci — or circle diagrams, as they are commonly 
called — are widely used in both the power and the communications 
fields. 

A very simple example serves to illustrate the fundamental principles. 

47S 
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IMPEDANCE AND ADMITTANCE LOCI 

If it is desired to determine the locus in the complex plane of the current 
in a series circuit having a lesistance R and an inductance L, as the 
frequency of the constant-amplitude voltage source is varied from zero 
to infinity, the general procedure is 

(a) to plot the locus of the Z vector, 

(b) to determine from the Z-vector locus the corresponding Y-vector 
locus, 

(c) to multiply the Y-vector locus by the impressed vector voltage E 
to obtain the locus of the I vector. 

The first step is to plot the locus of 

Z = /? + [ 1 ] 

in the complex plane as a function of the angular frequency w (or the fre¬ 
quency/if preferred), as shown in Fig. 1. This locus evidently consists of 
a straight line parallel to 
the j axis, displaced R 
units to the right of it. 

It extends only above the 
real axis since jo)L has 
only positive imaginary 
values. On this locus can 
be marked off a scale of w 
which is indicated in 
terms of an arbitrary 
unit 0 ) 1 . 

The second step in- 
\\)lves the important new 
concept of obtaining from 
the locus of the complex 
impedance the locus of the complex admittance Y(o;), where 

[ 2 ] 

/4to) 

Since this process of getting a reciprocal locus graphically is at the heart 
of the graphical circle-diagram methods, it requires detailed study. 

The problem is now considered as one in analytical geometry in which 
the symbols represent merely algebraic functions. The complex function Z 
is given. Both R and X are, in the general case, real functions of a real 
variable. If this variable is called u, then Z is a function of« and 

Z(m) = R(u) +jX{u), [la] 

h) which functional notation is used to emphasize this dependence of Z, 



function of angular frequency w. (wi is an arbitrary 
unit of CO ) 
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i?, and A" upon u. If Z(u) is plotted on a set of co-ordinates R and X, the 
plane thus determined is called the Z plane, and the locus of Z{u) as u 
is varied over its range might look like the curve of Fig. 2a. It is desired 
to find the locus of the complex function Y (u) where 


Z(«) R{u)+jX{uy 


[2a] 



Z plane 

jX 

docusofZ(M) 

{ Z(«,) 

_ .7AuX 


Y plane 

jB 


"h 

f 1 

U{m,) 

1 R 


YK) 

0 

«--22 (mj)->1 

(a) 

Z(Uq) 

To 

B(u^) 

y(7J 

^ Y(«,) 

^ '^locus of Y (u) 


(b) 


Fig. 2. Corresponding loci of Z I’cctor in Z plane and V vector in Y plane. 


Dropping tho functional notation for simplicity in writing and rationaliz¬ 
ing the expression for Y gives these expressions: 


Y 



_ 

R +jX 


r:^ + 


G+jB, 


►[2b] 


G = 

B = 


R 




R^ + 
-A 


[3] 

[4] 


where G and B are conductance and susceptance functions, respectively, 
as defined in Ch. IV. Although the functional notation is omitted from 
these equations, it should be remembered that, in general, Z, Y, R, X, G, 
and B are all functions of the real variable u. The complex Y function, or 
locus of \{ii) as u varies over its range, is next plotted on a new set of 
co-ordinate axes whose complex plane is called the Y plane. This locus, 
shown in Fig. 2b, is the complex inversion of the locus of Fig. 2a. 
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By taking the reciprocal of Y in Eq. 2b, R and A' can be obtained in 
terms of G and B: 


Z = 1 - ^ G - ;B 

Y G+jB~ + 


[2c] 

[5] 


A = 


-B 

G '^ + B ~ ’ 


[ 6 | 


In Eqs. 2b and 2c the imaginary part of Y is opi^siu- in sign to the 
imaginary part of Z. It is therefore convenient in the proces.-. of inversion 
to obtain Y^from Z in two principal steps geometrically, in the first, the 
conjugate Y of Y is obtained, where 


Y. a-JB- + j - 6- + Kn 




_ 

+ A’~^* 


L«1 


As the second step, Y is obtained from by mere substitution of —B 
^or the B' of Y, that is, l:)y taking the mirror image of Y with respect to 
the real or G axis. 

In order to avoid the analytical geometry of the com])lex plane with 
which the student may not be familiar, sev(‘ral intermediate st(‘ps are 
taken to permit use of only the analytical geometry of th(‘ real plane for 
iinding the Y (u) locus. These stei)s are illustrated by inversion of a jx)inl 
R + jX on the curve in the comj)l(‘x Z plane. From this point is deter¬ 
mined a corresponding point (7^, A") in a real })lane whose abscissa is R 
and whose ordinate is A". This real plane is called the R- X plane. It is 
identical geometrically with the Z plane but its ordinates are real num¬ 
bers and its analytic geometry is that of a real plane. N(‘xt, by Eqs. 3 and 8, 
the point (R, X) in the real R- X plane is transformed to the })oint iG, B') 
in a real G- B' plane defined by a G axis of abscissas and a B^ axis of ordi¬ 
nates. This is geometric inversion. To obtain the point G + jB^ in the 
complex Y plane from this point ((7, B') is merely a matter of renaming the 
axes. The final point G + jB, or G - jB' in the complex Y plane, is 
then readily obtained by merely reflecting the point G + jB' about the 
real or abscissa axis. These successive steps in locating a Y-plane point 
from a Z-plane point are indicated by diagrams fa) to (e) of Fig. 3. 

Since a locus is a curve passing through a series of points, the corre¬ 
spondence of two loci depends upon the correspondence of TX)ints lying on 
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two different curves. In electric circuits the Z-plane locus is often either a 
circle or a straight line which can be treated as a portion of the circum¬ 
ference of an infinitely large circle. If a circle is located as 

(a) (b) (c) (d) (e) 



Fig. 3. Steps in inversion of point R -|- jX in Z plane to point G + jB in Y plane. 


shown in Fig. 4 with respect to the co-ordinate axes, the equation for this 
circle, in terms of the co-ordinates R and X in the real R- X plane, is 

(R - aY^ + (X - [9] 

which, for transformation by Eqs. 5 and 6, is better expanded to the form 

-h X2 - 2aR - 2l3X + = 0. [9a] 



Fig. 4. Circular locus in R-X plane. • 


If the values for R and A" from Eqs. 5 and 6, and the value for B' from 
Eq. 8 are substituted in Eq. 9a, this relation results: 

G‘i + {By ~ + {By ~ + {b'y + = o- [^b] 

Multiplying by —gives 


«* + + fi'- — r — r 


- + G2 + (5')2 = 0, [9c] 
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which, by completing the square, can be rewritten as 

- a* + - rO + (^' ■ a^ + ^^-r>) 

= ^ 4 - ~ r" 

{ p ? + ^^2 _ ^ 2)2 - 


(a^ + - r"Y J 

This is recognized as the equation of a circle in terms of the Y-plane 
co-ordinates G and Thus a circle in the Z plane becomes a circle in the 
Y plan^when Z and Y are related by Eq. 2 and Y is the < on 'ugate of Y. 

The Y-plane circle can be determined bv Eq. 9d or hy such a graphical 
method as follows. From Eqs. 7 and 8 it is i a^ily seen that 


+ {By 


+ Y- 


and that 


^ _ R 
B' “■ Y ’ 


The equivalents of these relations are expressed in words as follows: 
(a) The distance from the 
origin of any point in the 
Y plane is the reciprocal 
of the distance from the 
origin of the correspond¬ 
ing point in the Z plane, 
fb) The angles of the corre¬ 
sponding radius vectors 
in the Y plane and in 
the Z plane are ef|ual. 

If it is desired to find the lo¬ 
cation in the Y plane of the 
point w', which is the geometric 
inverse of the point m in the Fk. 5 Construction used for geometric inversion 
Z plane of Fig. 5, the Y and ^ ^ 

V , j ‘xi. unit radius. 

Z planes are superposed with 

their R and G axes and their X and B' axes coincident. By rule (b) above, 
the geometrically inverse point must lie on the straight line Om drawn 
from the ori gin through the point m. By rule (a), the distance Om' from 


I 


jRand G 
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the origin to the desired geometrically inverse point is equal to 1/(Om), 
which can easily be found by measurement of Om and computation of its 
reciprocal. 

A geometric construction may be employed as an alternative method 
of determining the distance Om. A circle of unit radius is drawn, having 
its center at the origin. From the point m a line mn is drawn tangent to 
the unit circle at w, and a perpendicular is constructed from n to Om, 
intersecting Om at m\ Then, since triangles Onm and Om'n are similar, 


Om' On 

On Om 

[12] 

(0»t')(0w) = (0«)2 = 1, 

[12a] 


[12b] 


Since Ow' lies in the same direction as Om, the angles of these radius 
vectors with the R axis are equal, and is therefore the geometrically 
inverse point to w. 

In Fig. 6 the Z-planc circle is transformed by applying the construc- 



Fio 6 Three point‘d w, and a, tran«^formed to their geometrically inverse 
point*; m\ h\ and a'. 


tion outlined above to the three ix)ints 7n, b, and a, to obtain the geo¬ 
metrically inverse points w', b\ and a' which determine the Y-plane cir¬ 
cle. This circle is the geometrically inverse locus of the Z-plane circle. 
For determining the inverse circle, the points a' and b', inverse to points 
a and b which lie in the same straight line on a diameter of the Z-plane 
circle, are adequate for determining the inverse circle, since a'6' is a 
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diameter of that circle. It should he noted carefully that i>ince the center 
of a circle is not a point on the circle, the center cannot be inverted as a 
means of finding the center of the inverse circk\ 

The Y circle, that is, the 
complex inversion of the Z 
circle, remains to be found. 

Since Y is merely the con¬ 
jugate of Y, the Y circle is 
the image of the circle 
about the axis of reals. Fig¬ 
ure 7 shows the Z, Y, and 
circles for a typical (ase in 
which the Z circle lies in the 
fourth quadrant. Unprimed, 
primed, and double-primed 
letters indicate correspond¬ 
ing points on the Z, Y, and 
Y loci, respectively. 

In Fig. 8 is shown the (instruction for a special lase in which the Z 
circle is infinitely large and is removed to infinity except for a [)ortion of 

arc which is the straight line 
(iIh . Th(‘ same ('instruction as 
that previously described can 
be applic'd to all i)oints on 
the straight line that lit* out¬ 
side the unit circle, h'or those 
lying inside, such as by the* 
(onst ruction of I'ig. 5 can be 
reversed by erec ting to oh at h 
a normal which intersects the 
unit circ le at n and by extend¬ 
ing a tangent to the unit 
circle at n to intersect ob at b'. 
d'he ])oint // is thus the geo¬ 
metrically inverse }K)int to h. 
The origin is a point on the inverse of any straight line, and a diameter 
through the origin is perpendicular to the straight line. 

Figure 9 is another special case in which the Z circle incloses the origin 
and in which the reversed construction of the jjrevious example must be 
used for the point c. In this ca.se the Z and Y circles meet at the two 
points q which are on the unit circle. ^ 

In all the foregoing examples as well as in general, the Z and Y loci 



Fig. 8. Construetion for compU'\ incersion of 
straight-line Z locus. 



Fk.. 7. C'onstruction for complex inversion 
ot cu* uliir Z lo( us. 
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are called geometrically inverse loci, as has been stated. The Z and Y 
loci are inverse in another sense, namely, in the sense that the Y locus is 

the conjugate of the geometrical inverse Y of the Z locus. In other words, 
Y and Z are inverse in the complex-function sense as described by Eqs. 2b 
and 2c. The simple term “ inversion ” as applied to loci in complex planes 



Fig. 9. Construction for complex inversion of circular Z locus 
inclosing the origin. 


connotes this complex-function sense, which includes conjugation after 
geometrical inversion. 

In developing the idea of inversion, the symbols Z and Y, used in 
electrical engineering to denote complex impedance and admittance 
functions, respectively, are employed here. The inversion process applies, 
however, to any two complex functions whose product is the real number 
unity. Here it is used primarily to go from impedance loci to admittance 
loci, and \dce versa. 

The second step in the circuit problem started on p. 479 is to obtain 
the locus of Y(a)) as w varies from zero to infinity. Applying the theory 
for inversion just developed to the Z(a;) curve of Fig. 1 gives the Y(co) 
locus as shown in Fig. 10. Since I(w) equals EY(a>), if E is taken as real 
for convenience, the I(a;) locus can be found by drawing a semicircle E 
times as large as the Y (w) semicircle, as shown in Fig. 10, or by adding 
new scales on the axes for the original circle. 

From Fig. 10 the steady-state response of the series RL circuit to a 
constant-magnitude voltage can be fully visualized. When cu equals zero, 
the current has its maximum amplitude of E/R and is in phase with the 
voltage. As w is increased, I decreases and lags the voltage by an increas¬ 
ing angle. As co approaches infinity, I approaches zero, and the angle of 
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I approaches —t/2. For any particular such as that corresjx>nding to 
point a on the Z locus, the complex value of Y (w) is Ort' and the complex 
current isOa". Because of its circular nature, ihe locus of 1(a)) is called a 
circle diagram. 

While the example chosen for presenting the subject is very elementary, 
the essential features of impedance and admittance loci are illustrated. 



Fig. 10 Loci representing the l)eh.i\ iot of series RJ, circuit .is a function 
of frecjuency. 


More complicated examples require merely a repeated aj)plication of the 
same basic ideas.^ 

It is pointed out that a Z locus can be thought of as the locus of vector 
voltage per unit vector current and, correspondingly, that a Y locus is 
the vector current per unit vector voltage. Often circle diagrams are left 
in the admittance or impedance form to make them more generally 
useful. Since the response of any linear passive circuit is proportional to 
the impressed force, one has to multiply a Z by a current to get a voltage 
drop or multiply a Y by a voltage to get a current 

2. Illustrative example of determination and use of loci 

As an illustration of the ideas developed in the preceding article the 
behavior of the circuit shown in Fig. 11 is determined as the capacitance 
is varied over the range from zero to infinity, the frequency of the 
applied voltage being constant. It is desired to find: 

* Jens L. La Cour and Ole S. Bragstad, Theory and CaUidation of FJrctric Currenh (New 
York: Longmans, Green and Company, 1913). 
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(a) the maximum and minimum values of effective current; 

(bj what value or values of the capacitance, if any, make the source 
current in phase with the source voltage; 

(c) if the values (b) do not exist, the minimum angle between this 
source current and source voltage. 

This circuit might represent an oscillator 
having a no-load vector voltage E, and an 
internal resistance R and inductance L, de¬ 
livering power to a load conductance G which 
is shunted by the adjustable capacitance 
The circle-diagram method proves very effec¬ 
tive in the solution of such a problem. 

Solution: The general procedure is to obtain the 
admittance locus for the entire circuit as viewed from 
the generated voltage E, and from this locus to deter¬ 
mine the desired results. In obtaining this admittance 
locus, the best starting point is the locus of the .scTies 
or parallel combination of elements that contains the 
variable element, in this case the admittance locus of 
the GC\ combination. 'Phis GCi admittance locus is 
then inverted to give the impedance locus of the com¬ 
bination. To this is added the impedance of R and L in series. The inversion of this 
result gives the desired admittance locus of the circuit as viewed from the terminals 
a-h, known as the driving-point admittance. 

The admittance Yoci of G and Ci in parallel is 

Ymi =- 1.25 X 10-* -l-;5,000Ci, [15] 

which, plotted in a complex plane, is a straight line parallel to the j axis and 
T.25 X l(r '* unit to the right of it. The question of a suitable scale for i)lotting immedi¬ 
ately arises, for the unit circle is several thousand times as large as G', and to plot the 
unit circle and the admittance to the sjime scale is therefore quite impracticable. 
Probably the simplest way out of this difficulty is to plot not Yoci but some con¬ 
venient multiple of Y(,y’, such that the graphical construction for inversion is practi¬ 
cable and accurate. An examination of the inversion process shows that the real part 
of this multiple of Yc,y’i should be of the order of unity and that 10 '^Ygy’i is con¬ 
venient. In Fig. 12 the locus of lO'^Yoci is shown. The geometrical inverse of 
is 10~^ ZgcG both this and the inverse lO""* are shown in the figure. 

Next the impedance Zkl is calculated: 

Zrl = /? -f jojL - 5,500 -f ^5,000 X 1.85 = 5,500 -f- 7*9,250 ohms. [14] 

A scale of 10“^ times this is convenient for the diagram. The result of adding this 
complex constant \0~*Zrl to lO’^'^Z^n is to shift the lO^'^Zcri locus by 10' ^Zrl or 
0 550 f 7*0.925 as shown, giving the locus of the driving-point impedance multiplied 
by 10 * or 10 ^Zia- As the final step, 10 ^Z\a is inverted to give lO'^Yi,,, Yla being the 
desired driving-point admittance. 

The required results can now be obtained. The minimum current occurs when Ci 



b 


G = 1.25 X 10-^ mho 

C\ = 0—^ 00 
R = 5,500 ohms 
L = 1.85 h 

<0 = 5,0(K) radians per sec 
E = 7.50 V 

FiCi 11. C'ircuit having vari¬ 
able capacitance (\, analyzed 
in Art. 2. The loci involved 
are presented in Fig. 12. 
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is zero (by inspection), lor which Yi„ is 10 * X 0.60 mho (scaled from diagram), and 
the minimum current is 

/min = 7.50 X 0.60 X 10"'* = 4.5 X 10"^ amp. [15] 



The maximum admittance is 1.06 X 10 mho (scaled from diagram), and the maxi¬ 
mum current is 

/max = 7.50 X 1.06 X 10-‘ = 7.95 X 10“^ amp. [16] 

To find the value of Ci at which this occurs, the point of maximum Y u is traced back 
through the diagram and is found to correspond to 0.062 nl approximately. The points 
involved are marked “ 1.” 
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For part (b) of the problem it is seen that for no value of Ci is the current in phase 
with the voltage. For part (c) the points marked 2 ” apply, corresponding to a 
minimum angle of 26° and a capacitance of 0.0155 fii approximately. A large-scale, 
carefully constructed diagram is necessary here as in all graphical work to secure 
accurate results. 


3. Circle diagrams using th£venin’s theorem 

Since Thevenin’s theorem, as presented in Art. 15, Ch. VIII, provides a 
ready method for studying the characteristics of a definite portion of a 
network, the theorem is often a useful tool in the rapid construction of 
loci by the circle-diagram method. A specific example serves to illustrate 
the genera] principle involved: All conditions are as described in the 


a 
a 


b 

b 

(b) 

Fig IvL Representation of circuit of Fig 11 by Thevenin’s theorem. 




problem of Art. 2. Instead of determining the locus of the source current, 
however, determination of the locus of the current Ic, in the condenser 
C’l is desired. The circuit can be rearranged to apply Thevenin’s theorem 
as shown in Fig. \3ni. 

When terminals a-b are open, as in Fig. L^a, 


It; 


E, 7.5/0^ 

„ “ 16,380/34.4°' 

K^jX+ ^ - 


-.r T 1 7.5 X 8,0(K) 

h - - T„ X ^ . - 3.66-^ v. 


[17] 

[18] 


When terminals a~b are open-circuited, the impedance Z of the equiv¬ 
alent circuit of Fig. 13b is the impedance looking in at a-b with £« 
replaced by a short circuit. This gives 


«+;.v+;. 


(10,75 0/59.2° ) (8,000) 
16,380^34.4° 


5,250 /24.8° ohms. [19] 
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The variable capacitance C, is now added to the circuit by con¬ 
necting It across the terminals a-h, as shown in Fig. 13b. The current Ir, 
through the variable capacitance is 


Ir. = E 


Z + T- 

Jwt 1 


[ 20 ] 


The desired locus is readily determined by the following steps; 

(a) The locus of jo>Ci is plotted. 

(b) The locus (a) is inverted to obtain the locus 1 ( /(jCi). 

(c) The complex constant Z is added to the 1 ''(JW]) locus, to obtain 
the locus Z -f 1/ (Jo>C\). 

(d) The locus (c) is inverted to obtain the locus 1 |Z -f l/(ya.(',)]. 
(c) The locus (d) is multiplied by the coinple.x constant E/cr to obtain 

the desired locus of This step consists in rotating the locus (d) 
about the origin through the angle e :ind then multiplying its 
magnitudes by the factor E. The multijilication results in a circle 
of diameter E times as large with center E times as far from the 
origin as the locus (d). 


4. Circle diagrams tsing the general circuit constants 


In any network having a real variable p, such as frcrjuency, capacitance 
or other parameters, the complex value of .some circuit characteristic, 
such as input admittance or impedance, can be exjiressed as a function 
of p, here called F(p). If F(p) can be e.xpressed in the form of Kq. 21, in 
which M, N, T, and U are complex constants, the locus of F(p) is a circle 
in the complex plane, a statement that is subsequently ju.stified.* 


F(p) 


Mp -f- N 


►[ 21 ] 


Equation 21 is perfectly general and hence applicable to any problem 
which involves a circuit containing one variable parameter. However, 
by use of the method of analysis employing the general circuit constants 
A, B, C, and D, as presented in Art. 10, Ch. VIII, an expression of the 
form of Eq. 21 can be determined quickly. If it is desired to determine the 
circle diagram of the current, I, in the source !)ranch of a network, as the 
resistance of any other branch is varied over a definite range, the branch 
containing the variable resistance 7? is considered the load, Z/,. This 

^W. O. Schumann, “ Zur Theorie der Kreisdiagramme,” Arch. f. Elek., XI (1922), 140- 
146; R. Richter, EXektrische Maschinen (Berlin: Julius Springer, 1930), Vol. II, Ch. i; A. C. 
Seletsky, “ Cross Potential on a 4-Arm Network,” E.E., LII (1933;, 861-867. 
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load may have constant series reactance X as shown in Fig. 14, it carries 
the current I 2 , and it has the voltage V 2 across its terminals 2-2'. 

The general circuit constants A, B, C, and D of the coupling network 
are determined by the methods outlined in Art. 10, Ch. VIII. The equa¬ 
tions of equilibrium are 

E, = AV 2 + BI 2 , [22] 

Ii = CV 2 + DI 2 . [23] 



Fifi. 14. Coupling network connected to a load having 
variable resistance. 


The input impedance Zi„ is equal to E]/Ii; so that its value may be 
determined by dividing Eq. 22 by Eq. 23, as follows: 


E, AVa + BI„ 
Ii “ ('V2 + DI2 ■ 


[24] 


Dividing numerator and denominator by and setting V 2 /I 2 equal to 
Zl give 


and since 


_ AZ/. + B 
" CZl + d ’ 


Zi = R +jX, 


in which R is variable, 


AR + (jAX + B) 
CR + (jCX + D) ■ 


[25] 

[26] 
[25a] 


Equation 25a is in the general form of Eq. 21. The input admittance 


CZl + D c;? + {jCX 4- D) 
AZl + B AR + {jAX + B) 


is also in the general form of Eq. 21. Since the general circuit constants 
can be determined readily for any coupling network, the desired imped¬ 
ance or admittance function may evidently always be expressed by 
means of an equation of the general form of Eq. 21 or the special form of 
Eqs. 25a and 27. 




It is at once evident that 27b is representeci in thr complex plane by 
a circular locus. I'he term Z/, is, in general, either a point or a straight 
line which, when added to the complex constant H A, becomes another 
point or another straight line. This locus of Z/, + b A is then inverted 
to obtain the 1 [Zl 4 A)] locus, which is known to be a circle, in 

accordance with the proof of Art. 1 where it is shown that straight lines 
are transformed into circles by the inversion process. Multiplying the 
resulting circular locus by the comj)lex constant 1 /A“ gives another circle 
of different size and different j)osition. The resulting locus (representing 
1/A^ X 1/[Z7, + (H A)J is then added to the com})lex constant C'/A, 
which process results in the determination of a circular locus for the 
linal input admittanc e Y],,. 

The procedure involved in determining the Yia locus is now presented 
in detail, following which presentation it is jx)ssible to demonstrate a 
rapid method of constructing the 
locus and an aj^propriate scale 
without going through the step- 
by-step procedure. If in the 
coupling network of Fig. 14, 

F = f+jX, [29] 

P ~ Fig. 15. Ix>cus of p -j- P. 

so that the factor Zl + (B/A)'of Eq. 27b, consisting of the real variable p 
and the complex constant P, equals p 4- P and may be shown as in Fig. 15, 
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Eq. 27b becomes 

Yu - ^(P) - £ + X [27c] 

By the method of Art. 1, p + P can be inverted easily to obtain 
1 / (p + P). The two steps are as follows: 

(a) the geometrical inversion, to give [1/(p + P)]^ in which the sub¬ 
script k denotes the conjugate of the expression; 

(b) taking the conjugate of [1/(p + P)]/' to give the circular locus of 

1 /(P + P). 

These steps are shown in Fig. 16, in which one new step requires explana¬ 
tion. Any locus may be inverted by graphical means either by first 



including a scale of p. 

Note: —and (p -|- P)^ are plotted to different scales, 
p -f P 

obtaining its geometrical inverse and from that its image, the desired 
complex inverse; or by constructing the image of the locus first and then 
obtaining the geometrical inverse of the image to give the required com¬ 
plex inverse. Thus in Fig. 16, 1/ (p + P) is the geometrical inverse of 
(p + P)jfc. This use of (p -f P)/t has the advantage of permitting the 
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immediate construction of a scale for p u{K)n the 1/ (p + P) circle as 
^hown. 

Once the locus of the fiictor 1 (p + D in the second term for \ \a in 
Kq. 27c has been obtained, together with an easily constructed scale for p, 
upon this locus, the next step is to multiply this locus by the complex 
constant 

In these steps the point corresponding to an infinite value of p remains at 
the origin. These tw^) hteps are shown in Fig. 17 for 1/A“ when equal 



to 0.75 at an angle of 120 degrees, giving the locus of the term 


A^Vp + P/ . . . 

I'he following point should be carefully noted to avoid confusion m the 
rotation proces.s: Before rotation, the diameter of the circle that goes out 
from the origin lies along the imaginary axis in the direction opposite 
to that along which lies the imaginary part Pj of P. The rotates! position 
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of this diameter may be considered either as lying at an angle rj from the 
imaginary axis opposite to Pj, or as lying at an angle 180 + rj degrees 
from the imaginary axis on which Pj lies, both measured in the positive 
direction. The latter is perhaps the simpler working rule. 

Finally, to the ^ tri.) locus must be added the complex constant 

C7A, or, in other words, the i locus is translated in the com- 

A^\p-fP/ 

plex plane by C/A to oljtain the desired locus of F(p). This translation is 

illustrated in Fig. 17. 

From Fig. 17 the rotated p 
scales have been omitted in 
order not to confuse the multi¬ 
plication and translation opera¬ 
tions. By these operations, how¬ 
ever, the p scale is unaltered 
with respect to the circle and 
can be readily reconstructed di¬ 
rectly upon the F(p) circle as 
shown in Idg. 18. The vector 
-•p/ \_Y exactly the same 

v\nth respect to the diameter 
through the point corresponding 
to an inlinite value of p for the 
F(p) circle as it is with respect 
V— to the l/(p -|- P) circle, and the 

I same linear or uniform .scale for 

I*u;. 18. Scale for p suiHTiniiK)secl upon the P l^O^l off on the liiU‘ through 

final locus of Fig 17. the end of this vector and per¬ 

pendicular to this diameter. 

The dimensions of the F(p) circle can be readily obtained. From the 
definition of inversion the diameter I) of the 1/ (p + P) circle of Fig. 16 
can be .seen to be 


“F(p)=Yia 


or F(oo) 


Scale for p supcriini)osecl upon the 
final locus of f’ig 17. 


where 




p ^ p, +jpj. 


Consequently the diameter Dp of the Ffp) circle is 


Dp - HD = 


J_ J_ 


[32a] 
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or the radius Rf is 




Pf == TW X 


^ 2 ’ 


[32b] 


The foregoinjT discussion makes evident the fact that the final circle 
for F(p) can be laid off directly as in Fig. 18 by the following instructions, 
without going through the steps of Figs. 15 to 17: 

(a) The \'ector C/A is laid olT from the origin which locates the Ff oe) 
point. 

(b) From F( ), or the end of the ('/A vector, the diameter Dy given 
by Eq. 32a ih laid off, making an angle 180 -|- rj degrees with the 
axis of imaginaries along which Pj lies. The F(p) circle is drawn 
upon this diameter. 

(c) From F(x.) the vector is laid off. Its tip is the origin for a 
linear scale of p, rj being the angle of 1 defined by Eq. 31. This 
scale for p is perpendicular to the diameter I lid off in (2) and is 
plotted to the same scale as Pa* 

(d) The scale ixiints for p on F(p) are located on lines radiating from 
F( oc ) and passing through the points for corresponding values on 
the linear scale for p. 


5 . Illustrative example of circle diagram obtained from 

GENERAL CIRCUIT (T)NSTANTS 

As an illustration, the method of Art. 4 is now used in the solution 
of the problem presented in Art. 2. For this purpose the variable capaci- 



Fi(i, 19. Circuit havinc \ariablc tapacitancc G, 
analyzed by use of general circuit constants 


tance f i is considered as the load connected across terminals 2-2^ of the 
coupling network of Fig. 19. 


Solution: In this circuit, 

Z\\ ~ R j(jt)L ~i" ” — 5,500 -f“ 79>250 -L 8,000 
= 13,500 +/J,2S0 = 16,380 /34,4° ohms, J 
Zi 2 - —8,000 ohms, 

Z 22 = 8,000 ohms. 


[34] 

[35] 

[36] 
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By Eqs. 89 to 92, p. 454 

zn 


-16..^S0/34.4° 


- 8,000 


= 2.04/344°, 


-D, -[(16,380/34.4°)(8,000) - (-8,000)=] 

“ zi2 ~ -"S/XW 

= 16,380 /.34.4° - 8,000 = 5,.S00 + j9,2S0 = 10,750 /59.2° , 


[37] 

[38] 


C --— - t .25 X 10 ■* mho, 

Zi2 

-“Z22 —8,000 


Zi2 -8,000 

As a check, 

AD = (2.04 /54.4^ )1 = 1.684 4-./1.152, 

_1.342 /59.2° - ^>87 J-jl.l54 

AD - BC - 0.997 - 70.002 ’ 


[39] 

[40] 

[41] 

[42] 


which is 1 as required, within limits of slide-rult* accuracy. The general circuit constant 
(' should not be confu.sed with the real variable Cj. 

In this problem the variable is the capacitance (’i, rather than a resistance as in the 
develoi)ment of Art. 2. If Eq. 27c is used when Z/, e(juals 1 /(/coC’i), the real variablep 
appears as the reciprocal form 1 /(h, which is undesirable to use in laying out scales. 
Instead, Eq. 27 is rewritten in the following form: 


Yi„ 




V| 


+ B 


r + DYr. 
A + BYl ■ 


[27(1] 


Performing the indicated division and using 

Al) - BC = 1 


give 



A + BYl 


D 

B 


1 

B2 


1 


v. + f 


[43a] 


[27e] 


or 


Yia = ^! - 


1 


1 


/‘»B= A 
c 1 4- . “ 
jo)B 


[27f] 


Equation 27f is now in the form of Eq. 27c, with p representing the real variable Ci, 
and with 


f of Eq. 27c ^ of Eq. 27f, 
A B 


[ 44 ] 
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-jof Eq. 27c 


; of Eq. 27f, 


P of Eq. 27c = ■ of Eq. 27f. [46] 

cjB 

X’alues which can be used for laying out the desired \la locus by the method of 
Alt. 4 can now be determined. Using the symbols of Eq. 27c gives 


C_1 

A 10,750, 59.2° 


0.931 X to - V-59.2° - (0.476 -;0.801)10-^ [47] 


= 5,ooo(iok W)-^ ^ ! 

= 1.725 X 10 ’V-28.4°, 


II - 1.725 X 10 

[49] 

7, = -28.4°, 

[50] 

-/2.04 .54.4° 

P = ;; -- , , „= 5.80 X 10 V' -114.8°, 

5,000 X 10,7,50, .50.2° - ’ 

[51] 

P, - .‘/ll’] = -5.46 X 10 \ 

[52] 


[55] 


The angle of the diameter going out from the point F(^) or the tip of C/A with 
respect to the negative imaginary axis along which Pj lies is 

rj 4- 180° = -28.4° + 180° = 151.6°. [54] 

Measured from the axis of reals, tliis is an angle of 

151.6° - 90° - 61.6°. [55] 

For location of the (’i scale 

Pa/t? - 3.80 X 10 7114 .8° - 28.4° = 3.80 X 10~ V86.4° . [56] 

The straight line through the terminus of the vector which carries the linear sc ale 
for C ’l is, of course, normal to the diameter of the circle through F( x ). 

It is now i)ossible to plot the circle, which should coincide with the one obUiined by 
geometrical construction. In order to show the coincidence, 10'‘yirt is jdottcd as before, 
instead of Y\n. 'I'his is .shown in Fig. 20. 

A problem occurs because of the small size of lOT^T^. compared to the other 
dimcn.sions which are not far from unity. An examination of Fig. 20 shows, however, 
that the Pk/v_ vector can be increased in size without altering the scale for Ci on the 
circle, provided the linear scale for Ci is opened out by the same factor that Pk/jl is 
increased. Therefore lO^P^/^ is plotted instead of lO'^pA^as would correspond to 
the other quantities on the diagram. Unit distance on the Ci scale then represents 
10' ^ farad or 0.1 microfarad because this Ci scale has been magnified by 10^. 

Comparison show^s that the final diagrams of Figs. 12 and 20 are identical, except 
that Fig. 20 is provided with a convenient scale for Ci. 
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6. Special considerations in circle-diagram theory 

Extensions of the theory of cirile diagrams frequently prove useful in 
practical applications. First, when the equation for a function whose 
locus is desired can by any method be put in the form of Ecp 21, 


F(p) = 


Mp + N 
I'P + U ’ 


►[ 21 ] 


this locus is known to be a circle. The F(p) locus can be determined from 
the complex values of F(p) for any three values of p, since any three 
points determine a circle. Often the values of F(p) corresponding to p 
equal to zero, p equal to inlinity, and one other value are convenient. 
These are sufficient also to fix the linear scale for p, since p varies linearly 
along any line perjiendicular to the diameter through ¥{ ^) 

The second extension relates to determining the scale of p when the 
linear-scale method gives tlat intersections on the circle, as, for example, 
for large values of p. It frequently happens in circle diagrams for electrical 
machinery that this region of the diagram is the most useful. The value of 
p for any point on the circle can be obtained as follows : Solving Eq. 21 for 
p gives 


N - UF(p) ^ 

Lu ‘ 

F(0) - F(p) 

TF(p) - M 

t (p) - Tp 

F(p) - F(»)’ 


[21a] 
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in which, from Eq. 21, 


F(0) = ^ 

[57] 

and 


PC'®) = Y' 

[58] 

and, from inspection of Eqs. 27b and 27c, 


T 

[59] 


It can be seen from Fig. 21 that F(0) 
chords from F (p) to F (0) and from 
F(x) to F(p), respectively. Further¬ 
more, p is real and therefore is equal to 
the magnitude of Eq. 21a. If P is 
known, p can be determined from the 
lengths of the chords FfO) — F(p) 
and F(p) — F( ^). The algebraic sign 
to be used with p is evident from the 
diagram. 


- F(p) and F(p) — F(oo ^ arc 


F(p)-F(co) 

\F(ji 



If P is not known, as, for example, I 
when the circle is determined from r’lc,. 2i. Chords used to determine p. 
three points or from experimental data, 

it can be obtained by solving Ecj. 21a for p and substituting in the 
result a value pi, for which the location on the circle is known. Thus, 


T. _ - F (x ) 

^ F(n) - F(p.) ■ 


f21b] 


From Pi and measurements of the two chords F(p]) — F(^) and 
F(()) — F(p*), the magnitude P is readily determined. 

As an illustration of the use of Fq. 21b, P is determined from the point 
corresponding to 0.03 microfarad or 3.00 X lf)~^ farad in Fig. 20 (Ci 
corresponds to the p of the general theory). iM’om this diagram the mag¬ 
nitudes of the chords are 



F(pi)toF(x) = 0.472, 

[60] 

and 




F(0) to F(p,) = 0.375, 

[61] 

whence 




P = 3.00 X 10-« = 3.78 X 10-8, 


which practically agrees with the value obtained in Eq. 51. 


[ 62 ] 
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7 . Graphical representation of related complex variables 

Graphical methods of representing functions in the complex plane are 
useful when one complex variable is a linear function of another. An 
illustration which is very simple and yet important in practice is pro¬ 
vided by the two-terminal-pair network, or coupling network, as shown 
in Fig. 22. 



linear 

passive 

network 



Pig. 22. Two-lerminal-pair network. 

The following equations, identical with Eqs. 58b and 59a, p. 449, 
apply to this coupling network: 

Ii = yuFi + yi2E2, [63] 

h = y2iFi + y22F2. [64] 

It is assumed that yiu yi 2 ^ y 22 > ^ind Eo are known complex constants. 
Then, by Eq. 63, Ii is the sum of two terms. The first is the complex con¬ 
stant yi 2 E 2 ; the second is Ki multiplied by the complex constant yji. 
This correspondence between Ei and Ii can be shown by plotting each 



Fig. 23. Relation between P^j and L shown by plots 
in complex plane. 

in its own complex plane, as shown in Figs. 23a and 23b for an arbitrary 
value of El. When numerous values of Ti are wanted, the calculations are 
greatly facilitated by the following construction in the G plane as shown 
in Fig. 24: The vector yi 2 E 2 is plotted, and from its tip as an origin a set 
of axes is laid out which may be called Ei axes rotated with respect to the 
Ii axes by the angle of yn. Along these Ei axes linear scales with Vn as a 
unit are laid off, each of these Vn units representing a unit of Ei. Then at 
any point on the plane the complex value of Ei can be read on the Ei 
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co-ordinates and the corresponding complex value of Ii can be read on the 
Ii co-ordinates. For powcr-lranMni.ssion networks of the two-terniinal- 
pair type, the E, co-ordinates are usually laid olT in polar form so that Ki 
is read as whereas the Ii co-ordinates are rectangular so that Ii 

is read as Ir\ + 7/^1 where Iri and Iji are the real and imaginary parts 
respectively of Ii. 

As another example of a linear vector relation, the vector f>ower 
^2 + 7(?2 at the terminals 2-2' of Fig. 22 is considered as a function of the 
vector voltage Ei. Multiplying Eq. 64 by the conjugate Iv of Eo gives 

P 2 “h 7(?2 “ = VioEoEi + Vi’^EoEo. |65] 

The El co-ordinates can be sujxTposed \\\xm the Pj F /(F axes in a way 
similar to that used in Fig. 24, the displacement of the Ei origin from the 
P 2 +JQ 2 origin being y 22 h^ 2 E 2 
or y 22 p' 2 - These axes are then 
rotated by the angle of yi 2 E 2 , 
and a scale is placed on them 
such that a unit of Ei occupies 
a distance >' 12 ^ 2 . 

From such a diagram the 
vector power at the terminals 
2 - 2 ' can be read directly as a 
function of the vector Ei. As in 
the preceding examjde, the use 
of polar co-ordinates for kb Fk,. 24. Fi plane and 1 1 ])lane superimposed, 
and rectangular co-ordinates for 

i\> + j(j 2 is usually convenient in practice. This form or a modification 
obtained ])y dividing Eq. 65 by Ei to make the resulting “ chart,” as it is 
often called, independent of lu widely used in ])ower-transnii.ssion 
studies. 

In the usual derivation of this type of chart, or diagram, it is com¬ 
monly demonstrated that circles in the lb plane become circles in the I 2 , 
the Ii, and the Pz + jQ 2 planes. From the foregoing linear vector theory, 
consideration of any particular form of locus is evidently unnecessary, 
for the entire Ei plane is merely superposed with a shift in zero point, a 
rotation, and a change in scale, upon the plane of the dependent complex 
variable. 

8. Illustrative example of use of vector-power chart 

To illustrate the numerical application of such a relation as Eq. 65, the 
corresponding linear relation in terms of the general circuit constants A, 
B, C, and D is used for a transmission circuit representing a 126-mile, 
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220-kiIovolt, 2-circuit, 60-cycles-per-second transmission line. For this 
system, in the notation of Fig. 10, p. 453, 


A = 0.961 [2^ = D, 

B = 49.2/81.4° ohms, 
C = 0.0013 /90.0° mho, 
= 220,(XK) /0.0° V. 


[ 66 ] 

[67] 

[ 68 ] 
[69] 


Solution: To obtain lo in terms of Ei and K 2 , Ett- 85, p. 454, is solved for I 2 with 
the result 




Multiplying by Ei gives 


p -L V) i7'T V ^^2Ei 

P 2 E2I2 ^ j- ~ ^ 


[70] 


[71] 


which is of the same form as Eq. 65 with general circuit constants substituted for 
the y’s. 


'laking Ei along the axis of reals and of magnitude 220,000 v gives 


AEiEi 

"b 


0.967 '2.9°(2.20 X 10" 0.0°)- 1 

' - 9.55 X 10" 101.5^ 1 


49 . 2 ^ 81 . 4 ^ 


[72] 


- (-1<X).2 -I /y.<6)1()'' v:i. 


This is the location of the origin of the Ei plane on the Pi 4- jQt plane. 

Next is found the complex factor by which the Ei [)lane is multiplied to obtain its 
contribution to Pi 1 'Phis factor is, from Eep 71, 


T; 220,(KK) if 

B " 49.2 .SI.4“ “ ■^■•^70 , -81.4 ° = 668 -y4.400 amp. [73] 


The units of Ei/B can also be expressed as volt-ampcrcs of P 2 +jQ ^2 per volt of Ei. 


In iMg. 25 arc shown the prind])al dimensions of the chart for +jQ 2 
as a function of Ki for equal to 220,()()() v. The scale for Po + jQz 
selected arbitrarily to give a chart of convenient size, all the other scales 
being determined in terms of P* + j{h vector volt-ampere units. 
Figure 20 represents a chart of the sort often used in practice except 
for the tine subdivision of the co-ordinate scales which is omitted here in 
order that the major features of the chart may stand out more clearly. 

Such a chart as that of Fig. 26 is used to answer c|uestions such as this: 
What must be the magnitude and angle of Fi with respect to Eo when 
the transmission line is delivering (800 + 7*200) 10^ kilovolt-amperes? 
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Locating this point on the P 4- jQ axes and reading the same point on the 
El co-ordinates give approximately 

i:i = 270,000^ V. [74] 

jQi 



A chart may be used hundreds of times in this manner during the study 
of a transmission problem. 



Fig. 26. Vector-power chart. 
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9. Maxima and minima of complex functions in general 

In dealing with comp/ex functions, a frequently recurring problem is to 
find the value or values of the independent variable which give certain 
maximum or minimum values of the function. Such a problem is given in 

Art. 2. When the locus of the com¬ 
plex function is a circle, the circle- 
diagram methods are often effective. 
In other cases the locus may not be 
a circle, or an analytical solution may 
be desired, so that other methods are 
desired. One such method, of rather 
wide usefulness, follows.^ 

If a complex function U(p) of the 
real variable p has in the U plane a 
tiG. 27. Locus of (onipic\ locus such as that shown in Fig. 27, 

function U(p). i r • i • • 

a number of maximum and minimum 

conditions may be of interest. These conditions are maximum and mini¬ 
mum values of: 

(a) the real part of the function, as at a and ft; 

(b) the imaginary part of the function, as at c and d; 

(c) the absolute value of the function, as at c and/; 

(d) the angle or argument of the function, as at g and //. 

The function U(p) may become stationary or independent of p at one or 
more points as p approaches certain values. This condition is not illus¬ 
trated in Fig. 27 but may occur. 

Before these live cases are considered individually, certain ideas must 
be established which relate to the geometrical interpretation of deriva¬ 
tives and differentials of a complex function of a real variable. The func¬ 
tion U(p) is written in rectangular form as the complex sum of the real 
part L/r(p) and the imaginary part Uj(p): 

U(p) ^ Ur(p) -hJUAp); [75] 



or, by dropping the functional notation for brevity, it is written thus: 

U ^ f/. + JUj, [75a] 

The derivative of U is 


d\] _dirr JUj 
dp dp ^dp 


[76] 


\V. Van H Roberts, “ A Mclhofl for Maximization in Circuit Calculations,” I.R.E. Proc.y 
XI\' (n>26), 6K9 (/)4; Roberts, “ Maximization Methods for Functions of a Complex Vari¬ 
able,” ibid., XV (19271, 519 524. 
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since Ur and are both real functions of p. The differential of U is 

dV dp+j - j ' dp = dUr + jdUj. [77] 

Op (Ip 

In Fig. 28 these differentials are indicated geometrically for an arbitrary 
case. 

The various maxima and minima of U are seen to be characterized by 
particular orientations of the r/U vector with respect to the axes or with 
respect to the U vector. The cases staled 
at the beginning of this article are now j 
considered in order. 

(a) Inspection of Fig. 27 shows that in 

general when the rfU vector lies parallel 
to the imaginary axis, the real part of U 
has a maximum or minimum value. The 
analytical condition for this case is evi¬ 
dently tliat JU is a l)Ure imaginary, or DiiTrrcntials ust-d in studying 

that dUr and thus dUr/dp are zero. tho projK-iic-s of Uu* compiev func- 
This represents the conditions at a and 

at b in Idg. 27. 

(b) For maximum and minimum v'alues of the imaginary part of U, 
evidently d\J must be real; hence dUj dp must be zero, wdiich is the 
desired criterion. 

(c) A consideration of Fig. 27 shows that the U vector has a maximum 
or minimum length at those positions where the locus li(‘s at right angles 
to the vector, that is, where d\] is at right angles to U. The criterion for 
perpendicularity of two directions is, from analytical geometry, that their 
slopes be negative reciprocals, d'he slopes of d\J and U are as follows: 


dU, 


slope of dU = f/; , 
dUr 

[78] 

dp 


slope of U • 

Ur 

[79] 


Hence the criterion for a maximum or minimum of U is 

dp ^ _Ur^ 
dUr u- 
dp 



[ 80 ] 
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At times it may be easier to apply this form directly than to take the 
more obvious course of maximizing the real functions 


U = <^U'f + u] 


[81] 


or 

C /2 = [/2 + 1/2 ^ g 2 ] 


by the usual methods for real functions. 

(d) From Fig. 27 maxim.um and minimum values of the angle or argu¬ 
ment of U can be seen to oc cur when dU and U have the same direction or 
.slope, or when 

dU, 


Uj ^ dp 
Ur dUr' 


[ 8.^1 


dp 


Sometimes the point at which the function U ceases to change as p is 
changed may be of interest. Jn such instances f/U is zero, as it is only 
when dUr and dUj are both zero; that is, when 


dUr 

dp 


[84] 


and 



[851 


Sometimes the algebraic work can be reduced by using the fact that the 
real i)art of the deri\'ative of II is equal to the derivative of the real part 
of U, and likewise for the imaginary parts. In symbols, 


and 



[ 86 ] 


[87] 


Inspection of any particular problem ordinarily indicates whether to 
differentiate first or to separate the real and imaginary parts first. 


PROBLEMS 

1. A series circuit consisting of ii coil and a variable condenser of capacitance C is 
connected across a voltage source 100 cos l,(X)0/ v, in which / is in seconds. The 
capacitance C can be varied from 1.0 to 5 pi. The coil has a Q of 2 and an impedance 
of 750 ohms (both measured at source frequency). 



rROKLE.}(S 509 

(a) A circle fliagram is to be drawn tt) scale for the current 1 in the circuit as 
is viiried slowly, 

(h) The end values of 1 and the senst‘ in which I varies as C is increased are to be 
marked on the diagram 

(c) \ allies of 1 corresponding to the resonance and to half-power conditions are to 
be marked on the diagram. 

fd) W hat is the value of the total circuit impedance at half-power value of current? 

(e) What are the minimum and the maximum values of the pow'cr dissipated in 
this circuit ^ 

(f) I low would the diagram thange if the frefiuencs' dropped to half its value? 

All scales should be given on the diagram. 



I'k;, 29. Paralli'l-iesonant linuit for Proh. 2. 

2. In the circuit of I'ig, 29, V/, ma\ have an) value fr(*m 0 to ^ . With the aid of a 
graphical construction the following are to be detcTmined: 

(a) J for parallel resoiituue (IC and 1 in jiha'^e), 

(b) minimum I, 

(i ) maxifiuim I, 

(dj the values of A’/ corresponding to each value of I. 

3. In the circuit of Fig, .^0 the source is able to d(‘Iiv(T the same current I for all 
values of capacitance ITc angular frequenev co and the parameters R and A are 
constant. 

(a) An analytical proof is to be givcMi to show that as (' is slowly varied, the locus 
of the vector V is a circle. 

(b) For what value of C is the voltage across the condenscT a maximum? 



Fic,. 30. Constant-current circuit 
for IVob. 3. 



4. Two branches, (1) and (2) of Fig. 31, are in i)arallel. Branch (1) is equivalent 
to a constant resistance of 8.(X) ohms in .series with an adjustable capacitance C. 
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Branch (2) is equivalent to a constant resistance of 10.0 ohms and an adjustable 
inductance L in series. A circle diagram is to be drawn showing 

(a) the circular locus of the admittance of branch (1), 

(b) the circular locus of the admittance of branch (2). 

If the inductance of branch (2) is fixed at a value which makes its reactance 10.0 
ohms, is the locus of the resultant admittance of branches (1) and (2) in parallel a 
circle? 

When Xl is fixed, two values of the condenser capacitance produce unity power 
factor for the two circuits in parallel, and neither of these values of capacitance pro¬ 
duces minimum current. These facts arc to be shown by the diagram. 

What are the values of the conductance and susceptance of branch (1), found from 
the circle diagram, which produce unity power factor in the circuit as a whole when 
Xl is 10.0 ohms? 

What are the values of the capacitive reactance which causes unity power factor for 
the circuit when X/, is 10.0 ohms? 

What are the values of the conductance and susceptance of branch (1) which make 
the resultant current a minimum when Xis 10.0 ohms? 

Scales of 1 ohm /in. and 0.02 mho /in. are to be used. 



uiL = 2.(K) ohms 

—7 — 2.00 ohms 
coCi 

= 1.00 ohm 

coC'2 

R — 2.00 —>■ 00 ohms 
E„, = 10 X' 


Fk;. 32. C'ircuit for Proh. 5. 

5. In the circuit of Fig. 32 what are 

(a) the locus of the impedance connected to the generator for values of R between 
2.(X) and 00 ohms? 

(b) the maximum and minimum values of 1? 



6. In the circuit of l^ig. 33 the cai)acitance C is adjustable over the range 
from 0 to oc . 

(a) What are the maximum and minimum possible values of the current I? 

(b) What is the {x>wer factor of the circuit viewed from the st)urce for each of the 
two conditions in (a) ? 
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7. In the design of electrical apparatus for control or other special purposes, it is 
sometimes desirable to obtain a voltaf^c whose phase relative to a f^iven source refer¬ 
ence may be continuously varied while the magnitude of this voltage remains con¬ 
stant. If no current is drawn from the output termirals, the netw’(>rk in Fig. d4 can be 


1 ' 



used to accomplish this purpose by var> ing either both resistances R or both cat)aci 
tances C, keeping the two /\’s or C\'> at all times equal. With thisdevit t the magnitudes 
El and EJ 2 are at all times alike, and the circuit behavf^s in the' desired manner no 
matter what the freciueiicy of the source is. I'hese sta.li ments 'iix to be verilied 
8. The circuit of Fig. 35 is to be considered as an aiier- 
native for accomplishing the same purpose as the circuit 
of Fig. 34. The voltage Ki and the parameters L and (' 
remain fixed; the i)hase angle of 1^2 is shifted by varying 
R. By using the impedance-locus method of anal\ .sis, the 
following are to be determined: 



(a) 


(b) 

(c) 

(d) 


Fi(, Phjis(‘-^liifting 
(ir( nit for I’lol). S. 




the relation between C\ L, and o) necessjiry so that 
E <2 may be varied in j)hase, but held constant in 
magnitude; 

the amount of total phase .shift obtainable as ct)m])arcd with the circuit of 
Fig. 34; 

the method of adjusting the constant magnitude of Tv: to various desired values; 
the effect of source fre(tuency on the parameter relations found in (<i). 

d. A (ircuit fre(|uently used to control 
the action of grid controlled gascous- 
discharge tubes, known commercially by 
such trade names as Clrid-Cilow Tubes or 
'rh\ ratnm.s, is .shown in Fig. 36. The coil 
indicates lhe‘ secondary winding of a trans¬ 
former which may be considered as an im¬ 
pedanceless .source of alternating voltage 
2K. A center connection is available so 
that each of the tw'o hal\x‘S of the coil 
supply vector voltages F ecjual in magni¬ 
tude and identical in phase. Across the 
soune of voltage is connected a circuit of 
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grid control, l^rob. 0. 


resistance R and capacitance C in .series, ('ontrol of the vciltage IC, apf)lied to the 
tube is obtained by varying either R or C’. The tube can be assumed to draw negli¬ 
gible current. 
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Tor this circuit what variation of E. is possible (both magnitude and phase) as 
R is varied over its entire range? The results are to be plotted as a function of R. 

JO. The circuit in Fig. 37 represents an impedance bridge for measuring inductance. 
The following loci are to be drawn, using Va/> as a reference axis: 

(a) the locus of the voltage when Rs is varied; 

(b) the locus of the voltage \\w when N is varied; 

(c) the loci of (a) and (b) under the conditions that Qx is 0.2 and aiLg equals M. 


E 



Fu,. ^7. InipedaiK (• bridpe for Prob. 10. 

What conclusions can l)c drawn from the results of (c) concerning the case of balanc¬ 
ing the bridge, that is, making \ ,,i ecjual to 0, by successive adjustments ol Rs and .V? 
('an a better choice (»f variables be made? 

11. A coupled circuit Ubcd in radio-frequency apparatus consists of tw’o coils with 
adjustable mutual inductance. In series wdth each coil is a condenser. The constants 
of the circuits are as follows: 

Priniarv Cin nil S( < ondtirv ('in nil 

L C L 

0.150 mh 160MMf 0.150 mh 

The re.sistances of the two ( in nils an* such that at a frecpiency of 10^’ oiL/R is 1(X). 
A voltage scnirce is connected in series with the primary circ uit. The secondary circuit 
is clost'd. 

(a) What is the value of mutual inductance for wdiich the apparent impeclance of 
the primary, that is, its impe<iance when measured in the presence of the 
secondary circuit, appears as a [)ure resistance if the secondary capacitance is 
160 M^f? I he primar\ voltage has a frequency of 10'’ 

(b) If the mutual inductance is made twdcc that found in (a), what values of 
secondary catiacitance make the apparent primary impedance a pure resistance 
at the siime frequency.'' 

12. In Fig. 5<S. M represents an induction motor having a rating of 40.0 kw' at 80% 
power factor, lagging; A represt*nts a synchronous motor having a rating of 40.0 kva, 
the power factor of which can be varied from 10*^'^ lagging to 10^^7 leading. The induc¬ 
tion motor is operated under the constant-rated load conditions specilied. The syn- 
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chronous motor is controlled so that it o{)eratfS at all times at full kilovolt-ampere 
rating within the siwcitied power-factor limits. The locus of the kilovolt-amperes 
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Fi(,. .>8. J*iirallcl motor loads, Prol) IJ. 


taken by the combination of the two machines is to be drawn, indicating the following 
on tlie diagram: 

(a) vector proportional to the maximum kilovolt-amperes, 

(b) vector proportional to the maximum kilowatts, 

(c) vector ])roportional to kilovolt-amperes at unit> t) 0 ‘ver factor, 

(d) v'ector pro[)ortional to combined load at 90' power factor. 



CHAPTER X 


Polyphase Systems 


1. Introduction 

This chapter develops an important special application of the general 
theory of linear alternating-current networks to circuits whose voltage 
sources are interrelated in both magnitude and phase angle. Every electri¬ 
cal engineer, regardless of his particular field of interest, should be familiar 
with the fundamental properties of circuits of this type, because such 
circuits are almost universally used in electric-power generation, trans¬ 
mission, and distribution. 

An alternating voltage source of the type used in electric-power 
generation on a commercial scale almost invariably consists of a group of 
voltages having related phase angles and magnitudes. If one or more 
groups of w associated voltages having substantially equal magnitudes 
and definitely related ])hase angles are impressed into a network, the 
electrical system resulting is called a polyphase system. If the correspond¬ 
ing individual voltages of each of the source groups are imi)ressed into an 
electrically separate circuit, the conductors, loads, and portions of the 
generating apparatus associated with this scimrate circuit are said to 
constitute a phase of th(‘ system, and each separate circuit is called a 
single-phase circuit. As is demonstrated presently, however, a polyphase 
system can be utilized much more economically if electrical connections 
are made among the various jihases to create a polyphase circuit which 
can serve substantially all the functions of these separate single-phase 
circuits, but which requires less conductor material. It is usually impos¬ 
sible to identify certain elements of such a polyphase circuit as belonging 
definitely in one or another ])hase, though, for the purpose of analysis, 
conversions can be made which result in a fictitious equivalent circuit 
whose elements can be definitely assigned to one ])hase or another. 

In the field of electrical enginet‘ring, a very widely used meaning of the 
word “ phase,” standing alone, is that defined in the preceding paragraph; 
this meaning is used hereafter in this chapter. It should be pointed out, 
howev'er, that the American Institute of Electrical Engineers has tenta¬ 
tively defined phase to expre.ss, as a fraction of a period, the same thing 
that is meant by phase angle expressed in radians or degrees, so that phase 
and phase angle are synonymous terms. Little difiiculty should ari.se from 
these differences of definition of phase, for the context in which the word 
appears should make evident the intended meaning. In this chapter, the 
word circuit has its customary meaning, a circuit being the entire coUec- 
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lion of elements, eleetrieally or magnetically interrelated, used to trans¬ 
mit or transform electric energy in the performance of useful functions. 
Circuits may be classified by the number of phases used in their opera¬ 
tion. The word system refers to the general classification in which the cir¬ 
cuit under consideration belongs, implying, for example, that a certain 
network is operated by a three-phase method rather than by a two-phase 
method. 

The use of doublc-subscri])t notation to identify the directions of 
complex voltages and currents with respect to points on the circuit dia¬ 
gram is especially pertinent in the analysis of polyphase circuits. Thus, as 
explained in Ch. IV, the ex])ression E,,/, means an electromotive force or 
voltage rise of complex value IC from ])oint a to point b. It is obvious that 
E„/, equals — Also, the expression means a voltage drop of vector 
value V from point a to point b. In Fig. la, the voltage rise Eab equals the 



Fir.. 1. Double-subscript notation for source-voltage rises and circuit-voltage drops. 


voltage drop V/,,,. In Fig. lb, in which there is a source impedance Z^, 
Yah represents the electromotive force between a and b, which is not equal 
to Yha excej)t on open circuit, when no load Z is connected. In Fig. Ic, an 
induced voltage rist' in a transformer output winding is indicated; 
Yjab is the voltage rise which actually appears at the transformer terminals 
under no-load ('onditiems. When the transformer is loaded by connection 
of the impedance Z between a and the available terminal-voltage drop 
V/,,, is the vector difference E„/, minus IZ.s.. A transformer is not actually a 
source and hence has not a true electromotive force. In many circuit prob¬ 
lems, however, common practice is to regard a transformer as an equiva¬ 
lent source and to start the circuit analysis at the secondary terminals. 


2. Single-phase system 

When electric power has to be transmitted at low voltages, a consider¬ 
able proportion of the power may be lost by conversion into heat in the 
line wires unless the wires are made unreasonably large. The recognition 
of this fact early in the development of the electric-jK)wer industry led to 
the adoption of the three-wire system for distributing power to ordinary 
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loads. Figure 2b shows how, by use of a single thre(‘-wire \'oltage source, 
loads may be supplied with greater etticiencv over transmission-line wires, 
each of which has a resistance K, than if the same total load is supplied 
over two wires having resistances R as in Fig. 2a. 

In Fig. 2a the load of power P takes a current I at voltage V with a 
corresponding heat loss in the line of IPR. In the three-wire system 
(Fig. 2b) the load is divided into two equal parts, each of value P/2 and 
each having an applied voltage W A wire called the neutral conductor 
connects the mid-point of the source voltage to the common connection 



Fi(. 2. 'Fwo-wiro and throe-win* onglt* phasi* rin iiits. 


joining the two halves of the load. ITnder this condition the load is said 
to be balanced, and no current is in the neutral (onductor. Conductors 
each of the same resistance as in Fig. 2a are used, tin* current is 1/2, and 
the corresponding line loss is {I 2)“(2Ah), or The line losses are 

thus reduced to one-quarter of the value torresponding to th(‘ two-wire 
system without any reduction in the amount of power suj)plie(l to the 
load. To intcTpret the result another way, the balanced three-wire circuit 
c‘an operate at the same transmission efficiency as the two-wire cin uit if 
(le.signed so that each wire of the threc*-wire circuit has four times the 
resistance, or one-fourth of the cros.s-section area, of a wire of the two- 
wire system. Thus the balanced three-wire .syst(‘m needs only three- 
eighths the amount of coj)[)er required by the two-wire syst(‘m to transmit 
the same amount of ])ower with the same efficiency. As the neutral con¬ 
ductor is indispensable in any case where an unbalanced condition may 
occur, the three-wire system n*quir(s three conductors each having one- 
fourth of the copper of the two ('onductors of the two-wire .system. The 
neutral conductor is operated without a fuse or other ])rotective device, 
so that it ])r()vides at all tim(‘s a path for current returning to the source*. 
The load voltages are thus kej)t appro.ximately balanced in case the loads 
become unbalanced. The neutral is u.sually connede‘d to ground, thus 
limiting the i)0tential of the circuit above ground to V. 

In T)ractice the exact theoretical ratios derived in the preceding para- 
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graphs cannot usually be achieved because of the necessity of using stand¬ 
ard sizes of wire and of adhering to fire underwriters’ regulations, and 
because the load is rarely exactly balanced. If the load P represents ten 
115-volt lamps, each consuming 500 watts at that voltage (such as used 
in lighting a portion of a factory), V of Figs. 2a and 2b equals 115 volts. 
For a two-wire system, as in Fig. 2a, the current is 43.5 amperes, requir¬ 
ing 6 AW(1 rubber-covered copper wire as a minimum safe size in 
accordance with the rules of the National Board of Fire Underwriters. 
This wire has a resistance of 0.395 ohm per thousand feet and a weight 
of 129 pounds per thousand feet. If the longest distance from source to 
lamps is 300 feet, 600 feet of rubber-covered wire having a resistance of 
0.237 ohm and weighing 77.5 ^xmnds are required. The loss of power in 
this resistance, represented by the two resistances R in series, is 448 watts 
if the load is considered to be concentrated at the end of the circuit. This 
loss is nearly the equivalent of the power required by one lamp and 
represents a definite operating expense. 

If the circuit is installed in accordance with Fig. 2b, representing the 
three-wire single-phase system, economies result in comparison with the 
two-wire system. Under the conditions of the problem, the current in the 
line conductors of the three-wire circuit is only 21.8 amperes, so that 
10 AW(x rubber-covered wire having a resistance of 1.0 ohm per thousand 
feet and a weight of 54 pounds per thousand feet can be used safely for 
these conductors. As long as the load is balanced, no current is in the neu¬ 
tral wire, but, if one of the five-lamp groups is disconnected, the other 
lamps cause the neutral conductor to cari*}^ the same current that a line 
wire carries. Hence the neutral conductor must be of the same sizt‘ as the 
line conductors, and a total length of 900 feet of 10 AWG rubber-covered 
wire is required, having a weight of 48.7 iK>unds, or 37.3 per cent less than 
in the two-wire system. The resistance 2Ri of the two line conductors in 
series is 0.60 ohm, with a corresjx^nding loss of 285 watts under balanced 
full-load conditions, a saving of 36.2 per cent over the two-wire system. 

Under the worst possible conditions of unbalance, the entire lamp group 
between and // is out of ser\ice, while full load remains on the group 
a'-;/'. The source voltage E„„ from neutral to one line wire under balanced 
conditions is V + RniMDy or in this case 115 -f 0.3(21.8) or 121.5 volts 
if the reactance of the line conductors is negligible. The current in the 
connected group calculated on the assumption that the lamp resist¬ 

ance is unchanged, is 20.7 amperes. The resulting voltage across the 
operating lamps is 108.8 volts, and the line loss equals (20.7)“ X 0.6, or 
258 watts, almost as much as the total line lo.ss with the full 5,000-watt 
load operating under balanced conditions. Thus for most satisfactory 
operation of a three-wire system, the load evidently should be kept as 
nearly balanced as possible. 
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Figure i illustrates a three-wire singlc-i>hase supply from a utility- 
company s transformer to a residence having modern three-wire circuits, 
the usual switches, fuses, and hranch(‘s being omitted for sim{>licity. The 
j)owcr supply ordinarily comes from a medium-voltage (such as 2,v^()0 or 
4,600 volts) distribution system to the transformer primary winding at 
a~b. The secondary windings are connected so that their polarities are in 
the same direction, as shown by the arrow's and In this way a 
potential difference of 230 volts or some value in that range is delivered 
across the line wires at (2-b\ and one-half of this voltage is available from 
the neutral terminal to either line wire. The system is a single-phase 



I'lG. 3. 'rhree-wiic secondary ciicuit from power-company transformer to user’s load. 


system, havitig the vector relationship given in Fig 4. Service conditions 
fix the allowable voltage to ground and the allowable difference between 
no-load and full-load voltage which results at the user’s ap|)liances from 
the impedance of the transformer w'indings and of the conductors between 
the transformer secondary terminals a' // and the apj)Uances. Within 
these limitations, and with a given 


size of conductor, a three-wire system 
delivers to a balanced load four times 




the power that a two-wire system 
delivers. The great increase in u.se of 
electrical appliances in recent years 


Fi('.. 4. \’rct<)r dia^^ram ol tiaiisfoimrr volt¬ 
aic'' of 3 (d'lu* scale of Khu is approx¬ 
imately Iti limes tin- scale ol and 
wliere a is the ratio of i>rimary to total 


has emphasized the practical impor- secondary turns of the Iransformci.) 


tance of the efficiency of the three- 

w'ire system. An additional advantage of the three-wire system is that 
loads requiring two different voltages, such as 115-volt lamps and 23()-volt 
heating appliances, can be operated from the same circuit. 

The three-w'ire single-pha.'^e alternating-current system is an outgrowth 
of the three-wire direct-current system which Thomas A. Edison devel¬ 
oped for reasons identical with those discussed for alternating current. 
T"he three-wire direct-current system is extensively used in industrial 
plants where direct current offers certain advantages over alternating 
current. There are also several densely populated urban areas where 
three-wire direct-current systems are in use for the general distribution 
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of electririly. These direct-current systems have remained in service in 
some places because they provide, through the use of storage batteries, 
a reliable emiTgency supply and an economical means of handling peak 
loads of short duration; another reason is that the utility company has 
been unable to justify the cost of changing from direct-current to alter¬ 
nating-current equipment, the direct-current system having been 
expanded over many years from a small start made in the earliest days 
of the commercial use of electric service. 

If a (ertain voltage is being given j^reliminary consideration for use in 
a two-wire circuit to deliver power to a certain load, the reasoning devel¬ 
oped in j)revious paragraphs indicates that if the load can be operated 
at a higher voltage than the one under consideration, the two-wire system 
can still be us(‘d, re(|uiring a correspondingly smaller cross section of 
coppcT to deliver the same power at the same loss. Specifically, if, in the 
example used, t(‘n 23()-volt 50()-watt lam])s are used, power can be 
sut)])lied to them over two 10 AW(i wires instead of the three of the three- 
wire system without any increase in voltage to ground. The use of still 
highcT voltages might be considered, but the economies resulting in con¬ 
ductor material might be offset by considerations of safety and insulation 
ex])ense. The fact that lamps of higher voltage classes are more costly 
and less eOicient than 115-volt lam])s is an additional difficulty. For high- 
voltage ])ower-transmission lines, the minimum size of wire commensu¬ 
rate with a certain voltage is also limited by corona discharge, which is 
extremely harmful to insulation in cables and always repre.sents an energy 
loss; the wire size is also limited in open wire lines by the necessary 
mechanical strength. In general, however, the reductions in heat loss 
and in weight of conduc tor which accom})any an increase in circuit volt¬ 
age explain the widesj)rea(l use of alternating current for power trans¬ 
mission and distribution. The alternating-current transformcT make's 
practicable the' transmission of electricity at high voltages, no commer¬ 
cially acceptable substitute dirc'ct-current method having been developed 
as yet. If the conductors of long-distancc' transmission lines had to be of 
sufficiently large cross section to transmit large blocks of power at the 
direct-current voltages commonly utilized, these lines could not have 
been economically justified and would not have been built. In fact, the 
whole central-station industry is made pos.sible by the fact that power can 
be economically transmitted and distributed at high voltages. 

3. CiENKKATION OF POLYPHASE VOLTAGES 

An alternating single-phase voltage can be generated by revolving two 
magnetic poles of opj)osite ]wlarity in such a way that most of their field 
flux links a stationary wincling as they rotate. If the pole faces are prop¬ 
erly shaped, and the speed of rotation is held constant, it is possible to 
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make the flux linkages with this winding vary as a sinusoidal function of 
time, and there occurs a sinu.soidally varying voltage o,, across the wind¬ 
ing terminals .r and a shown in Fig. vS. This ^s, in principle, the method 
used for generating sinusoidal alternating voltages in commercial single- 
pha.se generators. If it is desired to j'roduce \'oltages having }>hase angles 
differing by 90 degrees, it is necessary only to j^lace another winding at 
such a position that the induced voltage in the winding is a quarter of a 
cycle out of phase with ITis method is illustrated by the rudimentary 
two-phase generator of F1g. 6, in which is 90 degrees ahead of for 
the direction of held rotation indicated. 

Clenerators having more than one jdiase are called poly]>hase generaxc^rs 
or polyphase alternat(Ws. Within practical limit. ili('ns, as many phases 
as desired may be obtained by spacing a winding for each phase at the 




Fig. 5. Rudimentary single- 
phase gtMierator. 


6. Rudimentary two- 
I)}u«''e geiHTatnr. 


proper angular position around the perij)hery of an alternator. Though 
tlie fundamental princijxh* of generation of polyidiase voltagc‘s as out¬ 
lined here is the method employc*d in actual alternators, many compli¬ 
cations and sjHTial considerations arise* in ap})Iying the* theory, so that 
the detailed trc'atment of alternator theory is ])r(‘sented as a s])ecial 
study in this series in the volume on rotating (‘U'ctric mac'hinery. Poly¬ 
phase voltages can also be generated by mounting the held windings of 
one separate single-phase generator for each phase on a common shaft, 
spacing the field windings of the machin(‘s at ])roj)er relative* angles. As 
this method is imprac tical from the standpoint of cost and wasted space, 
it is not used in practice. 

If the two voltages Cm and are plott(‘d as functions of time, the 
two sine waves shown in Fig. 7 are obtainc‘d. d'hc^se voltages compose a 
two-phase source in accordance with acceptc‘(l usage*, since a two-phase 
system is one whose source voltage's are two in number, equal in magni¬ 
tude, and have a difference in phase angle of 90 dc'grees. Stated in terms 
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of time, the maximum values of the sinusoidal voltages of the two phases 
occur one-quarter of a cycle apart. Two two-phase systems are shown 
vectorially in Figs. 8a and 8b. In these figures, the currents are assumed 



Fig. 7. Sinusoidal source voltages of a two-phase system, plotted as a function of time. 


to result from equal load impedances connected to each of the individual 
phases of the system. 

The arrangement represented in Fig. 8a is called a four-wire two-phase 
system because four conductors are necessary to connect the source to the 
load. There is no electrical connection between the two phases, and each 
phase can have its own single-phase loads. Many such systems are still in 



Fig. 8. Diagrams for four-wire and three-wire two-phase sources. 


service, although the trend is clearly toward the three-phase system 
described in later articles of this chapter. If equal impedances are con¬ 
nected across each of the two phases, equal currents, 90 degrees apart in 
phas(' relationship, result in the two phases. Figure 8b represents a 
three-wire two-phase system, occasionally employed but undesirable 
because the neutral conductor np carries a current equal in magnitude to 
% 2 times the current in each of the two line conductors when equal 
loads are connected from each line conductor to the neutral conductor, 
in contrast with the neutral of a three-wire single-phase system, which 
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carries no current when the loads are equal. The neutral of the three-wire 
two-phase system requires different sizes of wire and protective equip¬ 
ment than used in the line wires, which is an objectionable constructional 
feature. In this system a voltage of magnitude 
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Fig. 9. Diagrams for fivc-wirt* two-phase 


is available from terminal a to terminal h. In rare cases the voltage 
may have some practical value. 

Another polypliase system, (ailed a five-wire two-phase systern i> 

illustrated in Fig. 9a. I'his system is ___ 

called two phase because it can be - 

considered to consist of two three- i, i 

wire ™gle-pl,a» rp.enrs whox- 

neutrals are connected. From a more X c - ^ e 

scientific standpoint, however, it 

^hould properly be termed a four- i i 

phase system. If the commoii-origin E«a 

type of vector diagram is u.sed, the kX 

directions of the arrows and vector lEm 

subscripts assigned in Fig. 9a to (ii) (b) 

and Vjc, are reversed, and Fig. 9b i.s n n iv t r -4 i 
obtained. The system of Fig. 9b, source, 

obviously identic'al with tlie one of 

Fig. 9a, consists of four separate phase voltages, and 1%^^, 

which are ecjual in magnitude and have phase angles of 90 degrees between 
any two adjacent vectors. When developed in this manner, the system 
_ IxTomes a symmetric'al Jour-phase system. 

^ ^ It is also evident from Idg. 9b that the 

^ X three-wire .scheme of Fig. 8b could bej^rop- 

erly termed one-half of a four-phase system. 

-However, as the exi)ression two-phase is 

generally accepted for all these systems 
having 90-degree phase angles between 
// voltages, it is employed in this chapter, 

j j If three identical windings are plac'ed 

^ ^ y ^ ^ ^ symmetrically around the periphery of the 

, rudimentary generator as in Fig. 10, there 
phase generator. ^^^ult the three voltages and 

equal in magnitude and having a phase- 
angle difference of 120 degrees between any two voltages. If these volt¬ 
ages are plotted against time, the three separate sine waves shown in 
Fig. 11 are obtained. These voltages constitute a three-phase voltage 


> a y h z 

Fk;. 10. Rudimentary three- 
phase generator. 
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source, by far the most common type of voltage source found in com¬ 
mercial i)ower generation. 

In a very carefully designed and constructed machine, it is possible 
theoretically to generate voltages which are pure sinusoidal functions of 
time, as shown in iMg. 11. Jt is, howevcT, almost impossible to build a com¬ 
mercial alternator whic'h generates pure sine waves of fundamental fre- 
(juency alone, for there are usually present odd harmonic frequencies of 





Fig. 11. Sinusoidal source voltages of a three-phase system, plotted as 
functions of time. 


third, fifth, and sometimes higher order which cause the wave form of 
voltage to be nonsinusoidal to a certain extent, d'hese harmonic voltages 
result from slight irregularitic^s in the reluctanc'cs of the various ])aths of 
magnetic flux, from slight deviations in the shai)e of the field pole faces 
from that cU'sired, and from otluT factors. Suc'h nonsinusoidal voltages 
can be expressed by a Fourier analysis^ in terms of sine waves of harmonic 
frecjuencies, each of whic'h ac'ts to ])roduce a current of the same fre- 
(liUMicy whose magnitude and phase angle depend on the impedance of 
the circuit to that frequency. 

4. PllASK ORDER AND SYMMETRY 

In dealing with the alternating ciirrcmts and voltages in three-phase 
circuits, the idea of phase order or phase sequence must be established. If 
sinusoidal voltagc^s of a givcai freciuency are considered, the voltage of one 
generator phase reaches a given point in its cycle — for example, the 
positive maximum -- at a given instant. At some later instant, the volt¬ 
age of another phase reaches the same point in its cycle, and similarly for 
the third phase. If the ]diase-a voltage maximum is followed in time by 
the phase-/) maximum, and this in turn by the phase-r maximum, the 
phase order of these voltages is said to be abc. Conversely, if the phase-a 
voltage maximum is followed in time by the phase-r maximum, and this 

* R. R. Lawrence, Prhuiplcs of AUrrmithtf; Currents (2d ed.; New York: McGraw-Hill 
Rook i^mipany, Inc., l^SS), Gh. iv; P. Franklin, Ditjcrcnlial Equations for Electrical Engineers 
(Now York: John Wiley & Sons, 193d;, Ch. \iii; also subsequeril volumes of this series. 
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in turn by the phase-6 maximum, the phase order of these voltages is 
said to be ach. Three-phase \ollages of phase order ahc and ach are illus¬ 
trated in Idgs. 12a and 121), resj>ecti\ely. In this chapter, the phase order 
abc is used as standard except where otherwise sjx'cilied. 

The direction of rotation of time vectors i^ in all cases counterclockwise. 
This direction has been established as an international standard, though 
clockwise vector rotation was used in the technical literature of some of 



Fig. 12. 'rhrcc-pha<^e voltages of i)hase or»ler ahc and ath. 


the earlier writers before the adoption of the counter lockwise standard 
by the International Electrotechnical ComimsMon in 1911. Phase order 
depends on the direction of rotation, construction and winding con¬ 
nections of the generator and thc‘ lettering of the terminals. Since rota¬ 
tion of all time vectors is taken to In* counterclockwise, the ])luise order 
<>r sequence of a system can be detemiini‘d conveniently from the vec¬ 
tor diagram l)y o])S(‘rvation of the order in which the vectors ])ass any 
reference point as they rotate in a c\)unterclockwis(‘ direction. The com¬ 
monly used diagram of stationary vectors, sucli as J'ig. 12 has of 
course the same phase sec|uence as the rotating vectors from which it 
is derived. The expression phase rotation, having the same meaning as 
l)hase order or phase secpience, is used a great deal in practice. The differ¬ 
ence in meaning between ])hase rotation and vector rotation should be 
clearly understood. Instruments called phase-rotation indicators arc 
used for determining ])hase order when the order is not known. 

If the three-phase voltages or currents of a given freciuency are equal 
in magnitude and if eac h differs from each of the other two by the same 
magnitude of phase angle, the voltages or currents are said to form a 
symmetrical, or balanced, system. Evidently only three symmetrical three- 
phase systems are possible, lliese are shown iti Fig. as positive-sequence 
symmetrical, having the phase order abc; negative-sequeme symmetrical, 
having the phase order ach; and zero-sequence symmetrical, so called 
because the voltages in all thn^e phases are rt'firesented by ef|ual vectors 
having no phase order. Balanced currents result from connecting a 
balanced load to a balanced voltage source. The sum of the vectors of a 
symmetrical positive- or negative-sequence system is zero. 
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The concept of balance as used here has the connotation of symmetry 
and must be distinguished from the idea of balanced forces as employed in 
the study of free bodies in mechanics. In the latter, a body is said to be in 
equilibrium if the vector sum of all the forces acting on it is zero, but the 
individual forces need not necessarily be equal in magnitude and symmet¬ 
rically spaced in their angles of application. In electrical terminology, 
however, it is possible for the phase voltages of a system to add vectorially 



symmetrical positive- symmetrical negative- symmetrical zero- 
sequence system sequence system sequence system 

Fig. is. Symmetrical sets of three-phase voltage vectors. 

to zero even if the voltages of the system are not balanced. Thus the 
vectors 6 +74, — ,3 + j2, and —3 — /O add up to zero, but a system 
composed of these voltages is electrically unbalanced. On the other hand, 
the sum of the vectors of a zero-se(|uence system never can be zero, yet 
electrically th<‘ system is balanced. Furthermore, a balanced load is not 
three impedances whose sum is zero but is a load of equal impedance in 
each phase. 

5. Balanced three-phase circuit, F c^onnection 

In Fig. 14 is shown a group of three simple single-loop circuits, each of 
which composes one phase of the .system. The three voltages Kj.„, 
and are the terminal voltages of the three generator windings. The 



Fig. 14. Three single-phase circuit.s supplying power to equal 
loads. 

impedances Z represent the impedances of transmission-line conductors, 
whereas the impedances 7/ represent the balanced impedance of a load 
to which jx)wer is delivered. This particular circuit configuration consist- 
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ing of generator, line, and load is used in much that follows because it is 
characteristic of simple }x>wer-transmission circuits. It is evidently 
possible to use a common conductor as a retarn path for all three circuits 
as is done in the two circuits of the two-phase three-wire system. The 
resulting configuration of Fig. 15 may be regarded as a single circuit. 



Fio. 15. Three-phase l'-coi,ne('te(* supplying power 

to a halanced load 


universally known as a Y-connecled lhree-i>h. -r circuit. This three-phase 
circuit may also be looked upon as three sc'parale (ircuits with one c'on- 
ductor common to parts of the three. The common conductor is ordi¬ 
narily known as the neutral conductor. It joins the common point n of tlie 
three generator phase windings, or generator neutral, with the common 
point n' of the load phase impedances, or load neutral. 

Figure 16a shows the method of connecting the generator terminals 
when a Y system is emi)loyed. If the phase onWr is aln and the generator 
voltages are symmetrical (positive-s(‘(juence symmetrical voltages), th(‘ 
sine waves of Fig. 11 and the connections of Fig. 16a (*stablish the form 
of the vector diagram Fig. 16b, in which leads F,,/, ])y 120 degret^s, 
and E,,/, leads E,,^ by 120 degrees. In determining from this diagram a 
line-to-line voltage such as E,,?,, it is necessary to add Jmcl Thus 
E„n (the negative of the phase voltage E„„) must be added vectorially to 
the adjacent phase voltage E„h to obtain the voltage E„/,. In other words, 
it is necessary to subtract the phase voltage rise E„„ from the phase volt¬ 
age rise E„?> in order to obtain the resultant line-to-line voltage rise Ynu- 
If each line-to-neutral voltage has a magnitude the line-to-line volt¬ 
ages Yah, Yhc, and E^^ may be calculated. If Ena is taken as the axis of 
reference, 



[2c] 
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Eab = <^E J- I5(f ; Eto = V~iEjiO° = ►f2d] 

Similarly, 

Efc, = = V3£„ /-90° = V3E„„ /-90° , 

E,„ = \/3E V--3()° ; E„, = V 3 / 4 /I 5 O" = v/3E„„/W. >[4] 



(a) generator connections 



(d) negative sequence 



(c) positive sequence («) negative sequence 


Fk;. 16. (icnerator connection.s and sourcc-xoltage vector diagrams for 
three-phase r-connected circuit. 

If, however, the phase order ih ach and the generator voltages are .sym¬ 
metrical (negative-seciuence symmetrical voltages), Fig. 16d applies, in 
which leads K„r by 120 degrees and leads by 120 degrees. For 
the negative sequence, therefore, the relations of the phase angles are 
changed. If Ena taken as the axis of reference for the negative sequence, 

Ea/> = Ena “H En6> [5] 

Enb = Ejm^ + [5a] 
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^ab = [- -^+J-jjEy, [5b] 

E„fc = A 3£^_15(r, = v<(E„„ /-3()° , ►[5c] 

Efc, = V3£„ , -90° , E.,, = \ 3£„_t^ = \'3E„„/2(r, ►[()] 

E,a = \^£„:30]. E„, - \ 3/<:„ -J5()’ = \\^E„„ /-150° . ►[?] 

In Figs. 16c and 16c the line-to-linc voltage vector arrows are rear¬ 
ranged in a manner analogous to the actual electrical c'onnections of the 
connected system. 1'hese diagrams correctly indi(ate relative V(‘ctor 
magnitudes and phase angles, by the method outlined ii» Art. 4, Ch. IV. 
Figures 16c and 16e illustrate for the positive- an*I .legative-sc'ciuenc'e 
systems, respectively, th(‘ useful fac t that tlu‘ j)hiise \oltag(‘s of a ])alan('ed 
F-connected system may be representcMl In the r‘ys coiinecting the 
geometric center to the apexes of an e(|uilatcral triangle whose sides 
represent the line-to-line voltages. 

In the I"-connected three-])hase c'ircuit, j curn nt is presemt in the 
neutral conductor if the voltages and loads are l)alan( c‘d, as cxin be shown 
from the three equations expressing the Kirclihoff law for voltages around 
eacdi of the loof)s?/</(/';/'«, uhb'nn, and mi'n'n of Fig 15: 

F,. = UdZ -f //) 4 4 hi, 4 [S] 

F,, - hiA'/^ 4- //) 4 iha' 4 h,i, 1 F.4Z., [^)] 

F,, = + /') -t- (In, 4 lu, 4 [lOl 

If these three eciuations are added, the left-hand mcanber is zero, sinc'e 
the sum of the three balanc ed source voltages is zero: 

0 = Fi<,4Z 4" Z' 4- dZ„) 4 I/w,4Z -\- Z' f v3Z,,) [ 

+ F.4Z b// f dZj.l 

The common factor (Z 4- Z' -f 5ZJ is now dividcvl out, leaving the 
expression 

hn, 4" hi, 4" Ifr' ” I/Cn = 0. [Hit'] 


Hence in a symmetrical system having a F-connected generator and load 
and sinusoidal voltages and c'urrents, the load ncmtral is at the same 
potential as the generator neutral. The neutral conductor, therefore, 
carries no current and may be omittc*d under these special c'onditions. 
The current in each line conductor is now ea.sily determined by setting 
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up a single-loop equation for each of the currents in Fig. 15, 


Ciua --ML-Z. 


z' + z z' + z ’ 

[13] 

E„. £.7+120° 

[14] 

Z' + Z “ Z' + z 


Figure 17 is a vector diagram showing the current and voltage relations 
that exist in a positive-sequence balanced JVonnected system^ the angled 

being the power-factor angle 
corresponding to the single¬ 
phase impedance Z' + Z. The 
angle between current such as 
laa' and line-to-line voltage 
such as is not the power- 
factor angle. Since there is no 
voltage drop in the neutral 
conductor, evidently i)roblems 
in a symmetrical F-connected 
circuit may be solved per phase 
as if the circuit were single 
phase, by use of the phase volt¬ 
age, phase impedance, and 
phase current which is the 
same as the line current. After 
conditions in phase a have been ascertained, for exam])le, the current 
and voltage drops in phases /> and r are at once detemnined by multiply¬ 
ing the corresponding values in phase a by l /—120 degrees and 
l /-f 120 degrees , respectively, as indicated in Eqs. 13 and 14. 

6. Illustrative example of ualanced F-connected system 

Tn Fig. 15 the generator terminal voltage (line to line) is 2vS0 volts and 
the load and line impedances are, respectively, 15 -f yiO ohms and 
2.0 +y4.0 ohms in each phase.* The problem is to find the line currents 
and load voltages. 

* In this chapter, line impedances arc used as if they were series impedances independent 
of the mutual effects of the lines of a pol>phase transmission system. In this example, the 
line drop is exaggerated to make it apparent on the vector diagram. 



Fig. 17. Vector diagram of v(dtages and cur 
rents in F-connecteil source. 
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Solution: The phase voltage En« in the generator taken along the axis of reals is 


Hence, 


T. 230 

~ ^^7^ + 7 O = 133 -f- 7 O V, 


T 133 

"" iTTTH ^ 


V„/n^ = laa^Z' = (6.04, -30.5 °) (15 f-yio) =■ 10<) /--5.8^ v. 


[15] 


[16] 

[17] 


'^Fhc vector relations are shown in Fig. 18 for phase a. This diagram, 
revolved 120 degrees clockwise, shows the voltages and currents ir. 
j)hase h and, revolved 120 degre(‘s coiintenhx kwi.^e. shows the conditiv)ns 
in phase c, the phase order })eing assumed as a be. 


E =V ,= 133Z0"v Y 

^ an' *< 



I6.04 /^39 *amp 
Kig. 18. X’cetor di.i^rams ol an<l uiiii'iits in phase a of Fig. 15. 


2-=R-^jX 

Z'^R^jX' 


rtpmrf "rmw 


7. Balanced three-phase ctrchit, A connection 

The sum of the voltages of the three sine w^a\ e.s of h'ig. 11 at any instant 
is zero. This means that, if the generator winding terminals are connected 
together in series in the proper order, a 
closed-looi) circuit is obtained in which 
there is no current in the absence ^)f an 
external load, provided that all the 
voltages are sinusoidal, are of ecjual 
magnitude, and are equally spaced in 
j)hase. The winding connections and 
the corresponding vector diagram are 
presented in Fig. 19, wdiich corresi)onds 
to the terminal notation of Fig. 10. In 
the vector diagram, E^a leads Eyo by 
120 degrees, Eyb leads Eze by 120 
degrees, and Ezr leads by 120 



Fif. 19 Generator tonnections and 
source-voltage vector diagram for 
three phase A (onne( ted circuit. 


degrees, which arrangement agrees w'ith the generator (onst ruction and the 
sine waves of Fig. 11. The symmetrical voltages which arc present across 
the terminals of the three windings may be used as strurces to deliver 
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power over three external conductors to the load. If the load is also A con¬ 
nected, as in Fig. 20, the current in each conductor is the difference of 
the load currents in the two impedances connected to it. If the three im¬ 
pedances Z are ecjual, and the three imj)edances Z' are equal, the result- 



I'lG. 20. Three-phase A-connecled cirruif supplyin^^ power to a balanced load. 


ing phase voltages across the load impedances are equal and displaced 
from each other by 12t) degrees. Calling the magnitude of these phase 
voltage drops using the voltage drop as the reference axis, and 
iissuming })ositive seciuence give 


^b'a> — yj 


V,H) 

z'”’ 






r, 4 12(C 




7J 


[ 18 ] 

[19] 

[ 20 ] 


laa' = la'C - l„'.' = = V3I„„, 


\ 150°, 


►[ 21 ] 


l66' = h'a' - h'b' = ^ ,10° 

= \ 81,,,.,/150°, 


Irr' If'6' laV^ 


7/ 

= \ 81,,.,, 150°. 


90° = ^ 8T,,fc,/80° 


►[ 22 ] 


►[ 28 ] 
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Figure 21a showi^ the relations expressed by Eejs. 18 to 23. The angle 6 
is the phase angle between load phase voltage and load phase current 
resulting from the characteristics of the load impedance Z' in each phase. 
It should be carefully noted that the angle between a line current, such as 



Fig. 21. Vector diagrams of voltages and currents in balanced 
t^-(onnected load, })ositi\e-sequciice system. 


I„a/ and any line voltage is not the power-factor angle. The angle between 
phase current such as la',' and phase voltage such as Va',' must be taken 
to gain any physical concept of power factor. 

If the vectors of the load-current diagrams are rearranged as in Fig. 21b, 
the sides of an equilateral triangle represent the line currents, and the 



Fig. 22. Vector diagram of voltages and currents in balanced 
A-connected load, negative-sequence system. 


rays connecting the ai)exes to the geometrical center represent the phase 
currents. Thus the currents in a balanced A connection have the same 
relation as the voltages have in a F connection. 
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Relations rorrcbponding to Eqs. 18 to 23 are presented in Eqs. 24 to 29 
for a negative-sequence system and illustrated vectorially in Fig. 22: 



Ib'a' 

II 

11 

[24] 


T-c'b' 

v.'6' v,/+n(f 

7! 7/ 

[25] 


la'r' 

v„,„ r./-i2o° 

~ 7/ ' ' 7/ 

[26] 

laa' 


. l.S0° - V3W-30°^ 

• ^[27] 



= \/ll6'„' -150°, 



= ^b'a' 

, -30° = \/3W/-30° 1 

' ^[28] 



= \'31,S0°, ) 




, 90° = V31,,^,7-30° 1 

►[29] 



- \^31„','_^_1.50°. 1 



For the negative sequence, the angles between phase-current and line- 
current vectors are the negatives of the corresponding angles in the 
ixisitive seciuence, as is readily sc*en by a comparison of Eejs 21 to 23 with 
Eqs. 27 to 29. 

From inspection of the generator connections of Fig. 20, it is evident 
that 

lu,' hb, ['^0] 

166' = Itt6 — l6c ['^^] 

r,.' - i6. - [32] 

which equations are represented vectorially in Fig. 23 for positive- 
sequence curreiUs that result from positive-.sequence voltages. From these 
diagrams the relations between line currents and generator phase cur¬ 
rents are obtained: 


I,.,., = =v^3i„6 'i^°, 

►[33] 

l66' = ^ 3I„6 30° = V3l6,/150°, 

►[34] 

E., = <'3l6., 30° = \ '3E„/150°. 

►[35] 
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The line currents I?,/,;, and 1,.^/ are the same in Figs. 21 and 2d, which 
represent load and generator conditions, respectively. However, the phase 
currents are oppositely directed; for example, la'c' ^i-nd lea point in the 




Fig. 23. Wclor diagrams of p[cnerat'>! phase and line lurrcnts in 
synim(‘trical positive sequence A-connected s^'»urce. 


same direction, a fact which means that tJc.^ currents in i)ha.se windings 
a-c of the generator and a'-c' of the load are oppositely directed. This 
relation is a perfectly natural on(‘, as is shown from an insj^ection of the 
circuit diagram of Fig. 20. 

For a negative-sequence system, Eqs. 30 to 32 also aj^ply, hut the 




Fig. 24. Vector diagrams of generator phase currents and line currents in 
symmetrical negativ’^e-sequcncc A-connected sourre. 


vector diagrams appear as in Fig. 24 and the relations among the currents 
are expressed by Eqs. 36 to 38: 

law - \'3T,„ /-30° = V3 W-150° , ►[36] 

hb' = V3 W-30° = ►[37] 

= \^3I,„ /-3(f = V3 W-150^ ►[38] 
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To find the relation of load current to source voltage, Kirchhoff's law 
for loop voltage can be applied to the loop abb'a' of Fig. 20: 

Eafe = I66'Z + — loa^Z^ [39] 

but from Eqs. 22 and 21, 

hb' = [40] 

la.,' = v^3I(„„, /l50° . [41] 


Substituting these values in Eq. 39 and collecting coefficients give 


Similarly, 


Ife'a' — 


+ 3Z 




E^i20! 

yj + 3Z ' 


I 




' '/! + 3// ' 


►[42] 


►[43] 

►[44] 


Equations 42 to 44 show that the A-connected circuit, like the F-con- 
needed circuit, can l)e solved as a single-phase problem provided the line 
impedance is considered to be 3Z, instead of Z or 2Z as a casual inspection 
of the circuit might suggest. 

Often A-connected circuits are sohed in terms of the equivalent Y 
circuit. In this equivalent Y circuit, the line currents and line-to-line volt¬ 
ages are the same as in the A circuit. The A-connected generator is 
replaced by one that is F connected, the two being indistinguishable by 
any tests made at their three terminals. Similarly, the A-connected set 
of load impedances is replaced by a F-connected set which, when viewed 
from its three terminals at a given frequency, is indistinguishable from 
the A-connected set. 

The equivalent impedance relationships* for use in converting a bal¬ 
anced A load to a balanced F load and for the reverse operation are 
readily determined. In Fig. 25 the A-connected phase impedances are 
each and the F-connected phase impedances are each Z^,. The imped¬ 
ance viewed from terminals 1/ and c' is 27.^13 in the A system and 2Zy in 
the F system. Hence, 

Za = 3Zyj 


Zy 


1 

3 


Z^. 


♦Article 11c, Ch. VITI; Art. 10, Ch 11. 


[45] 

[45a] 
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Since the load is symmetrical, Eqs. 45 and 45a are also true when the 
networks are viewed from the tenninals a'-c' or <z 

As is shown subsequently, all connections in one three-phase system 
need not be either 1" or A. In practice botJi are used. The choice in any 
given situation is based on practical exigencies or on effects that may be 
regarded as unimportant in this elementary discussion. In given practical 
situations, however, one may be much more tlesirable than the other. 



Fk;. 25. E(juivalent balanced A- and r-connected impedances. 


Problems involving Y~ and A-connected Ion 1^ in i)ar.Lll(‘l can be solved by 
changing the A to its equivalent V or vice versa, or by dealing with each 
load directly. Since the neutrals of two balanced l^-connected loads are 
at the same potential, th(‘ branches can be combined in parallel. 

8. Unbalanc^ed three-phase circ xiits with passive loads 

When voltages, impedances, and currents in a three-j)hase circuit are 
known to be balanced, problems associated with this circuit can be solved 
by treatment of a single phase, because the knowledge of the voltage in 
j)hase a, together with the specification that the voltages are balanced, 
determines the voltages in the other two })hases in both magnitude and 
angle. In other words, a balanced set of three-phase sinusoidal voltages 
or currents has only two degrees of freedom. If the magnitude and posi¬ 
tion of the vector representing the voltage in phase a are known, the 
magnitude and position of all three voltage vec tors are thereby estab¬ 
lished. 

If the line-to-neutral voltages are unbalanced, the three vectors are 
known only when the magnitude and angle of each are known. Thus six 
numbers are required to describe three independent vectors. In other 
words, a set of three independent plane vectors has six degrees of freedom. 
In general, three times as many equations have to be written to solve for 
unbalanced conditions as for balanced conditions, since all three phase 
currents and all three phase voltages must be included. 

Two methods of solving three-phase circuits for unbalanced currents 
and voltages are in use. The first, presented here, is the analysis in terms 
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of actual phase currents and voltages. The elements of the second, known 
as the method of symmetrical components, are presented in Ch. XI. 

A three-phase circuit having unbalanced loads or unbalanced source 
voltages is a special case of the multibranch network treated in Ch. VIII, 
and involves no new ideas. Figure 26 represents the general case of an 
unbalanced F-connected circuit in which the source voltages are unbal¬ 
anced and neither the line nor the load impedances are balanced. The 
circuit is a simple three-loop network to which three known voltages are 
aj)plied. 

Although the general procedure of solving for the currents in such a 
circuit is familiar, an example is given to illustrate the procedure. The 



source voltages and E,,,. are known unbalanced three-phase 

voltages supplied at the secondary terminals of a set of transformers* 
connected with secondaries in J". The load impedances are unbalanced 
and are equal to Z«, Z[„ and Z' ohms. The line wares have impedances 
Z„, Z/„ and Z^ ohms, and the neutral impedance is Z„ ohms. iVsolution is 
reciiiired for the three currents 1 ,, lo, and I 3 . The load impedances Zi 
and yjf. are reversed from the locations used in preceding diagrams in this 
chapter in order to make clearer the elements in the three loops selected 
for analysis. Also the loop currents are given numerical, rather than 
literal, subscripts in order to conform to the systematic method of solu¬ 
tion presented in Ch. VIII. 

The self- and mutual impedances of the three loops are: 

Zll = Za y^a + Z,i, [46] 

Z\2 = Zo] = Zn, [47] 

Z 22 = Z'b + Z^ + Zrt, [48] 

Z 03 = Za, = Z„ [49] 

Zaa = Zc + Z'c + Z,, [50] 

Zi3 = Z:h = Zn. [51] 

* The equivalent internal source impKnlanccs are neglected; they can be assumed to be 
included in the line impedances. 
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The three equations for this unbalanced circuit corresponding to the 
one equation for the balanced circuit are 

Ziili + Z 12 I 2 + Zisla ~ E„a, [52] 

ZojTi + Z22I2 + Z23I3 = [53] 

Z 31 I 1 + Z 32 I 2 + Z 33 I 3 = E;,c* [54] 


These equations are readily solved either by ordinary simultaneous 
methods or by means of determinants to find the three loop currents 1 |, 
I 2 , and I 3 . Each of these loop currents is a line conductor current, and the 
sum of the loop currents is the return current in the neutral condin tor. 
Voltage drops across any circuit elements are readily found, once the 
currents Ii, I 2 , and I 3 are known. 

Another method of solution which should be borne in mind for possible 
application is the node method as described in Ch. V^II. In this method, 
the source neutral is usuall}^ called the reference node, and the load neu¬ 
tral is either the only other node or one of the other nodes whose voltages 
are^^to be determined. 

On account of the special configuration of the T connected three-phase 
circuit, an alternative metliod of solution, exprc>sed by Eqs. 62 and 64 
to 66 , is widely used. In deriving these equations, three simultaneous 
equations are first wTitten, each expressing the Kirchhoff voltage law for 
one of the loops, as follows: 


loop naa'fl'n: 

Icia'CZ,! ~|“ Zf,) “{■ (\no' 4” 4“ 

[55] 

loop nbh'n'n: 

ibb'iT'b 4" Z/0 4“ df/rt' 4~ Iwe 4" l(r')Z„ = E,,?,, 

[56] 

loop ncc'n'n: 

Icc'(Zc 4" Zc) 4" (loa' 4“ 4" Icc')Zu = Enc- 

1-1 

C/1 

If 

Y ^ , 

“ z„ + z: 

[58] 


Yi, = » 

Lb 4- Lb 

[59] 


V ’ 

^'•“z. + zr 

[60] 


then multiplying Eq. 55 by Y„, Eq. 56 by Yu, Eq. 57 by and adding 
the results give 

loa' d" In'nYaZ/i + luh' + In'/iY^Z;, + Tr' 4" hYc'Ln 

= + Z„(Ya + Yft + Y.)] + tnbYfc + EnfYr- 


[ 61 ] 
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Therefore, 



j EwoYa + YinhYh + EnrYc 

" 1 + Z„(Y„ + Yb + Ye) ■ 

►[62] 

But from Eq. 55, 

laa' ~ EnaYa 

[63] 

hence 

I«rt' ~ Iyj,/,^Z/i)Ya, 

mi 


1/}/)' “ (E,,/, l7t/rjZn)Y5, 

►[65] 


Irr' ~ ^Eyjc c- 

►[66] 


Equations 64 to 66 may be solved directly for the three line currents 
by substituting the value of the neutral current l„^ri determined in Eq. 62. 


The values of the individual load phase voltage drops, if these are desired, 
are easily determined l)y calculating for each phase the product of its load 

impedance and its phase current: 


Va'rj,/ = laa'ZaJ 

[67] 


[68] 

= Icc'Z'. 

[69] 


The effect of phase order upon the currents and voltages in an 
unbalanced three-phase circuit should be understood. Equations 62 to 66 
show that the neutral current and the three line currents are all functions 
of the individual source voltages and the unbalanced admittances or 
impedances of the circuit. Different phase order of the source voltages 
leads to different values of the product terms such as E„aVa in Eq. 62, 
and in an unbalanced circuit the corresponding currents are, in general, 
different for the two different phase orders. Since the currents change as a 
function of phase order, so also do the circuit voltages, such as the neutral 
voltage change with the phase order. An interesting application of 
this property of unl)alanced circuits is the phase-rotation indicator, 
which uses the change in circuit voltages to furnish a visual indication of 
the phase order of a circuit. 

Next the unbalanced A-connected circuit of Fig. 27 is considered. Three 
loop-voltage equations and one current equation for this circuit are easily 
written, but the arithmetical labor of solution in any given problem is 
possibly greater by this method than by an alternative method in which 
the A-connected load is changed to an equivalent I"-connected load. The 
relations between the A impedafice and its equivalent Y impedance are 
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Fig. 27. Unhahmcrd A-c'onnectcd thrri‘-])hasc circuit with c(|uiva- 
Icnt 1’ Loniu'tlcii load iiiduatcd 1)\ l»rokt‘n liuts. 

j)rcsentecl in Fig. 28 and Fqs. 70 to 75 for ready referetue, the primes 
previously associated with load imiiedance nomenclalirf' being omitted 
for the sake of sim])licity. 




Fig. 28. lOquivalcnt unhalanced A and I'-ronncctcd inijK'datu'cs. 


1^ io A: 

d" ZaZi 

^ =■ - 

Z1Z2 4 * ZoZ-a “F Z;{Zi 
Zi 


Z., = 

z,. - 


Z1Z2 + ZjZa + ZaZi 

Lea = " 

A io V: 

y^ahLrn 


Z 2 - , 


'Lah 4 Z/„ + Zco 

Z/,f Lai) 


y^ah + Z/>r + Z,n 


Z 3 = 7 




Aah A^bc 4jp 


[70] 

[71] 

[72] 

[73] 

[74] 

[75] 
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The transformation from A-connected to F-connected impedances 
replaces the A-connected load of Fig. 27 with the F-connected load shown 
by the dotted lines Zi, Z 2 , and Z 3 . The circuit resulting from this change 
may be analyzed by means of the following two voltage equations and 
one current equation: 

IfiafiZa + Zi) — + Z 2 ) = [76] 

I,,,(Z, -f- Z2) - Irr^iZ, + Z3) = [77] 

Jaa' + + Ifc' = 0. [78] 


In connection with this problem, it should be carefully noted that Eq. 78 
must be used rather than the third loop equation, 

T,,.(Z, + Z 3 ) - U,(Z, + Zi) = [79] 


since Eq. 79 is obtainable from Eq. 76 and Eq. 77 and therefore is not 
independent. 

The discussion of this problem covers also the problem of the unbal¬ 
anced F-connected load without neutral. 

As a result of tests made with a voltmeter, the line-to-line voltages of 
a three-i)hasc system are often known in magnitude, but not in phase 
relation. These values are, however, sufficient to determine the phase 
relations if the ])hase order is known. At a 
given place in a three-phase system, the vector 
sum of the three line-to-line voltages must be 
zero; oth.-rwise one conductor would oi)erate 
at two different potentials, a physical absurdity. 
In geometrical terms, as shown in Fig. 29, the 
vectors representing the line voltages form a 
closed triangle, the angles of which are com- 
i)haM- ’A-(<Hinccted circuit, p'etely determined when the phase order and 
length of the sides are known. This relation is 
frequently of great value in solving three-phase circuit problems. The 
usual methods of plane geometry or trigonometry may be applied to the 
determination of these angles, or the following useful method involving 
inphase and quadrature components may be used. 

One of the three sides of a given line-to-line voltage triangle such as 
V/,r is called the reference axis. Then the sum of the components of the 
other two sides in phase with the reference vector equals the reference 
vector, and the sum of their quadrature components equals zero. 
Expressed in equations, these relations are as follows: 



Fk.. 29. Uiibalanct'd \olt- 
«iRc vectors in a three- 


I ca cos a + I ab COS 7 = 


[ 80 ] 
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and 

Vca sin a — Fab sin 7=0, [81] 

in which 

a + ^ + 7 = 180°. [82] 

Since all the voltages in Eqs. 80 and 81 are known, the values of a, /3, and 
7 are readily determined by simultaneous .solution. Angles a, li. and y 
are not the relative phase angles of the three vector voltages of Fig. 2‘), 
'I'he actual phase angles are readily determinerl by inspection, as follows: 
I)hase angle of Vb,- is 180 degrees; phase angle of is <«; {ihase angle of 
V„(, is -7. 

If it is de.sired to determine the phase currents of an unbalanced A-con- 
nected load, they can be obtained by solving for the ]'hase currents in 
the delta in terms of the line currents. From Fig. 27 the following ecjua- 
tions may be written: 


lart' — la' 

hr — Ir'a', 

1 - 1 

OO 

= — 

la'6' + Ife'eO 

[84] 

0 = Za 


[85] 

which with Eq. 78 give for Ihe desired j)hase currents the values 



“t~ Z//r' + Zr'a' 

[86] 

Ib'( 

y>n'h'^hh' 

Za'// -f h y^'u' 

[87] 

lu'U 

z<,'f/ + z^/c't* yr('a' 

oc 


9. Effect of source impedance 

In all the foregoing examples, the generator terminal voltages are 
assumed to be known and to be independent of the generator currents. 
This assumption is often true practically; yet, the source impedance 
must often be taken into account also, d'hen the solution of the jiroblem 
is greatly complicated, because of the interaction of the currents in the 
different phases within the machine, which necessitates the use of self- 
and mutual reactances of the windings or the use of the method of sym¬ 
metrical components as shown in this series in the volume on rotating 
electric machinery. If the three-phase source consists of three single- 
phase transformers whose internal impedances are known, a circuit prob¬ 
lem may be readily solved by whichever one of the various methods pre- 
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sented here applies to the best advantage. Series impedances located in 
the phases of a F-connected source present no special problem in circuit 
analysis, by either the looj) or node method, provided these im|X'dances 
can be indei)endently determined. For series impedances in the phases of 
a A-connected source, one method is to set up three equations similar to 
Eqs. 95 to 97 for voltage drops around the loops. For this purpose, it is 
convenient to convert the c ircuit diagram of Fig. 30a to the electrically 



Fig. 30. Circuit cliiiKnuns of unbalanced tlire(‘-pha=;c circuit having ^-connected 
generatoi with internal impedance. 


identical diagram of Fig. vSOb, whose g(‘ometric symmetry facilitates the 
setting up of tlie (‘(^nations. Tliese mathcmiatically symmetrical equations 
are readily solved by the' methods outlined in ('h. VllL A I'-c'onnected 
load is assumed. If the load is A connected, })ossibly a transfonnation to 
a Y connection is advisable before the solution is undertaken. 

The self- and mutual impedanc es for the loops of Fig. 30b are 


y^u 

Z,t/, 

+- 

“k 

Z(i , 

[89J 

Z22 

= Z,.r 

4 _ 

Z, ,1/ i 

n'' 

[90] 

Z;u 

” Z, ,1 

4 

Z<{ n f ■{ 


[91] 

Zi-. 

= Z.., 

= 

' t 


[92] 

z., 

= Z:,, 

- 

^en'i 


[93] 

Z:n 

- Z ,3 


Z,in' 

9 

[94] 


and the l<X)p equations are 

Ziili + 7 ^ 12^2 + = Ea&, [ 95 ] 

Z21I1 + Z22I2 + Z23I3 = Fbc, [ 96 ] 

Z31I1 + Z32I2 + Z33I3 = Eea. [ 97 ] 
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An alternative method of taking into account the unbalanced imped¬ 
ances of a A-connected voltage source is to convert the source into an 
equivalent F-connected source, and then solve the circuit problem as an 
unbalanced F-connected circuit by the methods previously outlined. 
When the source impedances all have the same impedance angle, this 
may be a quicker method of procedure. The necessary relations for the 
conversion of a A-connected source are given in Eqs. 98 to 100, which are 
derived in the following manner. Figure 31 represents the unbalanced 
A-connected source w^hose voltage ri.ses 1%/,, and l^,v, are the induced 
voltages in the corresponding source j)hahe windings; they are not the 
terminal voltages. Each source voltage with its associated series imped¬ 
ance is converted to an equivalent current source, as in Fig. 32. Next, 
the A-connected impedances of Fig. 32 are converted lo equivalent 
F-connected imj)edances, as in Fig. 33, using Eejs. 73 to 75. At the same 
time, each current source is broken into two jxirts as shown, so that the 
same source current leaves and approaches the terminals a, and c as 
before, while the current-source currenis at the fork of the F still total 
zero. Next, the resultant current sources connec ted across each F imped¬ 
ance arc combined into one current source, as in Fig. 34. The circuit of 
Fig. v34 can now be converted into equivalent voltage sources with series 
impedances, giving the conliguration of Fig. 35, which is the desired 
equivalent unbalanced F voltage source. The new voltages E^^, 
and \L,ir are induced voltage rises in each phase of the F-connected source; 
they are not the voltages actually available at the geiuTator terminals, 
except on open circuit. Ey final conversion from current sources to voltage 
sources and substitution of the projier values from Eqs. 73 to 75, the 
final relations arc* obtained: 


„ /I^ 

\I-ab 

E„e = Z3 (!'"■ 


4^ah/ 

f) 

K„A 

^ra/ 


Erf7 




^‘*nb» -'rri 

> 


^ab T 4jf,r “h Ar 


hjfjcAjfih 


y-'ab + T^bc + 

T^ab 4 - y^bc + 7 rn 


[98] 

[99] 

[ 100 ] 


It should be noticed that, unlike the method used in all previous con¬ 
versions of voltage sources to current sources, the one used in this solu¬ 
tion employs impedances rather than admittances. There is no value here 
in finding admittances, because no node equations are used. Likewise, it 
should be pointed out that each of the equivalent F source voltages 



N PI 


548 


POLYPHASE SYSTEMS 



Fk; 31. UnlKilancefl A-ron- Fk. M Unbalanced A-connected tur- 

nectrd generator with inter- rent sources equivalent to voltage 

nal impedance. sources of Fig 31. 



Fig. 33. I ransformation of A-ronnected ( urrent 
sources to }-coiinct ted ( urrent soun es. 



Fig 34 Union of parallel F-con- Fic. 35. Unbalanced F-connected 

net ted current sources of Fig vFF \oltage source equivalent to A- 

connected source of Fig 31. 
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determined in Eqs. 98 to 100 may have added to it an arbitrary constant 
vector voltage without afTecting the line-to-line voltages. Since these 
three arbitrary voltages form a zero-sequence symmetrical set wliich has 
no effect on the results, as is shown in Ch. XI, they may arbitrarily be 
called zero and omitted. In most practical cases, the A source voltages 
and impedances are balanced, under which conditions Eqs. 98 to 100 
become 


E 


u 


Ey 

' f 

\ s 


[ 101 ] 


in which the phase angles are determined as in Eqs. 2d, 3, and 4, or 
Eqs. 5c, 6, and 7, and 


Z 


u ~~ 



L45a] 


At this point, an interesting generalization can be n.ade. If Eqs. 12 to 
14, 18 to 38, 42 to 44, 64 to 66, 70 to 75, and 86 to 100 are examined, it is 
s(‘en that for geometrically symmetrical three-j'iuise cir( uit diagrams, it is 
necessary only to determine one ecpiation exjnessing a network relation 
from inspection of the diagram in order to obtain immediately the other 
two similar equations. When one ecjuation has been obtaiia^d, substituting 
for its subs(Tipts the next subscripts in cyclic ordc‘r aka for ])ositive 
sequence and ac ha for negative st‘quence givTs the other two. lor example, 
Eq. 87 is obtained from Ecj. 86 by .substituting Z«^;/ for hr' for 

I/,;/, and so on. This fact is also of value as a check on the accuracy of 
equations as set down. 


10. Power in three-pii.\se caRCTirrs and its measurement 

The power relations in a three-phase circuit recjuire s])ecial analysis. 
The vector power* absorbed by one phase, such as j)hase a of the F-con- 
nected load of Yig. 36, is given by 

P+JQ = = zLJ„„ = ZI'l - V„„V„„Y = NVl [102] 


where Vy and ly are the phase voltage and current, respectively, for the 
phase in question. The average power is the real part of the vector power, 
or 


E = ^vh cos 
= Rll^GVl 

= + 3[Vy-\3[lyl 


[103] 


• Article 21, Ch. IV. 
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This power is easily measured by any one of the three wattmeters 
Wa, Wb, or Wr connected as shown in Fig. 36, for each reads the power 
absorbed in one phase of the load. I'he total average power absorbed bv 



I'lci. 36. Threc-watlmctor connection for incasurcnicnt of power 
delivered to V-connected load with neutral. 



the load is given by the sum of the three wattmeter readings, as in Eq. 104: 
readings = VaJan cos 2C"'' + C,cos 

' ' '’bn 

f VeJen COS 

If conditions are Imlanced, Fxj. 104 becomes 

P = cos . ►[104a] 

If now the common j)oinl of the three w^attmeter potential circuits is 
removed from the load neutral as showm in Fig. 37 and instantaneous 
values of current and voltage are considered, the derivation which follows 
is made simpler and at the same time more general. If the currents in the 
wattmeter potential coils are neglected, the w^attmet(‘rs read as follows: 

wattmeter ir,, reads the time average of [Vaj, + 
wattmeter Wi, reads the time average of {vbn + 
wattmeter Wc reads the time average of (tv,j + "OnnOhn- 

The sum of the three wattmeter readings is 

2 ; readings = time average of I'anUn + nnhn + Venien ] 

"1“ T* ^hn “f* f<-n) j riOC"] 

= time average of VaJan + Vinhm + VeJen ^ 

= a\XTage power deli\Tred to load, 

since by Kirchhofl’s current law the sum of the currents is zero. Hence 
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the potential of is immaterial as far as the sum of the three readings is 
concerned. Of course the individual readings iu general havc‘ no signifi¬ 
cance unless n' is connected to Nothing given in this argument reejuires 
that the wattmeters be similar in design. In other words, all the foregoing 
theory applies whether the individual instruments have different poten¬ 
tial-circuit resistances or are used on different ranges. 

If n' is connected to one line — for example, c - the sum of the three 
readings is still the a\'erage 

power, since ft' can be at any _ ^ _ n 

potential, but wattmeter Wc | ? 

reads zero and is therefore not 

needed. This scheme is called I? 

the two-wattmeier method, which v 

is in general use for three-phase , 

systems without n(‘utrals. (^)—^ 

A caution should be men¬ 
tioned here regarding the alge- —WyAAr-| 

braic sign of wattmeter readings, -—i-_ 

especially imjiortant in the two- 

wattmeter method. Since a * Nsattniclcr tonmrlion for mcas- 

, . , . . i. . 1 4 utcmcnl of power cieliverL'd to 1 ^-conncctccI 

wattmeter IS SO constructed that , , / . 

. , load wit lion 1 neutral. 

it can distinguish the direction 

of energy how but reads only in one direction from z(to, this instrument 
is always connected in the circuit so that it reads ui)scale. Tlif‘ reading 
may, however, represent either a positive or negali\'(' \ a1ue of jiower in a 
given direction. It is necessary to know which sign to attacli to the read¬ 
ing before using it. 

The following jiaragraphs show that, if the load jiower factor of a 
balanced three-jdiase load is less than 0.5, th(‘ r(‘ading of one wattmeter 
in the two-wattmeter scheme is negative. It is, therdore, important, in 
connecting wattmeters in a circuit, to know that ])ower in a given direc¬ 
tion causes an upscale dellection. ddiis fact c an be l(‘sted in any of several 
ways, the simplest of which is often to measure the jiowct delivered to a 
small resistance load, and note the wattmeter coniu'c lions. An alternative 
test consists of connecting the curremt coils in series and the potential 
circuits in parallel, and noting the corres])()nding terminals for upscale 
deflections. This te.st can be made on a suitable circuit of any power 
factor. If, after both wattmetcTs have bc‘(*n conncTted symmetrically in 
the circuit, the current-coil ('onn(*ctions or the jxitential-c'oil reversing 
switch of one instrument must be revcTsed to obtain an uj^scale deflection, 
the wattmeter readings have oppo.site signs. 

The individual readings obtained when the two-wattmeter method is 
used to measure the power input to a balanced F-connected impedance 
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load without neutral connection to the source are now considered in more 
detail. This circuit arrangement is shown in Fig. 38a and the various vector 
voltages and currents in Fig. 39. If wattmeter Wa is so connected that it 
reads upscale when the V load is removed and a simple resistance load R 



Fig. 38. (a) Two-wattmeter connection for measurement of 

power in a three-wire three-phase circuit; fb) Connections for 
testing polarity of w'attracters. 



Fig. 39. Vector diagram for computation of power as measured by 
the two-wattmeter method in a three-phase circuit. 

is connected between a and c as shown in Fig. 38b, an upscale reading 
means an energy flow from left to right. Such a reading is called positive. 
In the circuit of Fig. 38a wattmeter Wa reads the product of the current 
/an? the voltage Fac, and the cosine of the angle between their vectors (the 
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potential-coil current being assumed as negligible). This wattmeter read¬ 
ing is* 

Pa = JanVac COS ^ v„. ' [l06] 

p’rom Fig. 39 it is seen that 

Pa = haVac COS {d - 30°), [106a] 

where 6 is the angle of the phase impetlance Z. 

Tn a similar way it is seen that wattmeter W'l reads 

Ft =cos 2^"; , [107] 

' ^ be 

or 

Ph = hnV^c COS {e + Mf). [107a] 

Equations 106a and 107a show that if 6 is ne^juvcly c^reatcr than —60 
degrees, wattmeter ]Va reads negative, and if J Is positively greater than 
+ 60 degrees, wattmeter H'?, reads negative. 

In interj)reting the meaning of wattmeter readings, the use of vector 
diagrams of the tyj)e illustrated in Fig. 39 is very effective. In fact it is 
difticult to interpret power measurements, other than the sum of watt¬ 
meter readings, by any other method. The student should therefore 
develop facility in this use of three-phase vector diagrams^ 

Although this discussion of the two-wattmeter method indicates 
that two separate instruments are used, it is customary in practice to 
construct three-j+ase wattmetc^rs in one unit, the two elements ])eing 
mounted on a common shaft so that their total torciue rotates the indicat¬ 
ing needle to a scale reading representing total i)Ower. By far the most 
common a})plication of this })rinci;)Ie is the polyphase walthour meter, 
in which two rotating disks mounted on a common shaft furnish the 
driving torque to operate the energy-integrating mechanism. 

In the foregoing discussion the use of two wattmeter elements in a 
three-ware, three-phase circuit has been demonstrated. This is but a 
s])ecial case of a more general method of pow^r measurement that can be 
stated as follows: The average electric ix)wer transfer along any n con¬ 
ductors whatsoever in which th(‘ sum of the currents is zero can be 
measured with n — 1 wattmeter elements. The various current coils are 
connected in any w — 1 of the conductors. One terminal of each jx)tential 
coil is connected to the same conductor as its corresponding current coil. 

* Though the symbol P is used for wattmeter readings, it should be remembered that 
wattmeter readings frequently may not represent actual power. 
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The other ends of the potential coils are connected together and to the 
conductor in which there is no current coil. The proof is exactly the 
same as that preceding 105, but contains n terms instead of three A 
simple example is the use of three wattmeters to measure the power in an 



( urti V (tnural i Uctrit Co 


Pol>phabc Wtitlhour inttor, whuh iiilt grates Iht power of a three-wire 
sv^tcni and sliows total tntrg> on its dials. 

unbalanced three-phase F-connected system having a neutral, as illus¬ 
trated in part (e) of the illustrati\c example, Art 14 

Thus far in this article, only F-connected circuits ha\e been considered. 
For A-connecled circuits the usual method is the two-wattmeter method, 
since no neutral is a\ailable The two-wattmeter method merely gives 
the total power and indicates nothing about the incli\ndual phase powers 
unless the circuit is entirely balanced. If the circuit is balanced, of course, 






THREE-PHASE POWER FACTOR AND REACTIVE POWER 555 


the three individual phase jx^wers arc ccpuil, and earli is e(]ual to one- 
third of the total power. An individual phase ])owt*r can he measured by 
a wattmeter only if its current coil is put in sencs with the phase and its 
potential coil across the phase. 

The n - 1 wattmeter method is perfectly jj;t‘iH‘ral, rej^ardless of the 
wave forms of voltages and currents. However, a word of caution con¬ 
cerning the T-connected system with neutral is advisable at this juncture. 
Iwen with balanced loads, currents of third harmonic frequency, or multi¬ 
ples thereof, can exist in tlie neutral and make necessar\ the use of the 
three-wattmeter method for the correct mt‘asuremenl of total ^x'jwer. 
The subject of harmonics is discussed in subseipient volumes of this senes. 

11. Three-phase power factor and reactive power 

An understanding of the limitations of meaning of jx)wer factor 
and its measurement is important in the theorv of thn‘e-phase circuits. 
The power factor of a two-terminal circuit, across which Iherv' is a volt¬ 
age drop of effective value V and in which thciL is a current of effective 
value 7, is defined by 

/> 

power factor = 

in which P is the average jiower input to tlu‘ circuit. If the voltage and 
current are sinusoidal and have the same* fri‘(jui'n(y, the power factor is 
also ec:iual to the cosine of the angular dis])lacement between the voltage 
and current. The cosine definition of power faitoi has significance only 
for a two-terminal network and for a single frecjuency of current and 
voltage. As apjdied to three-j)hase circuits, tlie same definition of power 
factor has significance if the wave forms of voltages and currents arc 
sinusoidal and conditions are completely balanced. In this case the power 
factor of one pha.se is said to be the power factor of the circuit. It is 
readily determined from the line* currents and voltages or phase currents 
and voltages and the total power. Thus 

PaA- Ph = ^VylL cos 0 - AVJ ^ COS 0 - COS B, ►[109] 

where Vy is the voltage to ncaitral, \ a is th(‘ line-to-line voltage, Ij, is 
the line current, and I a is the delta current. ()n(‘ of these relations pro¬ 
vides the usual means for determining the jxiwct fac tor cos B. 

Another method of determining the power factor involves the sum and 
differences of the two two-wattmeter readings Pa and ]\. By applying the 
trigonometric identities 

cos (x ± y) = cos X cos y sin x sin y 


[ 110 ] 
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to Eqs. 106a and 107a, and taking the sum and the difference of Pa and 
Pb one may easily show that, for balanced circuit conditions, 


tan B 


V3 


Pa - Ph 
Pa + Pb' 


► [ 111 ] 


It is to be emphasized that power factor has the usual physical signifi¬ 
cance in a three-phase, or any polyphase, circuit only when conditions arc 
completely balanced and wave forms of current and voltage are sinusoi¬ 
dal.^ However, the term power factor also has wide commercial applica¬ 
tion to unbalanced loads as found in practice. For such loads, power 
factor is defined as 


power factor = 


total active power 


V(total active power)^ + (total reactive power)'^ 


LI 12] 


This definition of power factor is important in that it establishes a means 
of measuring the quality of the load in any part of a power system. The 
reactive-power term represents an undesirable element in the operation 
of power circuits, as explained in Art. 20, ('h. IV; in contracts for the 
sale of {xiwcr, therefore, power factor is often used as a basis for encourag¬ 
ing the purchasers of wholesale |X)wer to keep to a satisfactorily small 
fraction the ratio of their use of reactive ])ower to their use of active 
f)ower. The total active power in Eq. 112 is measured by any approjiriate 
method; the total reactive power is measured by one of the following 
methods. 

If wave forms in the circuit are known to be sinusoidal, the reactive 
jx)wer of each phase is the imaginary part of the vector powxr of that 
phase, or in Fig. 40 for phase a, 


Qa = VaJnn sill 2^“; 


[113] 


and the total reactive power of the circuit is, for balanced conditions, 

Q = Farjlan + l^hn^hn ^^iu 

+ l’r,Jcn sin 2^''^" 

Q = 3F„„7„„ sin 2C"" . [114a] 

“ A. E. Knowlton, “ Reactive Power Concept*; in \eed of Clarification,” A.LR.R Trans.^ 
LIl (1933), 74-t-747; V. G. Smith, “Reactive and Fictitious Power,” id., 748 751; J. A. 
Johnson, “Operating Aspects of Reactive Power,” id., 752 757; C. L P'ortescue, “ Power, 
Reactive Volt-Amperes, Power Factor,” id., 758-762; W. V. Lyon, “Reactive I’ower and 
Power Factor,” id., 763-770; W. H. Pratt, “ Notes on the Measurement of Reactive Volt- 
Amperes,” id.y 771-779; discussion of these articles, id., 779-781. 


[114] 
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For the connection indicated by Fig. 40a, it is seen from the vector dia¬ 
gram o*f Fig. 40b that the reading of the wattmeter is 



T'lc,. 40. t'ircuil connections and vector diagram for use of a single-phase watt¬ 
meter to indicate total leactive power in a balaiued three-phase circuit. 


Hence 




►[ 116 ] 


Equation 116 therefore j)ermits the statement: 

►in any balanced three-phase linear circuit whose source voltages are 
sinusoidal, the total reactive power is equal to V3 times the reading of a 
single-i)hasc wattmeter whose current coil is connected in one line con¬ 
ductor and whose potential coil is connected across the other two line 
conductors.^ 

If conditions are unbalanced and the circuit has a neutral, total 
reactive power may be measured by adding the readings of three reactive- 
power meters connected to measure the reactive power of each of the 
three phases. However, where the wave-forms of the circuit are sinusoidal 
and there is no neutral conductor, it is usual to measure reactive power 
by the use of two reactive-power meters or a two-element polyphase 
reactive-power meter connected like the two wattmeters of the two- 
wattmeter method shown in Fig. 41. Each of these instruments reads 

VI sin 2^^, as mentioned in Art. 20, Ch. IV. By a procedure similar 
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to the development of Eq. 105, the total vector {X)wcr can be shown to be 

+ V^vJen = Vrtclan + Vbcibn, [^^7] 


or 

P = VaJan COS 2^“" + ^^1.. COS 2^"; 

' ^ ac ' ^ be 

+ j{v.,J.,„ sin + T't,/„.sin2^*’;J, 


[117a] 



Fig. 41. Two reactive* \ol tarn meters connected to indicate reactive 
power in a three-phase three-wire circuit. 

from which the total reactive power is 

() = FuJ„„ sin 2^“” + VhJin sin 2^“ 

' ''ac ' '6r 

” (?a 4- Qh’ 

The two terms of the right-hand member of Eq. 1 bS represent the respec¬ 
tive readings of the reactive-power meters of Fig. 41; their sum hence is 
the total reactive power of the load. For circuits having more than three 
wires, the n — 1 react i\'e-{K)wer meter method, analogous to the n — \ 
wattmeter method, can be used. 

12. Reasons for the use of three-phase systems 

Since thrt‘e-i)hase systems are so widely used, it is natural that the 
question be asked: What advantages has the three-phase system which 
have led to its wide adoption by the central-station industry?^’ One line 
of investigation is to determine whether three-phase systems have any 
superiority from the standpoint of economy. In the table on page 560 
a comparison is worked out among the various systems most commonly 
used, the results being very helpful in answering the question of relative 


[118] 
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economy. This tabic is based upon the assumption*^ that a certain maxi¬ 
mum voltage V above ground potential is permissible and that the load P 
is divisible into any number of equal elements, which latter assumption 
is valid for large total loads divided among many users. The column 
headed Relative Power Loss expresses the relative heat loss in the circuit 
conductors of a balanced system, referred to the two-wire single-phase 
system with grounded source neutral as a base, and the column headed 
Relative Weight of Conductors refers to the same base and uses for com- 
})arison the conductor material itself, uninsulated. The last column, 
headed Relative Utilization, is the most interesting one; it expresses an 
aj^parent relative economy, assigning ecjual value to losses and to con¬ 
ductor weight of all the systems, again referred to the two-wire single¬ 
phase system with grounded source neutral as a base. It is recommended 
that the student check the derived results in all columns as an exercise. 
The entire table is based on conditions of unity power factor, for such 
an assumption is valid for a study of relative performance among the 
systems. 

The column headed Relative Utilization, while important as a rough 
(omparison of the economic efheiem ies of the > carious systems, should be 
used with discretion. In arriving at the ratios presented in this column, 
it is assumed that line losses and conductor weight have the same value 
in a cost comparison, an assumption that may be far from the truth. For 
example, the two three-phase three-wire systems both have the same 
relative utilization as the single-idiase two-wire system with grounded 
source neutral. The three-phase line losses are 66.7 j)er cent of the losses 
in the single-jihase system, however, so that if the cost of losses is more 
important in a particular case than are the fixed charges on the conductor 
installation, the three-phase system is delinitely superior from the stand¬ 
point of cost. In another very important sense the three-phase systems are 
superior, because the lower line loss involved in delivering power to a 
certain load at a given voltage to ground means that, for a constant source 
voltage, the voltage at the load is subject to less fluctuation with the 
three-phase system than with the apparently equivalent single-phase 
system. This is a very strong argument in favor of the three-phase system, 
for the voltage available at a load should be as nearly uniform as possible 
to give satisfactory operation. 

The comparative results in the column headed Relative Utilization 
indicate that economy cannot in general account for the advantages of 
three-phase systems over others, as any savings they may cause result 
from a particular, rather than general, comparison between the value of 
conductor loss and the value of fixed charges on conductor installation. 
Polyphase systems of all classes are used principally because they provide 
a means of transmitting energy in a form which is readily adaptable to 
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COMPARATIVE ECONOMY OF TRANSMISSION SYSTEMS 



* Here means pha^e, a common usage. 
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the power requirements of electric motors. Polyphase motors have better 
starting torque characteristics and more uniform running torcjuc tlian 
single-phase alternating -current motors. 

The instantaneous power flow in a balanced polyphase circuit is con¬ 
stant, in contrast to the pulsating instantaneous })o\v(‘r in a single-phase 
circuit. In a balanced three-phase system, if pi,, and are the instaiv 


taneous powers in phases a, h, and c, respectively, 

Ca = Em COS Co/, [110] 

C/, = E,n COS U + 12(f), [1201 

C( — Efn cos (<ji)t + 24(f), 11-1] 

arc the instantaneous F-connected source voltages in phases a, />, and c, 
respectively, and 

ia ^ Ini cos (u)t + 6), [Ml] 

if, - cos (co/ + (? -4- 120”), [123] 

cos (ool 0 » 240”) [124] 

are the instantaneous source currents in phases a, 6, and c, respectively; 
then 

pa = eja = I cos (2w/ 4 0)+ COS 0], 

ph = ^hib — + 0 + 24(f) + cos 0], [l^b] 

pc = + 0 + 4S(f) + cos 0], [127] 

and 

pa 'T ph pc ~ ^ EmIm COS 0 ~ ^EjJy COS />, ^[128] 


since the sum of the llrst cosine terms in Kqs. 125 to 12< is zero, liquation 
128 shows that the instantaneous total power in a balanced three-phase 
system is constant and hence equal to the average power, a fact which can 
also be shown for all symmetrical jK)lyphase systems. 

A polyphase motor, though not a passive load, is a ])alanced load. The 
constant flow of power imi)lies a constant torcpie which gives polyj+ase 
motors a minimum of vibration. Polyphase motors are rugged in service, 
simple in construction, and operate in dust-laden atmosi)heres with less 
trouble and maintenance expense than do motors which, unlike most 
polyphase motors, have commutators, l+ese reasons explain the use of 
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polyphase systems for operating electric motors, but they do not show 
why the three-phase system in particular is in such wide use. The experi¬ 
ence of electrical machine designers shows that the symmetry of the 
three-phase system permits more efficient use of material and space in 
electric motors and generators than does any other polyphase system 
not requiring the complication and expense of more connections (and 
probably auxiliary transformers). In common with this view, electrical 
engineers in the public-utility field find certain advantages in the three- 
phase system for transmission and distribution. The three-phase system 
has the least number of conductors possible in a symmetrical polyphase 
system; hence the smallest possible number of insulating supports are 
required in open-wire lines, with the minimum resultant exposure to the 
elements, flash-overs, and mechanical damage. The same reasoning 
indicates an advantage of three-phase systems in underground cables, 
where the possibilities of insulation breakdown are in proportion to the 
number of conductors required. 

13. Other polyphase systems 

Certain special types of equipment when built in large sizes can show 
sufficient economy to justify having more than three phases. One ex¬ 
ample is the synchronous converter. 
Theoretically this operates most efficiently 
with a large number of phases, but the 
economic balance between energy c(^st and 
machine cost indicates that six phases arc 
best. Another example is the steel-tank 
mercury-arc rectifier, which is built in 
commercial sizes in six-, twelve-, and 
eighteen-phase types. In the communica¬ 
tions field, a twelve-phase supply to the 
vacuum-tube oscillators in radio transmit¬ 
ting stations is sometimes employed. All the 
systems mentioned here have numbers of 
phases which are even multiples of three, because by means of special 
transformer connections these systems can receive their energy from a 
standard three-phase source. A set of balanced six-phase voltages and cur¬ 
rents with their phase angles is showm in Fig. 42. It is also possible 
to obtain two-phase or four-phase outputs from three-phase lines by use 
of the proper kind of transformer connections. All these polyphase sys¬ 
tems can be analyzed per phase for balanced conditions, and for un¬ 
balanced conditions can be analyzed by methods similar to those used in 
three-phase analysis. 



Fig, 42. Vector diagram of 
phase currents and voltages 
in a balanced six-phase sys¬ 
tem. 
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14. Illustrative example of three-phase power line 

Figure 43 represents a four-wire, three-phase rural electric line operated 
by a public-utility company for distributing power from a substation at S 
along a state highway through a prosperous farming district to the point 
IF. Most of the loads are single phase and are served through transform¬ 
ers whose connections to the supply circuit are arranged to result under 
normal conditions in a balanced load along the line from 5 to W. The 
substation is of capacity so large that, In calculating the characteristics 
of the distribution line, the substation may be considered a pure voltage 
source without internal im])edance. At P are located sectionalizing cut¬ 
outs which are hand-o])erated switches incorporating fuses that blow 
when accidental grounds or short circuits occur along the I’lie between P 



and W. Typical transformer connections are indicated at () and V. 
Actually many such transformers are distributee^ along the line, for serv¬ 
ing the loads at secondary voltage. The section of line from to P is 
quite old and operates under a Y system, all load transformer primary 
windings being rated 2,300 volts and connected from line to neutral. 
From P to W is a new extension oj)erated as a A system without neutral, 
the transformers having primary rating of 4,000 volts. Under normal 
conditions the line-to-line voltage measured at P is 4,000 volts, and the 
load measured at P which results from the line PW is 150 kilowatts 
balanced, with a power factor of 90 })er cent lagging. 1 iie distributed load 
between 5* and P may be represented by an equivalent F-connected 
balanced load of 135 kilowatts, with a p)ower factor of 85 per cent lagging, 
concentrated at P. The impedance Z of each line conductor from S io P 
is 5.10 + jl.bO ohms, and the impedance Z„ of the neutral conductor is 
12.0 - 1 - 73.00 ohms. 

The problem is divided into the following parts, each of which illus¬ 
trates an important general category of three-phase circuit calculations: 

(a) The determination of power input, {X)wer factor at the substation, 
and voltage drop in the line under balanced conditions. 





(61 The cakulation of load voltage with balanced source voltage and 
divua aiiced load xesulting from a break in the line. While load conditions 
ax^ TiOXinal, the a-phase conductor is broken during a storm by a falling 
tree limb at a point T just beyond point P, and in falling makes contact 
with the 6-phase conductor, blowing the t?-phase fuse at P. After this 
momentary short circuit, the a-phase wire comes to rest on a stone wall, 
in a clear and ungrounded condition. It is desired to calculate the voltages 
from each line wire to neutral at the point P under these conditions if the 
voltage at the substation is maintained at the value found in (a). 

(c) Discussion of the physical situation resulting from broken line 
conductor. 

(d) The construction of a complete vector diagram of circuit 
conditions. 

(e) The calculation of vector power and power factor at the source 
under unbalanced conditions. At the substation 5, are a three-element 
wattmeter and a three-element reactive-power meter for indicating and 
integrating the load of the distribution line. The indications of the ele¬ 
ments are to be calculated. 

Solutions: (a) Power and Voltaire Drop, Balamed Conditions. The equivalent circuit 
diagram is rei)resented in Fig. 44. 'the load from P to IV is represented by the 
A-connected impedances Za'bo and Zau'y and the concentrated load equivalent 



Fig. 44. I^iuivalent circuit of rural power-distribution line. 

to the load from S to P is represented by the F-connected impedances Zn'bq 

and Zn','. The total load vector-power value may be determined by adding the Y- 
and A-connected vector powers. In Fig. 45, which represents load vector power, 


a 

=- cos ' 0.90 

-26°, 

[129] 

p 

= cos"' 0.85 = 

-31.8°, 

[130] 

Ca 

= 150 tan (-26°) = 

— 73.0 kvar, 

[131] 

Qu 

- 155 tan (-31.8°) = 

— 83.6 kvar; 

[132] 

total load 

= 

— 156.6 kvar; 

[133] 

total load kva 

= = V285 

+ 156.6“ = 325 kva; 

[134] 
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285 

combined load power factor = = 0.878, lagging, 

[135] 

e = co.s-» 0.878 =- -28.6", 

[136] 

The load power of one phase i^ 


_ . 285,(KX) , /4,000\ ^ 

^oo'l a'n' COS 6 — ^ — Jan' ^ J (0.878), 

[137] 

whence 


laa' = 46.8^-28.6° amp, 

[138] 


using Vu'n' as reference. 



The substation voltage to neutral is 

Ena = U'Z -f " (46.S -2S6)(5.10 4 j2M)) -f 2.^0 
= (46.8; -28.6) (5.73 '27°) + 2,310 - 268 -1 6^^ f 2,310 
= 2,580 ^ - ()^ V. 


im 


Since lags En,. by 28.4 degrees, the I>o^^er 


factor at the substation is 0.880, lagging. 'Fhe 
total substation power output P„ is 

J\ - 3(2,580 X 46.8 X 0.880) 

=-- 318,000 w. [140] 

(b) Load Voltaf^c, Load Vnhalamed. 
d'he solution of this part of the example 
involves the application of some judgment, 
d he impedances Z„/,/ and reprc.sent 

the loads of customers along the line. W hen 
the fus(* in phase a at P blows, it is evident 
that these impedances are now j>laced in 
series across the voltage as shown 

at b'm'c' of Fig. 46, Hence the customers’ 
lights and appliances all receive voltages 



Fio. 46. Circuit diagram of load on 
power line In^yond break in phase-t/ 
londiK U)r. 


well below their rating. Some users may 

disconnect their loads, whereas others leave their loads connected. Some of the load 
is in motors and, since it is an active rather than a passive load, it changes its ap- 
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parent impedance. As a result of these factors the connected impedances and 
Za'6' may change markedly. Calculations can, of course, be made for any reasonable 
assumption, but to illustrate the method only one such calculation is carried out 
here, based on the assumptions that half the load is disconnected by the users or by 
automatic protective devices, and that the remaining half retains its original imped¬ 
ance. Before the storm, under normal conditions, 


50,000 _ . _ ^ 

Vi, cos e 4,000(0.90) ■ 

IA = 13.9 /-26° amp, 


[141] 

[141a] 



4,000 

13.9 /-26 ° 


= 288/26° ohms, 


[142] 


in which the A*s indicate values for one phase of the A connection. With half of the 
load disconnected, the impedances representing the load are doubled. 

Zfc/m' = = 2(288/26°) = 576, 26° ohms. [143] 


Z 



Fig. 47. Kcjuivalent circuit of power line after break in phasc-(7 conductor. 


The combined circuit load is now’ represented by Fig. 47. The combined impedance 
Z' connected line to line between // and (' is now 


Z' = 


(288 26°) (1,152 2^) 


= 230 26° ohms. 


[144] 


288 26° 4- 1,152 26° 

The F-connected impedances, w hich are not changed by the storm, are now deter¬ 
mined, from the original data: 

Py 45,000 


Vy cos 0, 


2,310(0.85) 
ly = 22.9/^31.8° amp, 

2,310 


= 22.9 amp, 


z - - 

tjy — — 


22 9 -.n.8' 


- = 101.0 ''.M.8° = 86 + ys.^.3 ohms, 


[145] 
[145a] 

[146] 


in which the subscript v’s indicate values for one phase of the Y connection. 
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Applying Kirchhofl’s voltage la\\s to the k>ops of Fig. 47 gives 


Toa'(Z -b Zy) T (1,1,/ f- b,// t 

En.,. 

[1471 

Jbb'Z -f (b,/,/ — l')Z^ -t (b,./ i Iw/ t- 1 

')Zn - E,u, 

[14S1 

Lt'Z -f (b<' F I T (b„/ T Iw/' h I 


[1491 

Equations 147 to 149 ma>’ now be added: 

(laa' + Ibb' -F b/')(Z F Z^ A 3Z,A - E,„i + 1 

iF.i, b E,„. ” 0. 

[1501 

Hence 

Ton' f Iw.' 1 b.' “ 0. 


[1511 


Kquation 151 shows that no current is in the neutral comluetoT; lienee the pt)int. > ' 
and n arc at the Siime ])otential. therefore it is possible to omit tlv* neutral conducioi 
from the circuit diagram. At the same time the load may be itMu into the simiile 
form of Fig. 48 by means of the A V transformations given in t\<is 75 to 75. 'Flic 
calculations follovN: 

(101 51 8*^)" 10.2(X) (AXV 

2001 1 -^0 2(V \7l -1 ;10()5 f ^07 | jA)\ 

(10,2(K) 65(0 l().2tH) (>5()° ‘ I 

"" "576 t /207.5 452_28 7'^ 

= 25.6'54 - 16 5 i /15.5 ohms, 


(101 51 8°) (250 2(0 
452 28 7" 


55.8 26 F 


= 47.0 I j26.1 ohms. 



Z 


Fio. 48. Transformation of circuit of lug 47 into three-wire 
unbalanced I -connected system. 


The resulting circuit (Fig. 48) is electrically unsymmetrical. However, the circuit may 
readily be solved by considering each line conductor in turn, as follows, using Ka as 
reference: 

y _ Fn a __ 2,580_^ 2,580 ^ .51 ..S'’amp, [154] 

Z + Zy 5.1 + j2.6 H 86 -f i53.3 107 '31.5^; 
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\k' 




Ikb' 




-\n'k’ = -Iaa'(Zi/„-) = (24.1 /148.5 )(23.6/34.9) = 569 /183.4 v. 


^nb - Vif'n ' _ -1,290 - j2,240 + 569 +734 _ -7 21 - 72,206 
Z + Zk’b' ~ 5.1 + j2.6 + 47.0 + 726.1 " .52.1 +728.7 

2,320/-108.1“ 

^ -r- = .38.9/-136.9“ = -28.4 - 726.6 amp, 

59.6 /28.8° ^ 


E„, - W ^ -1,290 + 72,240 + 5 69 +7.34 
Z + Zi',' 59.6 /28il° 


-72 1 +72 .274 

59.6/M.^ 


2,380 '107.6° 

59.6:(^-' -39.9/7M!= 7.75 + 7 - 39.2 amp. 


[1551 

[1.56] 


[1571 


As a check on the numerical work, Eqs. 154,156, and 157 are added, giving 


O = 20.5 -yi2.6, [1541 

U, - -28.4 -7*26 6 , [156] 

T. ,/ 7 .75 + j39.2^ [157] 

- -0.15 +7*0.00, [158] 


a satisfactory check. By ii.se of the line currents, the line-to-neutral voltages at the 
point r are now determined: 

Va/n/ = laa'Za'n' == (24.1 /-31.5 ^)(101 31.8° ) ■= 2,440^0_3° V, [159] 

\V«' =- hu'ZfP,. 4 - (38.9/- 13J'^°) (53.8 ^29 r) j 569/183 4° | 

= 2,09 0/-107.8° + 569 ^183.4° - - 647 -7*2,000 - 569 - 7*34 [160] 

= -1,216 -7*2,034 = 2,370 /-120.9° v, | 

V,/n/ - = (39.9 78.8°)(53 8 , 29.1° ) f 569 183.4° ] 

= 2,140 /107.9° 4 569J83 4^ - -657 + 7*2,050 - 569 - 7*34 I [161] 

= -1,226 + 7*2,016 = 2,360 121.3° v. 


(c) Discussion of Physical Situation. +hc line-to-line neutral voltages at P are 
shown vectorially in Fig. 49. The voltages at P remain almost symmetrical, except for 
a 5.6 per cent increase in magnitude of the voltage Va'n' from phase a to neutral. The 
voltage between conductors b and c becomes 

VV./ = \V;*' - V.'n/ - -1,216 -7*2,034 + 1,226 -7*2,016 - -7*4,050 v, [162] 


which is practically normal. In this particular situation, even though the line currents 
are unbalanced, no current is present in the neutral, whereas in general there is neutral 
current in a I^-connected system when conditions are unbalanced. Tt is of interest to 
determine the voltage Vm'n' (Fig. 46), which is the approximate voltage to ground at 
the end of the broken conductor on tlie TF side of the break at T. 

\m'n' = IW'b' + VV„/ = 72,025 - 1,216 - 72,034 = -1,216 - 79 , [163] 

Vm'n' = 1,216 V. [163a] 

I'he voltage which is present at this broken conductor is dangerous to life, even though 
it is on the side of the break which is aw'ay from the source of supply to phase a, which 
source is de-energized by the blowing of the fuse at P, Operating utility men call this 
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conditionjfrM becau^; the con.luctor beyon<l (he break is cnergued bv a feed 
through the transformers connected between it and the energized conductors. 

The voltages from conductors h and r to the former ,• phase con.lurtor (now called 
m ) are readily calculated: 


Wm' - Wn' - \m'n' = - ;2,0M \- ^,2U) f /) = -j2,02S V. [\(A] 

yc'm' = Wn/ - \ = -1,226 ^-y2,0l6 -f- 1,216 4 j() -- /2,()25 v. fl65] 

Since the normal voltage betueon an\ tvNo con(Ki( ti)rs between P and W is 4,00() volts, 
the customers served from transformers c(uinectcd to the (/-jihase conductor receivx* 




I'k;. Xerlor diagram of three [diasc rural di<^tril)ution line 
operating with bioken londiK lor in phase </ 


alx)ut 50 per cent of normal voltage, bastd on the assum])lions made in (b) concerning 
the reduction of connected load. 

(d) Veclor Diagram. As a check on the precision of the calculations, a vector dia¬ 
gram indicating all the circuit conditions is plotted in hig. 46. 'Fhe voltage drops in 
the line conductors from S to P are first calculated: 
iR drops; 

phase u: \aa'Raa' ^ (20.5 - /12.6)f5.1) - 104.6 - >64.2 v, [166] 

phase h: \,,'RHh' - i -28.4 - /26.6)r5.1) - 145 - >156 v, [167] 

phase r: \,c>Rn> = (7.75 -t >59.2)(5.1) - 59.5 -f >200 v; [168] 

phase cz: \aa>jXaa' = (20.5 ->12.6)02.6) - 32.8 +>55.4 v, [169] 

phase ft: Iw,- jXw =- (-28.4 - j2(>.6)(j2.6) = 69.1 - j73<) v, (170] 

Phaser: h.’jXcr- ■= (7.7.S T y.W. 2 )( 72 . 6 ) - -101.8 +^20.1 v. [171] 


I.Y drops: 
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Ihe work can now be checked by calculation of the source voltages: 

= Va'n- + laa'Z = 2,440 +.;13 + (104.6 - y64.2) + (32.8 + y53.4) 

= 2,577 +j2.2 = 2,577/0° v, [172J 

+ ibb'Z = -1,216 -i2,034 + (-145 - yl36) + (69.1 -J73.9) 

- -1,292 - ./2,244 = 2,585 /-120.1° v, [173] 

Enr = V,-„- + hr'Z - -1,226 + 72,016 -f (39.5 + 72(K)) + (-101.8 + 72O.I) 

= -1,290 + 72,236 = 2,580/+ 120° v. [174] 

I'hese values agree very well with the given source voltages. 



put windings 


Fig. 50. (Connections of siifistation instruments indicating active and 
reactive pouer deli\ered to three-phase rural distribution line. 


(e) Calculation of Sounc Power, Load Vnhahuu cd. The connections arc shown in 
hdg, 50, except that the necessary instrument transformers are omitted to simplify the 
diagram. 

Wattmeter readings: 

Pa -- E,Jna COS 2^"" 


- (2,580) (24.1) COS (-31..5°) - 53.1 kw, [175] 

Ph = Enklrh COS 2^'j'. 

- (2,580) (38.9) COS (-16.9°) = 96.3 kw, [176] 

2 f — Ein 7 rif Cos 2^— j 

= (2,.580) (.39.9) cos (-41.2°) = 7 7.6 kw, [177] 

Total active power 2* = 227.0 kw. [178] 
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Reactive-power meter readings: 


Qa - fena/n« sin .V" 

* ^ na 

= (2,580)(24.1) sin {-MS') 
Qb == sin 

* ^ nb 

- (2,.S80)(58.0) sin (- 16.9"’) 
Q, = E,Jn, sill 2^'" 


52.4 kvar, 


-29.2 kvar, 


[179] 


[180] 


- (2,580)(59.9) sin (-41.2") -- -67.7 k^a^, 

Total reactive power {) -- -129.5 kvar. 

Vector power = P j j() -- 227 kw' ~ /129 kvar. 


P 

Power factor = —r ~ 

V + (^- 


_ 227 

V (227)“ -T (1297“ 


2^7 

261 


0 . 8 / 0 . 


[181] 

1182] 

[185] 

[184] 


The power factors of the individual phabc.s, how’cver are 


pha.se a: 

55 1 

v 755.1)“ f- (52.4)” 

55 1 

^^,,=0.853, 

[185J 

phase b: 

96.5 

V(96.5)“ -f (29.2)’’ 

- = 0.')56, 

KH) 1 

[186] 

f)hase /: 

_ 77.6 

a/(77.6)“ 4 (67.7)“ 

= 0 752. 

105.2 

[187] 


I’ROBLEMS 




1. A three-wire single-phase .secondary (in uit delivers (*nergy from a transformer to 
a group of residences having two-ware wiring a.s shown in I'ig. 51. Kach s(piare repre¬ 
sents a residence whose* load is taken to be 5(K) w at 115 v and has unity power factor 



The line impedances Z and Z„ are each 0.10 -f-yO.OS ohm. What are the voltages V^n 
and V„/,? What changes should he made in the connection.s, and what are the voltages 
Van and Vnb after the change? 
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2. Three equal impedance units, each of which has an equivalent resistance of 2 
ohms and an inductive reactance of 1.25 ohms at source frequency, are Y connected 
to a balanced three-phase circuit whose line-to-line voltage is 220 v. What current 
does each unit take? What is the total power supplied to the impedances? 

3. Three equal impedance units, each of which has an equivalent resistance of 2 
ohms in series with a capacitive reactance of 1 ohm, are Y connected across a balanced 
three-phase circuit. The current in each impedance is 80 amp. Each line conductor 
between the source and the impedance units has an impedance of 0.5 -fiO.lO ohm. 
What is the magnitude of the line-to-line source voltage? A vector diagram is to be 
drawn illustrating the current and voltage of each circuit element. 

4. A balanced three-phase F-connected load takes 3,830 w at 0.80 power factor, 
lagging current. It is supplied through a three-phase line having an impedance of 
0.80 -f y0.60 ohm/w'irc. The supply voltage is balanced, 230 v between wires. 

(a) What is the line-to-neutral voltage at the load? 

(b) What is the voltage between lines at the load ? 

(c) What is the line current? 

(d) What is the efficiency of transmission? 

5. A certain three-conductor cable can, for the purpose of calculating charging 
current, be represented approximate!}' by the symmetrical netw'ork of capacitances 



Fig. 52. Diagrammatit representation of three-conductor cafde, Prob. 5. 

of Fig. 52. This netw'ork does not take into account the resistance of the insulation nor 
the resistances and inductances of the conductors, which for this problem may be 
ignored. With all the conductors directly connected together, the capacitance measured 
from conductors to sheath is 

C’,(i23) - 0.201 Mf [18«] 

and, with the above connections removed and conductors 2 and 3 directly connected 
to the sheath, the capacitance measured from conductor 1 to the sheath is 

Ci( 323) = 0.0738 /if. [189] 

With the above connections removed, sinusoidal potentials are impressed on the 
three conductors. The complex expressions representing the potential of each con¬ 
ductor with respect to the sheath are 

V.i = V, [190] 

V.2 = 133 /-120° V, [191] 

- 133 ^120° V. [192] 


The frequency is 60 What is the charging current entering each conductor? 
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6 . In the circuit of Fig. 53 the impedances Z„„, Z„t, and Z„. arc each 100 + >173 
ohms. The impedance Zash is 173 — >100 ohms. The phase order is iibc. What does a 
voltmeter of negligible admittance read if connected betv^ccn fa) terminals 1 - 2 , 
(b) terminals 2-3, (c) terminals 1 -3? A vector diagram is to Ije drawn to scales of 
1 in to 100 V and 1 in to 0.5 amp. 



7. Impedances arc connected shown by the desit^iKiting snbscri[)ts from points p 
and q to the three-line conductors a, />, jind ( of a thut-[)ha.st* ^ystem having balanced 
line-to>line voltages of 240 v. i'he {)has(‘ order is alu 1iie values of the impedances are 


Zap ~ 8.66 I y5.(M) ohms, 

[19.?1 

Yjp, ^ 0 .(K) - / 10.0 ohms, 

[194] 

Zaq ~ 8.66 — y5.(KJ ohms, 

fl9.5] 

Z,jf, - 0.(K) -f 7 IO.O ohms. 

(a) What is the line current entering the terminal of 

ri9()i 


(b) W'hat is the voltage \jui if is used as the axis of reference? 



8 . A constant-current three-piiast* network is made up as shown in Fig. 54. The 
inductive reactors have an impedance 0 -fyUK) ohms and the capacitors have an 
impedance 0 — 7 IOO ohms. 

What is the current in the balanced load resistors when they have the values 
(a) 10 ohms, (b) 100 ohms, (c) ],()fX) ohms? A vector diagram is to be drawn for 
each case. 

9. A three-phase power circuit using three 2 AWCi annealed copper wires delivers 
energy to a balanced F-connected load of 60 amp at 90''"( power factor located 500 ft 
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from the source. What is the efficiency of the circuit when the line-to-line load voltage 
is 220 V? What is the efhciency when the line-to-line load voltage is 550 v, the current 
remaining the same? The temperature of the line conductors is 20 C. 

10. A balanced F-connected load and a balanced A-connected load are connected 
in parallel at the end of a three-phase transmission line which has a resistance of 2,0 
ohms and an inductive reactance of 1.0 ohm per conductor. The impedances of each 
phase of the F- and A-connected loads are, respectively, 

Zy = 25 -f il5, [197] 

Za = 45 -f 715. [198] 

What line potential is necessary at the sending end of the line in order to maintain 
2,300 V between lines at the load? A vector diagram is to be drawn. 

11. What value of capacitive reactance should be connected in F across the load 
terminals of Prob. 10 to correct the power factor to KK)'^ [ at the load? 

If the generator voltage remains as in Prob. 10 what is the load voltage after the 
addition of the condensers? A vector diagram is to be drawn. 

12. In Prob. 10 what value of capacitive reactance connected in series in each line 

corrects the power factor to lOO*"^' at the generator? If the line voltage at the load is to 

be held at 2,300 v, what is the ref|uired generator voltage? A vector diagram is to be 

drawn. 

13. A balanced three-phase load is connected to balanced three-phase voltages of 
230 V between lines and is instrumented for power by the two-wattmeter method. The 
phase order is aln. The wattmeter in line </ reads -|-2,000 w; the wattmeter in line h 
reads -ft,000 w. 

(a) What is the line current? 

(b) What is the powder factor of the load? 

(c) What are the load imf)edances, as.suming a F connection? assuming a A 
connection ? 

14. Three impedances of 200 |- /(), 100 — /KX), and 100 -1- ./KK) ohms arc connected 
betw'ccn lines dh, hr, and (a, respectively, of a three-phase three-wire system, the 
corrcs[)onding line to-line voltages of which are 200, 141, and 141 v. The phase order 
is alu . 

(a) What is the power input to each impedance? 

(b) What is the total [)()W’er? 

(c) What are the individual wattmeter readings by the tw^o-wattmeter method for 
each possible combination of proper instrument connections? 

(d) A vector diagram is to be drawn showing each line \ oltage, line current, and 
phase current. 

15. In Fig. 55, the load between a and r is 10 kw at unity power factor, the load 
between a and /ms 10 kw at 0.80 power factor lagging, and the load between h and c 
is 15 kw at 0.70 power factor lagging. Fhe phase order is abc. What dot's each watt¬ 
meter indicate? 

16. In I'ig. 56, loail A represents a three-phase 10-hp motor operating at full load 
with an 80^’J. power factor lagging, and at 90^^, efficiency; load B represents a single¬ 
phase 5-hj^ motor operating at full load w'ith an 85% power factor lagging and at 
83^;(^ etliciency. The phase order is ah. 

(a) What does each w’attmeter read? 

(b) What line current is in each line wire? 

3c) What is the total reactive powder? 
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17. A balanced three-phase load takes 25 k\v at 0.85 power factor from a balanced 
three-phase line. What does a wattmeter read if it is connected as shown in Fig. 57? 

18. Balanced line voltages of 200 v and pha.se order ah are impressed on the load 
of Fig. 58. 

(a) What are the magnitudes of the line currents? 

(b) What is the wattmeter indication? 

(c) What are the indications of two wattmeters connected in lines a and h so that 
the algebraic sum of the twt* indications gives the total power? 





19. The following questions relate to Fig. v59: 

(a) What are the readings of the two wattmeters? 

(b) What are the readings of the two wattmeters if line h breaks at point />? 

(c) W^hat are the readings of the two wattmeters if line h is closed at p but breaks at 
point p'? 

(d) In which, if either, of cases (b) or (c) does the sum of the readings of the two 
wattmeters equal the total power delivered to the load? 
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20. In Fig. 60 balanced line voltages of 100 v are impressed with phase order ahc, 
and Vo6 is 100 + jO v. 

(a) What are the three line currents? 

(b) What are the readings of the wattmeters Wa and Wb^ 

(c) What is the total power dissipated? 

A vector diagram is to be drawn. 




21. (a) Figure 61a represt'iits a two-phase three-wire system, having resistance R' 
of 0.50 ohm per wire, used in a factory for delivering power to a bank of six resistors R, 
each of 45 ohms resistance, used in an electric furnace for drying enamel. Each source 
voltage is 240 v in magnitude. An automatic control system operates the contactors K 
in such a manner that a suitable temperature is maintained in the furnace. During a 
representative montli, power is used 200 hr, at a steady rate. Power and energy are 
measured at the contactors K under the following monthly rate: 

Demand charge: $l.(X)/kw 
Energy charge: 0.02/kwhr. 

The meters can be read to the nearest 0.1 kw of demand and the nearest 10 kwhr of 
usage. What is the cost of electric service for one month ? 

(b) The SN’stem is to be changed to a balanced three-phase system by changing the 
source to a A-connected balanced source of the same voltage per phase, and by using 
the same load resistors, grouped with two resistors in parallel in each branch of the 






PRORI.EXfS 


577 


A connection, as shown in Fig. 61b. How many hours a month does power flow, u.sing 
the three-phase system? What is the cost of electric service* for one month, using the 
three-phase system? 




(a) (b) 


/^na ~ “ V.an/ - “ 240 V 

I'lc. 61. Power suj)i)ly flu an ela trit finnaco, Prob. 21. 

22. The outt)ut of a tlircc-[)hasc, 2,d00-v power plant is measured by a polyphase 
wattmeter with current coils in lines u and b. 'I'liree ammeters give the line currents. A 
single voltmeter is arranged so that it may be connected between either lines a and h, 
h and r, or ^ and a. During a test of this plant the cinaiit of the t)otenlial coil of the 
wattmeter which was connected to line h opened. Under this condition the polyj)hase 
wattmeter reads 260 kw. The ammeters in lines u, and c read, respec tively, 125, 
101, and 115 amp. d'he potentials between the lines a and />, h anrl r, and c and a were 
each 2,500 v. What was the output of the plant? Of the two possible answers the one 
corresponding to the higher power factor is desired. 



CHAPTER XI 


Elementary Theory of Symmetrical Components 

1. Addition of three symmetrical sets of voltages having 

DIFFERENT PHASE ORDERS 

As indicated in Ch. X, certain problems arising from the operation of 
unsymmetrical polyphase systems are solved most readily by an ana¬ 
lytical procedure known as the method of symmetrical components. This 
chapter presents the underlying theory of that method, which for the 
present may be considered simply an alternative means for analyzing 
the behavior of unbalanced jK)lyphase systems. Actually, in many prob¬ 
lems involving rotating machinery, transmission-line faults, and tele¬ 
phone interference caused by power transmission lines, the method of 
S3mimetrical components constitutes the only convenient, rigorous, 
analytical approach. Applications to such problems are brought out 
where needed in other volumes of this series. 



Fk;. 1. Two NViiinictrical three-phase sources connected in scries. 


The ideas underlying the analysis of unbalanced three-phase circuits 
by the method of symmetrical components may be introduced by con¬ 
sideration of the effect of connecting two identical-frequency symmetrical 
three-phase sources in series, as shown in Fig. 1. In order to make such 
a connection, it is necessary to open the neutral point of one of the 
sources. The two sets of electromotive forces under consideration have 
different phase angles and phase-voltage magnitudes, and have positive- 
and negative-sequence phase orders, respectively. The vector diagrams 
of sources 1 and 2 are presented in Figs. 2a and 2b, respectively. These 
two symmetrical sets of source voltage are added vectorially in Fig. 2c, 
where it is clearly evident that the resulting voltages and 

compose a three-phase voltage source that is decidedly unsym- 
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metrical. If three zero-sequence voltages, Eo„n, Eo„j,. and Eonr, are now 
added in series in phases a, h, and c, respectively, of the circuits of Fig. 1, 
as .shown by the vector diagrams of Fig. J, there results the unbalanced 



source 1, positive sequence 



source 2, negative 
sequence 



Fig. 2. Positive-sequence and nt^gative-sequenre symmetrical voltages addetl to produce an 
unsymmetrical three phase aI. 



sum of positive- 
and negative-sequence 
symmetrical voltages 


Eoiia 

(b) 

zero-sequence 
symmetrical voltages 



total voltage from positive-, 
negative-, and zero-sequence 
symmetrical sets 


Fig. 3. Zero-sequence symmetrical set added to sum of positive- and negative-sequence 

symmetrical sets. 


set of three voltages, and E^,., of Hg. 3c. The zero-sequence 

voltages could be represented, of course, by a third source connected in 
series in each phase of Fig. 1. 


2. A METHOD OF VISUALIZING THE RESOLUTION OF THREE VECTORS 
INTO SYMMETRK'AL COMPONENTS 

Since three symmetrical sets of three plane vectors having, respectively, 
zero-, positive-, and negative-sequence phase orders can be added to 
form an unsymmetrical set of three vectors, it is natural to expect that 
the converse relation is also true. Actually any unsymmetrical set of 
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three plane vectors, such as those used in the analysis of three-phase 
systems, can always be resolved into symmetrical-component sets of 
vectors. In the most general case, three such sets — one zero-sequence, 
one positive-sequence, and one negative-sequence symmetrical-com¬ 
ponent set can be uni(|uely determined. As is shown later, the 
zero-sequence set often does not exist. Before the analytical method of 
determining the values of the three symmetrical-component sets is under¬ 
taken, consideration of a helpful method of visualizing the scheme of 
resolution is in order. 

In Fig. 4a are shown three plane vectors V„, V?,, and V<. which for 
comparison are made identical in value, respectively, to the vectors 
E/na, E/wb, and E/^r of Fig. 3c. The letter V, as used in Fig. 4 and the 
following discussion, stands for vector rather than for voltage, so that 
the system can be analyzed in general terms applicable to any situation 
which three plane vectors can rej)resent. In Art. 1, three symmetrical- 
component sets having respectively })ositive-, negative-, and zero- 
seciuence phase order are added to give an unbalanced set of three 
vectors. If the individual vectors of the i)ositiv^e-sectuence and negative- 
sequence sets are added, the resultant vector is zero, and only the zero- 
sequence vectors add up to a resultant. Hence to start the analysis, the 
resultant of any three unsymmetrical vectors is assumed to be the sum 
of the zero-sequence comjx)nent vectors, and, likewise, if the sum of three 
vectors is zero, they are assumed to have no zero-sequence components. 
In Fig. 4a, the three vectors V/,, and are added vectorially, the 
resultant vector V/o re])resenting the sum of the individual zero-sequence 
component vectors. If is divided into three ecjual parts, as shown, 
each part re])resents an individual zero-sequence component vector and 
is identical in value to the vectors of Fig. 3b. Fhus from this analysis it 
is evident that 


Vo = i(V„ + V,, + V.), ►[!] 

in which Vo is the value of each individual zero-sequence component 
vector. 

The next step is to determine a method of visualizing the significance 
of the positive- and negative-sequence symmetrical-component sets. 
Assuming that such sets exist, the effect of rotation o])crations is con¬ 
sidered. If Vb is rotated 120 degrees and V,. is rotated —120 degrees, 
the six individual vectors of their zero- and negative-sequence com¬ 
ponent sets add to zero, as shown in Figs. 4b and 4fi. However, the 
individual vectors of the positive-seciuence components of \\ and Vc are 
rotated into line with the iK)sitive-scquence comx)onent of Va as shown 
in Fig. 4c, and the sum of these three positive-sequence components 
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becomes 3Via. The result of this openition is then 

3Vi„ = V„ + W 12(f + V</-12(f. ^[2] 

in which Via is the value of the a vector of the jxtsitive-sequence sym¬ 
metrical-component set. If Vt is rotated -120 degree.-, instead of -|-120 





positive secjucnce 



negative betiuence 



zero seciucnce 



pohi t i ve sequence (/^) 

negative sequence 


Fig. 4. A diagrammatic method of visualizing the meaning of symmetrical-component .sets. 
In (a) three vectors V„, Vf,, ^ are added to give V/o e(}ual to 3 times an individual zero- 
sequence component vector. In (1>), ^c), and (d) is shown the effett on the symmetrical- 
component sets of rotating through H-12(F and V, through —120'. In (e), (f), and (g) 
is shown the effect on the symmetrical-component sets of rotating V6 through —120° and 
Vc through +120°. 

degrees, and Vc is rotated +120 degrees instead of —120 degrees, the 
six individual vectors of their zero- and positive-sequence symmetrical- 
component sets add to zero, as shown in Figs. 4c and 4f. However, the 
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individual vectors of the negative-sequence components of and Vc are 
rotated into line with the negative-sequence component of ¥« as shown 
in Fig. 4g, and the sum of these three negative-sequence components 
becomes 3V2a. The result of this operation is then 

3V2a = Va + Vb /-12(f + V./12^, ^[3] 

in which V 2 a is the value of the a vector of the negative-sequence sym¬ 
metrical-component set. 

3. Analytical determination of symmetrical components 

An analytical derivation of formulas corresponding to Eqs. 1 to 3 can 
now be presented. The vector Va of Fig. 4a is resolved into three com¬ 
ponents designated Voa, V]„, and V 2 «, and V6 and are similarly 
resolved, giving the three relations 


V„ = Vo„ + V,„ + V2„, 

[4] 

V, = V„„ + Vu, + 

[5] 

V,. = Vo,. + v„. + Voc 

[^>] 


As yet the nine components may be any vectors. However, the arbi¬ 
trary restriction can be imposed that Vun Vi/„ and Vu shall form a sym- 



Fic.. 5. 'I'hrec symmetrical-component sets representing the vectors Vq, Vb, 
and Vc of Fig. 4a. 


metrical positive-sequence set. In other words, Via, Vu, and Vu must 
be equal in length, must be 120 degrees apart, and must have the phase 


order abc. The following relations thus apply: 


Vi6 = Vi„/-120° 

[7] 

and 


Vu = Vi„/120°, 

[8] 
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in which the magnitude and angle of Vju are as yet unknown. Such a set 
is shown in Fig. 5b. 

In a similar way V 2 a, V 2 h, and V 2 r are aibitrarily required to form a 
symmetrical set, but to have a negative phase sequence, that is, to have 
the phase order acb. Thus the following restrictions are imposed: 

V26 = V 2 «^W [ 9 ] 

and 

V 2 . = V2. /-12ff , [10] 

in which the magnitude and angle of Wa are as yet unknown. Such a set 
is shown in Fig. 5c. 

The third set, Vo„, V 06 , and Vor, is also arbitrarily rn'idc a symmetrical 
set, and of zero sequence; that is, 

Voa = V 06 = Vor, [11] 

in which a magnitude and angle of Voa arc yet unknown. Such a set 

is shown in Fig. 5a. 

While the foregoing restrictions seem quite arbitrary, they are justified 
if Voa, Via, and V 2 a <'an be uni(j[uely determined from the original vectors 
Vrt, V/„ and V^, and if the resulting symmetric'al vector sets are useful. 
The steps necessary to determine the uniejueness of the resolution 
expressed in Eqs. 7 to 11 are now carried out. If Eqs. 7 to 11 are substi¬ 
tuted into Eqs. 4 to 6, these relations result: 


Vu = V()„ + Vl„ + V2n, 

[4a] 

Vt = Vn„ + V,„/-120° + V2„/120°, 

[Sal 

V, = V„„ + V,„/120° + V2„/-12(f. 

[6a] 


Equations 4a to 6a are easily solved for Voa by adding them, with the 
result, identical with Eq. 1: 

Voa = .UVa + Vt + V.). ►[!] 

If the terms of Eq. 5a are rotated +120 degrees and the terms of Eq. 6a 
are rotated —120 degrees, and these results are added to Eq. 4a, the 
solution for Via is obtained as 

Via = J fv„ + V^/12()° + V./-120°). 

If the terms of Eq. 5a are rotated —120 degrees and the terms of Eq. 6a 
are rotated +120 degrees, and these results are added to Eq. 4a, the 
solution for V 2 a is obtained as 

V2a = i(V„ + V6/-120° + Vc/120°). 


►[3] 
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For convenience, the vectors Vo«, Via, and V 2 a are called the key vectors 
of the zero-, positive-, and negative-sequence symmetrical-component 
sets, respectively. 

►If Va, and Yr have the phase order abc, the key vector of the 
positive-sequence set is equal to one-third the vector sum of Va, Vt rotated 
-f 120 degrees, and V,. rotated —120 degrees; and the key vector of the 
negative-sequence set is equal to one-third the vector sum of Va, Yb ro¬ 
tated — 120 degrees, and V^. rotated +120 degrees. ^ 

The proof for the negative-sequence set is left for the student. 

The three sets of components of the original vectors in Fig. 4a as 
determined in Kqs. 1,2, and 3 are shown in Fig. 5. Equations 1 to 3 and 
4a to 6a show that a unique solution of the set represented by Eqs. 4a 
to 6a is, in general, possible. That this is reasonable can be seen through 
consideration of the number of degrees of freedom in the original set of 
three vectors Va, V/,, and V^, and in the symmetrical-component sets. 
Six numbers are required to describe the original vectors uniquely — 
three magnitudes and three angles, or, alternatively, three real and three 
imaginary numl)ers. These original vectors are therefore said to have six 
degrees of freedom. A unique description of the three symmetrical-com¬ 
ponent sets also requires six numbers, two for each set. For a given set, 
one number descri]:)es the common length of the vectors; another num¬ 
ber, the angular position of one vector with resj)ect to a reference axis. 
Thus the three symmetrical systems together also have six degrees of 
freedom. A general property of y)hysical systems is that the number of 
degrees of freedom must be the same in any mathematical description of 
the system. The symmetrical components are seen to have the required 
number of degrees of freedom. 

4. Zero-sequence balanced systems of voltages and currents 

The resolution of unsymmetrical systems of three vectors into their 
three cennponent sets is of great value in the analysis of certain types of 
three-phase electrical systems. Since, as is shown in Ch. X, systems of 
three vectors are used to represent steady-state line or phase currents, 
line or phase voltages, or impedances in three-phase systems, it is evident 
that unbalanced voltages, currents, and impedances may be represented 
by component sets which are symmetrical and, in some cases, easier to 
manipulate mathematically than are unsymmetrical sets of vectors. 

Eefore the method of symmetrical components is applied to polyphase 
circuits, the properties of zero-sequence systems are demonstrated. 
Figure 6 shows a three-phase, T-connected generator, connected by a 
three-phase transmission line with neutral conductor to a }"-connected 
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load having equal impedances Z' in the three phases. The impedances in 
the line wires are each Z. and in the neutral the impedance is Z„. The 
vectors Eo„a, Eont. ‘ind E(,„f are the phaM' electromotive forces of the 



Fic. 6. Vector diagram and circuit diagram (ff zero sequence compo¬ 
nents of \ollaj;c and current in a I -connevtc'tl three phase system. 


genenitor; iuifl Vo,the* phase voltaj^e drof).^ of the load; 

and !()««/, Jow/i ttnd Ip,.,./, Ihe phase current^ Since from the delinilion 
of zero-sequence currents and vollaf^es 

loacP 

= Konr> [lib] 


and 


Vo 


= ■=■ Vor'n'j 


flic] 


it is convenient for visualization to change the diagram of Fig. 6 to the 
form shown in Fig. 7, in wliich each source ])hase-\'()ltage rise is called 



Fig. 7. Simplified circuit diagram showing zero-scciuence components of 
voltage and current in a I'-connected three-phase system. 

and each load phase-voltage drop is called Vo„. From this diagram, it 
is clear that, if the neutral is omitted, the circuit is open and there can 
be no current. The neutral conductor of a transmission system is definitely 
involved when zero-sequence currents are present. 
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The equation for any one phase of the F-connected circuit for zero- 
sequence quantities is, from Fig. 7, 

Eo - loZ - loZ' - 3IoZ„ = 0, [12] 


or 


from which 


Eo = Io(Z + Z' -I- 3Z„), 


lo 


Eo 

Z + + 3Zn 


[12a] 

►[12b] 


If the generator and loads are connected in A, zero-sequence currents 
are not possible in the transmission lines since there can be no neutral 
for a return path and the sum of the line currents hence is zero. Zero- 

sequence currents exist, however, in the 
A connections themselves if the vector 
sum of the A currents is not zero. 

For the F connection, the line-to-line 
zero-sequence voltages at both genera¬ 
tor and load arc zero since the line-to- 
line voltages E„6, and E^a are each 
the difference between two of the equal- 
phase voltages E(). In a symmetrical 
A-connected generator, the terminal 
zero-sequence voltage is also zero even 
though zero-sequence induced voltages 
exist in the phases. In Fig. 8, Eo is the 
zero-sequence electromotive force gener¬ 
ated in each phase and the impedance 
to zero-sequence currents is Z® per phase* in the generator windings. 
The voltage equation around the A is 

Eo - IoZ° + Eo - loZ® + Eo - IoZ“ = 0, [13] 

or 

3Eo - 3IoZ° = 0, [13a] 

or 

Eo - IoZ° = 0. [13b] 

The left-hand member of Eq. 13b is the zero-sequence terminal voltage 
of any phase of the generator, which is thus shown to be zero. The im - 

* The impedances which machines offer to the various sequence components are derived 
in this series in the volume on rotating electric machinery. 


a 



Fig. 8. Circuit diagram of zero- 
sequence components of voltage and 
current in A-connected generator 
windings. 
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pedance Z® to zero-sequence currents is usually very small, and currents 
given by 

lo - f Kl.’c) 

are circulating in the A. For this reason the A connection is to be avoided 
whenever it is necessary to suppress zero-scqucncc currents in generator 
or transformer windings. It should be noticed that, although lo is indi¬ 
cated as an assumed loop current in Fig. 8, lo is also the actual zero- 
sequence component of current in each phase winding, because no zero- 
sequence current is present in the line conductors. 

5. Circuits with balanced impedances anjj unbalanced 

APPLIED VOLTAGES 

The solution of circuit problems involving balanced impedances to which 
unbalanced voltages are applied is easily handh d by the method developed 
in Art. for resolving an unbalanced set of vectors into three balanced 
sets. The general method is to resolve the voltages into their symmetrical 




Z led 

Fig. 9. Circuit diagram of a P-conncrled three-phase .system having 
unbalanced source voltages and balanced impedances. (In Art. 6, the 
impedances are treated as unbalanced.) 

components; to find the corresponding balanced or symmetrical- 
component sets of currents by balanced-circuit methods; and then, if 
desirable, to add the components of current in each phase to obtain the 
actual phase currents. Often, however, the results are most useful in their 
symmetrical-component form. As an example of this method, the sym¬ 
metrical components of current in the circuit of Fig. 9 are now determined. 

Since all symmetrical-component quantities relate to the key vectors 
of phase a, it is unnecessary to retain the subscript showing the phase. 
Unless otherwise stated, the symmetrical-component quantities are 
understood to be for phase a from this point on. 

The three unbalanced voltages Eno, Enb, and Enc, having the phase 
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applicaUon of Eqs. 1, 2, and 3, as follows. 

Eo = J (K„„ + E„6 + E„r), 

El = ^ (E„a + E„ »/12()° + E„c /-120° ), 

Eo - JfE„„ -t- E„fc/-120° + E,„/120°'). 


[la] 

r2a] 


In each of these equations, the left-hand member refers to the a-phase 
symmetrical-component vector, or key vector, of the system. The zero- 
sequence line current is next determined. Equation 12b gives 


lo = 


Eo 

Z -f- -}- 3Zn 


[12b] 


Next, the positive-sequence current in line a is determined from Eq. 12, 
p. 532, 




E, 

Z -I- IJ' 


[14] 


by the usual procedure for balanced circuits. The negative-sequence cur¬ 
rent in line a is obtained similarly as 


I 2 


E 2 

7a ^-7J' 


[15] 


Since each of the currents results from a balanced set of voltages, one 
phase only need be considered. 

The zero-sequence currents in lines h and r are by definition just the 
same as that in line a. From Eqs. 7 and 8 the positive-sequence current 
in line h is seen to have the same magnitude as that in line a but lags it 
by 120 degrees, and the positive-sequence current in line r is seen to have 
the same magnitude as that in line a butleads it by 120 degrees. Similarly, 
from Eqs. 9 and 10 the negative-sequence currents in lines h and c are 
seen to have the same magnitude as that in line a but have the phase 
order opposite to that of the positive-sequence set. 

This symmetrical-component solution of the circuit of Fig. 9 is dis¬ 
tinguished from solution by the usual KirchhofT equations in that the 
three compofients of current in one phase are determined from three inde¬ 
pendent equations involving this one phase, whereas in the usual method 
the three actual phase currents arc determined by simultaneous solution 
of three independent equations involving the three phases. 

It has already been stated that the components themselves are some¬ 
times desired, but in many cases the total currents are required. The total 
currents are determined by addition of the components as follows: 

laa' = lo + II + I2) 


[16] 
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T _E() El E2 

Z + Z' + 3Zn Z + Z' Z + Z' 


The other two currents are 


Ibh' = lo + Ii /-12Q^ + 12 / 120 ^, 

I.., = lo + I|/ 120" + 


[16a] 

[17] 


Thus far there is no obvious advantage in using the symmetrical- 
component method, imt it should be pointed out that, if the voltage 
source and the load are connected by a transmission litio, the impedance 
in the denominator of Eq. 12b, (ailed the imj)e{iance to zero-sequence 
currents, is not related to the imjx‘danc(‘s to positive- or negative- 
sequence currents Z + Z'in Eqs. 14 and 13 In so simple a manner, because 
of the mutual effects between phases. Also, if the load conlains rotating 
machines, these machines offer quite different impedam es to currents of 
the three sequences. These impedances U> the v,iiious symmetrical- 
component currents arc readih calculated or found from test. The 
appreciation of these facts should make it evident that the component 
method, in usual power-system apj)lirations, is much simpler than the 
one involving complicated mutual effects. A few (‘lementary exam])les of 
the usefulness of the component method in analyzing |)ower-system 
problems are given in Art. 11. 


6. Unbalanced 1^-connected impedances with neutral 

When the load impedances or the line imi)edarux‘s of a E-connected 
system, or both, are unbalanced, there are two i)()ssi])le methods of solu¬ 
tion, following the resolution of the ai)plied voltages into symmetrical 
components. 

In the first method the procedure is as follows: First, the currents 
resulting from the zero-se(iuence voltages are calculated. These currents 
are different in each i)hase because of the impedance unbalance and 
therefore have to be determined for each j)hase. They thus constitute an 
unsymmetrical set which is one of three sets of components of the actual 
line currents. A similar procedure using the positive-sequence applied 
voltages yields the second unsymmetrical set of currents. The third set 
results from the negative-sequence set of voltages. The sum of these 
three unsymmetrical sets of currents then gives the total line currents. 
This solution does not adhere to the principle of working entirely in one 
phase and this method probably never has any advantage over the 
methods described in Ch. X. 

In the second and better method, the solution is confined to phase a 
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by the lollowing scheme: In the circnit of rig^9 the three y-«„necl„. 
Xlancedim^dances l,.e Z.,', and Z™. areje .mpedancesof he»r„ 
Sirtion of the line and tad impedn^es. The hne-to-neutral voltae, 
drops caused by the currents laa', hb', and Uc' are 

an' ” ^an'^a'r 




If all the voltages from generator terminals to load neutral and all the 
line currents are expressed in terms of symmetrical components in phase 
a, and if for ^simplicity the subscripts w' are dropped, the expressions for 
the symmetrical components become 

Vo = i(Va + Vb + Vr) 

= i(ZaIo + ZJ, + Zah + ZJo + Z,Ji /-120° + Za2/120° 

+ ZJo + ZJi/W + Z,l2 /-120° ), [22] 

Vo = KZa + Zt + Z,)Io + J(Za + Zb /-120° + Z,/120°)I, 

+ J (Zo + Z6/120° + Z, /-120° )l2; 

V, = J (Va + V b/120° + V. /-120° ) 

= KZalo + ZJ. + Z„l2 + ZJo/120° + ZJ, + ZJ2 /-120° 

+ ZJo /-^120° + ZJ, + ZJ 2 /m°), i[23] 

V, = l(Za + Z„/120° + Z J-120° )I., + l(Za + Zb + Ze)I, 

+ § (Z„ + Zb /-120° + Z./I20°)l2; 

V 2 = 5 (Va + Vb /-120° + Vc/120°) 

= J(ZJo + Zal, + ZJ 2 + Zbl o/-120° + ZJ,/120° + ZJ 2 

+ z jo^mr + zj, /-i2o° + z J2), [24] 

V 2 = |(Za + Zb /-120° + Z,/I20°)lo + |(Z„ + Zb /120° 

+ Z, /-120° )I. + i (Z„ + Zb + ZJI 2 . 

In these equations, only three combinations of the impedances Za, Z^, 
and Zc appear as coefficients of the symmetrical components of current, 
and these have exactly the same form as Eqs. 1,2, and 3. They are, there¬ 
fore, designated as the symmetrical components of unbalanced impedances 
as follows: 

Zo = i(Za + Zb + Zc), 


Zi = MZa + Zb /120" -f Z. /~120") , 
Z 2 = \{Za + Zb/-120" + Zo/120"). 


►[25] 

►[26] 

►[27] 
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These are the phase-a components. In terms of these symmetrical com¬ 
ponents of impedance, Eqs. 22, 23, and 24 can be written 


Vo == Zolo + Zoli -f Z 1 I 2 , ^[22a] 

Vi Zilo + ZqIi + Z 2 I 2 , ^[23a] 

V 2 = ZoIo Zili "b ZoTo- ^r24a] 

These equations make evident the imj^ortant facts that in portions of a 
three-phase circuit where the impedances art* balanced, zero-seciuerce 
voltage drops are associated with zero-sequence currents only; |K)sitivc- 
sequence voltage drops, with i)()sitive-sequence currtnts only; and 
negative-sequence voltage drops, with negative-sc qiience currents 

only. 

The distinction between these symmetricai comjx)nents of unbalanced 
impedances and balanced irn])(*dances to currents of tiie different 
sequences is important. Also it should be no\*'^ that balanced currents 
and voltages of a single frecpiency are of positive Mcjuence only or of 
negative sequence only, whereas balanced imj^edances are of zero 
seciuence. A three-phase induction motor while running at normal speed 
offers certain balanced imix*dances to negative-sequenc'e currents.* 4'hese 
might be called zero-sequence or balanc'ed impedances to negative- 
sequence currents. In the literature dealing with the symmetrical- 
component method, the names positive-sec|uence im])edan('(‘,” “ nega- 
tive-sec^uence impedance,’^ and ‘‘ zc'ro-seciuence imj)edance ” are used 
for both concepts, llie conditions of any particular ])robleni reveal 
whether these names denote components of unbalanced impedances or 
balanced impedances to currents of the various sec|uences. 

For a specific problem, the circuit of Fig. 9 is modified so that the line 
impedances are balanced and each is equal to Z, but the load impedances 
arc unbalanced and equal to Z„, Z/„ and Zr, respectively, in the three 
phases. These unbalanced load impedances are first resolved into sym¬ 
metrical components Zo, Zi, and Z 2 by equations 25, 26, and 27. The 
voltages of Eqs. 22a, 23a, and 24a are then seen to be the components of 
voltage on phase a of the load. From the circuit of Fig. 9 tlie following 
equations are written: 


Eq — (Z -fi 3Zn)I() = Votf/n' = Z()Io + Z2I1 + Z1I2, 
El ZIi = ^\a’u' ~ Zilo + Zoli + Z2T2, 

E2 — ZI2 = V 2 a'n' = Z2l() + Zili + Zol 2 - 


* This is demonstrated in this series in the volume on rotating electric machinery.^ 


[28] 

[29] 

[30] 
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Equations 28, 29, and 30 can be rearranged into the more convenient form 
(Z + 3 Zn + Zo)Io +• Z2I1 + Z1I2 = Eo, [28a, 

Zilo + (Z + Zo)Ii + Z 2 l 2 = Ejf, [29a J 

Z 2 l() + Zili + (Z + Zo}l 2 = T'JOaJ 

which can be solved for Iq, Ij, and I 2 . 

7. Unbalanced 7-connected impedances without neutral 

When unbalanced voltages are applied to an unbalanced F-conncctcd 
load without neutral, there can be no zero-sequence current, since the 
sum of the three line currents is zero. The equations in terms of phase-a 
quantities are: 

E, - IiZ = V,, = ZoE + Z,h, [31] 

Ea - I 2 Z = V 2 , = Z,Ti + Z 0 I 2 . [32] 

After the two components of current have been obtained from Eqs. 31 
and 32, the zero-sequence voltage drop Vo^ at the load can be found by 
substitution in Eq. 22a, which gives 

Vo, - Z 2 I 1 + Z 1 I 2 . [33] 

An interesting and useful relation can be developed by connecting an 
unbalanced F-connected load in parallel with a balanced F-connected 


CL Un2 



Fig. 10. Balanced load in parallel with unbalanced load, both 
connected to a baUinced .supply line. 

load, both supplied from a symmetrical three-phase system. Such a 
situation is represented in Fig. 10. Since the impedances Z are equal, and 
the supply voltages are balanced, 

Van. = V, [34] 

Vin. = v /-120° . [35] 


and 


Vcn. = v/+120°, 


[36] 
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assuming the supply phase order to be ahc. The addition of voltage drops 
around the three loops an^nia^ hft 2 n\h, and rwoWif gives 


whence 


V + V„1„J — I„„,Za = 0, 

[37] 

V/-120° + V„,„, - I,„,Z5 = 0, 

[38] 

V^+120° + - I,„,Z, = 0; 

[39] 


140] 


[41] 

V nin2 “ ^ 0 ) 

[42] 


where Vo is the zero-sequence componeiit of line to neutral voltages at 
the unbalanced load. 


8. Unbalanced a-connected iMPEDA>^’rs 

When unbalanced line voltages are appll(\i to a balanced line supply¬ 
ing an unbalanced A-connected load, the method of symmetrical com¬ 
ponents can be applied, as is shown for the circuit of Fig. 11. 



Fig. 11. Unbalantcd voltaKos applied to balarucd line supplying 
unbalanced load 

Formulation of this problem in terms of symmetrical components 
requires special care, and is therefore instructive. As a first step Kirch- 
hoff’s voltage relations are written for loop ahh'aa in terms of the line 
currents and the load voltage, the question of how the phase voltages are 
related to the phase currents and phase impedances in the load being 
omitted for the moment. This relation is 

— + TAbhf + — Zlaa' = 0, [43] 

which is true for actual currents and voltages, for their positive-sequence 
components, and for their negative-sequence components. That this is 
true can be seen by considering + Vb'a' as a single voltage applied 
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in association with the corresponding voltages of loops bcc^b'b and caa'c'c 
to the balanced set of impedances Z, which then appear to be connected 
in Y. The positive-sequence components of Eat and V^/a/ result in positive- 
sequence currents only. Similarly, the negative-sequence voltage com- 
I)onents of Eah and V6'a' result only in negative-sequence currents. 

Taking Eq. 43 for positive-sequence quantities and employing the 
relations between line and phase currents in a balanced A-connected 
system give 

Eia6 3ZIi6'a' = [43a] 

Similarly, taking Eq. 43 for negative-sequence quantities gives 

E2nh 3Zl2h'a' = [43b] 

From the nature of the delta connection it is known that 

Vo/)'a' = f)* [44] 

The second step in the solution relating the phase load currents 
and voltages in terms of the load impedances - is most readily taken 
after the various sequence components of impedance have been calcu¬ 


lated as shown in Art. 6: 

Zo = \ i7jafy + 7^b'c> + [25a] 

Zi = \(7a>b^ + -f Z,.a) /-120^ ), [26a] 

Z 2 - J(Za'6' + Z,>^) /-12( f + Z,.a./120"). [27a] 

From Eqs. 22a to 24a the various components of can be expressed 
in terms of the various components of as follows, dropping the phase 
subscripts since phase 6'tz' only is involved: 

Vi = Zilo + Zoli + Z 2 I 2 , [23b] 

\ 2 = Z 2 I 0 + Zili -f Z 0 I 2 , [24b] 

0 = Vo - Zolo + Z,Ii + Z[22b] 

Using Eqs. 23b, 24b, and 22b in Eqs. 43a, 4v^b, and 44 and rearranging 
the terms give 

Zilo + (Zo + 3Z)Ii + Z 2 I 2 = Ei«,, [43c] 

Z 2 I 0 + ZJ, + (Zo + 3Z)l2 = E2a6, [43d] 

Zolo + Z 2 I 1 -i- Z 1 I 2 = 0, [44a] 


which can be solved for the components of current. If the line currents 
are desired, they can easily be found from the positive- and negative- 
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sequence phase currents. The zero-sequence current in the A docs not 
appear in the line. Although the A has no zero-seciuence induced voltages, 
the unbalanced impedances may give rise to zero-sequence comuonents 
of drop even with positive-secjuence currents in the A. The drops due to 
positive-sequence and to negative-sequence currents must be compen¬ 
sated by drops due to zero-seciuence current as shown in Eq. 44a. 

9. General observations 

A summary of useful ol)servations can now be made concerning sym¬ 
metrical comiX)nents: 

^(a) In a F connection without neutral, the zero-sequence component 
of current is zero. 

(b) The zero-se(]uence component of line voltager^ Ea/„ and E^,* 

or and Vr'<i' is always zcto. 

(c) Zero-sequence currents may exist in a A connection but cannot 
pass into the line. 

(d) Zero-sequence voltages may exist in the phases of a F-connecled 
load although they cannot appear in the line voltages. 

(e) If the line voltages are balanced and of sequence abc, the negative- 
sequence component of the phase voltages of a ]' connection is 
zero. 

(f) If the line currents are balanced and of sequence ahe^ the negative- 
sequence component of the pha.se currents of a A connection is 
zero.^ 

10. Power in terms of symmetrical c omponents 

As shown in Art. 10, Ch. X, the average power P delivered to a three- 
phase F-connected circuit in which the line currents and phase-voltage 
drops to neutral are I/,„, I^.,,, V,,,,, V/,,,, and respectively, is given 
by 


p = 

VaJan COS + V COS + V,„P„ COS 2^ 

. [45] 

f n 

The wiring diagram representing load conditions in such a circuit is 
shown in Fig. 12. The symmetrical (omjKinents of voltage and current 
are 


= V„ + V. + V 2 , 

[4b] 


Vi„ = Vo + V,/-120° + V2/120°, 

[5b] 


V,„ = Vo + Vi/120° + V2/-120°, 

[6b] 


Ian = lo + II + l2> 

[4c] 
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I,„ = lo + It /-120° + [5c] 

= In + I,/l^ + l 2 /- 120 ° . [6c] 

The total ix)wer absorbed in each phase of the load in terms of sym¬ 
metrical components is the sum of the powers resulting from each prod- 

a 



Fig. 12. Wiring diagram of three-phase F-connected 
iinbalanc€‘d load. 


uct of F, / components, and the cosine of the angle between V and I for 
that phase. Thus, by multiplying the terms of Eqs. 4b and 4c, the power 
in phase a is found to be: 


Pa = VJn cos + r„/, COS X'" + VJ-, COS 

' ''Oa ' ''oa ' 'Oa 

-b F,/o COS 2^"; -b F,r, cos 2^'; + vj, cos 2^-;. 

-b v.,i„ cos 2^“; -b v.Tt cos 2^"; + v-j. cos 2^-'; 

' la ’ ^ Ja ' ' 2a 


• [46] 


In phase 6, the product term involving Fi and hi is VJi cos » 

' Mb 

and in phase c it is V Jo cos • 

' ''ic 

Adding these two terms to the Vxli cos term of phase a gives 

* ' lu 


T.P{V,Lz) = F,7., ^cos 2^;, + cos 2^^^, ^ + cos 2^“.^ 

Figure 13 shows how Eq. 47 can be changed to the following form: 
T.P{VxI- 2 ) = r,/ 2 [ cos 2^"^.^ -f cos (l20° + 2^;, J 

+ cos(i20--2^\)] ' 


[47] 


[47a] 



POWER IN TERMS OF SYMMETRICAL COMPONENTS 5^7 


With replaced by ^ 12 , Eq. 47a can be expanded as follows: 

I;P(Fi/ 2 ) = ri/ 2 [cos ^12 + cos 120^ cos 6 x 2 - sin 120° sin 6 x 2 

+ cos 120° cos ^12 + sin 120° sin ^ 12 ] 

= Ei/ 2 [cOS 012 + 2( —-^) cos ^* 12 ] == 0 . 


[47bj 


Similar manipulations show that the power from all the terms involving 
products of voltage and current components of unlike phase order is 



Fig. 13. Vector diagram showing positive-scqiu'nce symmetrical 
components of voltage and negative-sequence symmetrical com¬ 
ponents of current in load of Fig. 12. 


zero. The terms involving products of components of like phase order arc 
equal in all three phases, adding to give the total power 

P = P„ + Pt + P, = cos + r,/, cos 

+ r 2 /. cos j 

This does not mean that P„, P/,, and Pr ar(‘ each eciiuil to one-third of 
P as given by Eq. 45a. These are given by the individual terms of Eq. 45, 
or in terms of symmetrical components by eejuations such as Yq. 46. 

If the F-phase currents and voltages ar(‘ merely redefined as A-jihase 
currents and voltages, the relation given by E(p 45a can be seen to hold 
for A-connected circuits, since the steps between Eqs. 45 and 45a are the 
same in either situation. 

The computation of P^R losses in terms of symmetrical components is 
in general a complicated procedure which is simplified only when the 
resistances to currents of each sequence are balanced.^ 

'A derivation may be found, for example, in; O. G. C. Dahl, FJectric Circuits. Vol. I: 
Theory and Applications (New York: McGraw-Hill Book Company, Inc., 1928), pp. 90-92; 
also in other references mentioned in the bibliography. 


►[45a] 
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11 . Study of faults on three-phase power circuits 

When compared with the ordinary network methods of Ch. X, the 
method of symmetrical components offers in general no advantage for 
solving the simple problems of polyphase circuits. But when power- 
network circuits and problems involving rotating machines are encoun¬ 
tered, it saves labor. Applications of the method to circuits containing 
rotating machines are presented in this series in the volume on rotating 
electric machinery. Certain examples of the use of the method in the 
study of three-phase power-system faults are presented here. 

Figure 14 is a one-line diagram of one phase (phase a) of a three-phase 
I)ower system consisting of a hydroelectric generating station C, a trans- 



I 

z 


_ , 

I'l ,- 1 -, 

I load center | 




Fid. 14. Onc-line diagram of phase a of a three-phase transmission 
line connecting generating station G to a load center. 


mission line with terminating transformers Ta and 7’/,, and a large urban 
load center having additional generating stations. In this one-line dia¬ 
gram the symbols indicate that transformer bank Tq is A connected on 
the left or input side, and Y connected with grounded neutral on the 
right-hand side. Transformer bank Fl is connected with grounded 
neutral on the left-hand side, and A connected on the right-hand or out¬ 
put side. (Generating station G maintains under fault conditions balanced 
sinusoidal internal generated electromotive forces of E per phase. The 
generator impedance is Lf per phase for currents of positive seiiuence, 
Zj~ for currents of negative sec^uence, and 77/ for currents of zero secjucnce. 
The generators arc T connected with neutrals grounded. The generating 
capacity at the load center is so large that the voltages E/ per phase at 
this point can be considered balanced and independent of conditions on 
the transmission line. The transformers arc represented by their approx¬ 
imate equivalent circuits which neglect the exciting currents, that is, by 
simple series impedances and Z// for all secjuences. The point of fault 
is marked .Y and the transmission-line impedances on the left and on the 
right of this point are called, respectively, Z^ and Z^ for currents of posi¬ 
tive sequence and negative sequence, and Zp and Z^ for currents of zero 
sequence. 

The positive-sequence schematic diagram for phase a is shown in 
Fig. ISa. This diagram contains the balanced source voltages and all the 
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positive-sequence quantities. Part (b) of this figure shows the negative- 
sequence schematic diagram. There are no source \H)ltages, since the 
internal generator voltages are balanced. The only place where the 
impedances are different from those in (a) is in the generator G. The 
zero-sequence diagram — part (c) — has the additional difference that 
the zero-sequence voltage at the A-connected low-tension transfonner 
terminals is zero. The zero-sequence currents can circulate in the A but 
cannot exist in the line. These facts make it necessary, in the diagram, to 
place a short circuit at the low-tension transformer terminals but to leave 
the circuit open at the left of 7.ig and at the right of Z//. In this situation 


!- 1 



Fig. is. Positi\'c-, negative- and zcro-sequencc circuit schematic diagrams 
and interconnection for single line-to-ground short circuit on phase a. 

there are no zero-sequence currents in generator G whether the neutral 
is grounded or not. When zero-sequence currents are to be allowed to 
circulate through the grounded generators, the transformers are connec¬ 
ted Y-Y with both the high-tension and low-tension neutrals grounded, 
the circulating third harmonic currents of the transformers being carried 
by a third set of windings, called tertiaries, connected in A.* i 

The schematic diagrams of the three sequences are independent of the 
type of fault at X. The remainder of the problem comprises the inter- 

* This is discussed in series in the volume on magnetic circuits and transformers. 
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connection of these three networks corresponding to a particular kind 
of fault, and the solution of the complete network formed by this inter¬ 
connection. 

First the fault is considered to be a solid short circuit from conductor 
a to ground. Three conditions are always required to describe any kind 



Fig. 16. Current and voltage conditions at a line- 
to-ground fault in phase u. 


of fault at a single point along the line; the three which describe this 
particular fault are shown in Fig. 16: 

I/fc = 0, 

[48] 

I/,, = 0, 

[49] 

V/„ = 0. 

[50] 

The subscript / means fault, and a, b, and c denote the phase involved. 
These three conditions in the three phases must now be transformed 
into three conditions in phase a. In terms of symmetrical components 
these are: 

I/O + I/i/ —120° + 1 / 2 / 120 ° = 0, 

[48a] 

I/O 4- T/i/120'^ -j- I/ 2 / —120° = 0, 

[49a] 

V/o + V/i + V /2 == 0. 

[50a] 


The first two of these, Eqs. 48a and 49a, can be simplified by subtraction, 
which gives 

I/i = 1/2-, [51] 

substituting this into either of the equations gives the result: 

I/O = I/I = 1/2. [52] 

These two conditions, together with Eq. 50a, describe the line-to-neutral 
fault on phase a in terms of components, as Eqs. 48 to 50 describe it in 
terms of total voltages and currents. 

In Fig. 15, the voltage components in phase a at the fault arc denoted 
by V/i, V/ 2 , and V/o, and the components of fault current are denoted 
by I/i, 1/2, and I/q. The three conditions of Eqs. 48a to 50a are fulfilled 
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if the three component circuits arc connei'led in series as shown by the 
dotted line. 

The resulting network can now^ be solved for currents and voltages at 
any desired points by tlic usual iietwork methods. wSince there are no 
source voltages in the negative- and zero-se(|uence diagrams, these are 
easily reduced to single impedances as follows: 




j/n “I" 'Ota '0 ^p)(0q 

+ 0.(^, + 4“ Zf/ + Za 


ZO ^ 


i'Z^ta 4- Zy,)(Zy + Z//) 


Vjty -f Z“ -f Zy -f- Zt 


[5dj 

[54] 


and then Fig. 15 reduces to Fig. 17, which can be -;el\*'‘d as a simple two- 
loop circuit by either the two-loop or the single-node method. 

After currents are found from Fig. 17 and pro})erly distnbuted through 
the branches of Fig. 15, one may find the total currents aw any point in 
the system by combining the com]>onents it that ])oinl, being sure that 



Fig. 17. Two-loop (irriiit repn“>cntin^ imprdaru t*s jukI currnits and 
Noltiigc componcMits losulling lioin linc-lo gro'ind fault in phase a. 


the current directions in the circuit ar(‘ the same for all components. 
Voltages at different points can also be found through combination of the 
component voltages as calculated from Fig. 17. ('ertain kinds of switch¬ 
ing relays operate on one or another of the com}>onents of current or 
voltage. Therefore finding the total fiuantiti(‘s is unnecessary, because 
the components themselves control the operation of the relays. 

The interconnection just described for a single line-to-neutral short 
circuit on phase a is shown in Fig. 18 in a simplilied form of Fig. 15. 
Faults other than the single line-to-neutral short circuit may occur. One 
of these is the double line-to-neutral short circuit in which line wires h 
and c are connected to ground while there is no fault on wire a. This 
condition is shown in Fig. 19 and is described by the three equations 


V/<, 

- 0, 

[S5] 

V/. 

= 0, 

[56] 


= 0. 

[57] 



a!i<{ 
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These are duals of Eqs. 48 to 50, obtained by interchanging voltagi 
current. TVie tTansformation of these three conditions in the three ph; 
into three component conditions in phase a is the dual of the previous 

one, and the results are 

V/i = V/2 = V/oi [S8J 

hi + hi + h^ = 0- [59] 

These equations require a parallel intercon¬ 
nection of the three component networks of 
Fig. 15 as shown in Fig. 20. 

The third common type of fault is the line- 
to-line short circuit. This is shown in Fig. 21 
and is described analytically by the equations 

I/O = 0, [60] 

1/6 = —I/C, [61] 

V/6 = V/c. [62] 

When transformed into components of phase 
a, these give 

I/O = [63] 

I/i = ”"I/2> [64] 

V/, = V/, [65] 



Fig. 18. Interconnection of 
sequence networks for 
single line-to-neutral short 
circuit on phase a. 


These equations require the 
parallel interconnections of the 
networks as shown in Fig. 22. 

The simple interconnections 
discussed here are only selections 
from a large group of intercon¬ 
nections arising from all the va¬ 
rious types of possible faults. 



neutral 

Double line-to-neutral '^hort circuit, 
phases b and c grounded 


Some of the problems are very complicated, especially if faults exist 



Fig. 20. 


Interconnection of network*; for double liiie-to-neutral short 
circuit on phases b and c. 


simultaneously at more than one point in the system. This kind of 
analysis, in conjunction with the use of a network analyzer, such as those 
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at the plants of the large manufacturing companies and some of the 
utilit}^ companies, and at the Massachusetts Institute of Technology, 
makes practicable the solutions of jxywer problems which were formerly 



Fig. 21. Line-to-line short circuit from phase ^ to phase c. 

SO complicated and tedious as to be very costly, to the least.* When 
these analyzers are used, the networks for the different sequences are set 
up and interconnected. Results are obtained chiefly by reading instru¬ 
ments rather than by calculation. 



Fig, 22. Interconnection of networks for line-to-line short 
circuit from phase b to phase r. 


12. Application of the method of symmetrical components 

TO A SYSTEM OF n PHASES 

The symmetrical-component method can be extended to the w-phase 
system by using n components in phase a rather than n total quantities 
in n phases. Then there are n sequences, numbered from zero to w — 1. 
If the set of n unsymmetrical vectors representing some circuit condition 
has a resultant other than zero, there is a zero-sequence component set 
of n equal vectors, each of which is equal to \/n of the resultant. 
The next symmetrical-component .set, called the first-order or positive- 
sequence set, consists of n symmetrical vectors, spaced at angles of 
360/w degrees. The second-order set likewise has n symmetrical com¬ 
ponent vectors, spaced at angles of (2 X 360)/w degrees. Thus, the 
entire system of symmetrical-comix)nent sets needed to represent n 
original phases can be listed as follows: 


* Chapter VIII, plates on pp. 443-446. 
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Sequence 

Order 

between vectors having 
adjacent phase letters 

0 

0 

0 

Positive 

1 


Not named 

2 

n 

2 X 360° 

Not named 

3 

n 

3 X 360° 

n 


Negative w — 1 


n 


The method of calculating the value of the key vector of each of the 
symmetrical-component sets having orders from one to — 1 parallels 
the method presented for the three-vector j)roblem. Since the work 
involved is obviously mu('h greater, it is fortunate that there are few 
practical problems requiring the analysis of unbalanced systems of more 
than three ])hases. Although five-phase systems are not at present used 



Fig. 23, Syninictrical-coniponent sets representing a five-phase system. 

in practice, they serve very nicely to indicate the type of symmetrical 
sets which result from the resolution of a system having more than three 
phases. Figures 23 and 24 illustrate the symmetrical-component sets of 
a five-phase and of a six-phase system, respectively. When the number 
of vectors or phases of a system are prime, as in the three- and five-phase 
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cases, each component set of sequence higher than zero has fi individual 
vectors; whereas, when the number of phases is not prime, as in the six- 



V4fl Vjj 

X 60" ^^240"=4 x 60" 


Vay V3, V,, 

(d) 

third order 


fourth order 



fifOi order or 
negative seciuence 


I'ic. 24. Syninietri(id-com|)onent sets represiMiliug a six phase system. 

phas(‘ sy.stem, some of tlie (omponent sets contain sii])erimpose(l vectors 
and thus aj^pear not to have ;/ symmetrical-comi)onent vectors. 


I^ROHLEMS 

1. Equal impedances Z have the three-phase alternating voltages aj)plicd as shown 
in Eig. 25. 

(a) What are the symmetrical components of the line voltages? 

(b) What are the symmetrical comfxments of the line currents? 

(c) What are the positive seciiience, negative stxtuence, and total power? 

2. Three unequal .single-plia.se inductive loads are connected between lines a-b, 
h-c, and ( a of a three-fiha.se sy.stem. The line potentials are each 2,^0 v with 
leading V/,,. The first load takes 100 amp at 0.707 power factor, the .second takes 150 
amp at 0 80 power factor, and the third takes 28.4 kw at 0.50 power factor. 

(a) What are the line currents? 

(b) What do two w^ittmelers connected for the two-w’attmeter method of measur¬ 
ing pow’cr read if their current toils are in lines a and />? 

(c) What are the symmetrical components of the phase currents? 

(d) What are the symmetrical components of the line currents? 

3. In Fig. 26, the phase order is abc and the line-to-line voltages are each 200 v. 

(a) W'hat are the symmetrical components of the line currents? 

(b) What pow'cr is dissipated in each phase? 
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(c) What is the voltage between the load neutral and the true neutral of the 
system ? 

(d) If wattmeter current coils are inserted in lines a and ft, and their voltage coils 
connected between c-a and c-ft, respectively, what does each wattmeter read ? 

(e) A vector diagram is to be drawn. 

4. The following questions refer to the circuit 
of Fig. 27. 

(a) What are the symmetrical components of 
phase voltages and line-to-linc voltages at 
the load, the symmetrical components of 
line currents, and the total line currents 
with A' open? 

(b) What are the answers to (a) with K 
closed ? 

5. In the circuit of Fig. 28 the method of sym¬ 
metrical components is to be used to find: 

(a) the symmetrical components of I„„^, 

(b) the actual line currents I„„/, I,,.,, 

(c) the load voltages \nn>fy Vc/«/, 

(d) the total power dissipated in the three 
load resistors R 2 . 

The answers should be checked by another method. 

6. A symmetrical three-phase voltage source of phase order ahe is connected 
through a circuit having balanced line-conductor impedances, to a balanced load, as 
shown in Fig. 29. Under these conditions, the line-to-neutral generator voltages are 
each 276 v, and 

laa' = 36.8 /—30° amp, [66] 

Er,a being used as reference. Then the voltage E„a is changed in magnitude to 138 v, 
the phase angles of all source voltages and the magnitudes of En6 and Enc remaining 
unchanged. Under this new condition, 

laa' - 17.01 — yi0.60amp 

referred to Enu. What is the vector value of the neutral impedance Z*? 



Za=5+i5 

Zft=S+;10 

Zc=s-iio 


Fig. 26. Circuit for Prob. 3. 


[ 67 ] 
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7. Three transformers hav^ing difTcrent internal impedance characteristics receive 
their energ>^ from a balanced three-phase supply system which has constant voltage. 
The transformer output terminals are A connecterl, the no-load output voltage of each 



Ena = 120 V, Enb = 00 /-120 ^v, Enc = 90/120° v; Z - UK)/^° ohms. 

I'k;. 27. C'ircuit of Proh. 4. 

transformer being 240 v. Each transformer may be considered to be a single-phase 
generator having a series im{)cdancc as follows: 

Z,/, -- 0.50 -f yo.866 obm, [68] 

Z/,, - 0.!(K) } >0.175 ohm, [69] 

Z,a - 0.50 4 /0.866 ohm. [70] 

What voltages are present at the tran.sformer terminals when a F-connected external 
load of 1.00 4->1.75 ohm.s/{)hase is connected to the transformer bank? The magni¬ 



tudes of internal impedances here are exaggerated in comparison with the impedances 
of practical transformers. 

8. The following questions refer to the circuit of Fig. 50. 

(a) What are the symmetrical components of the generator currents? 

(b) What are the symmetrical components of the load currents? 

(c) What are the load resistances? 
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9. A three-phase, K-connected induction motor has an impedance/phase of 
43.3 -|-y25.0 ohms to currents of positive sequence and an impedance of 5.0 -|-y8.66 
ohms/phase to currents of negative sequence when supplying a particular mechanical 



load. The motor receives power from a three-phase line having an impedance of 
0.50 -h ;0.866 ohm /conductor. There is no neutral connection to the motor. The 
line-to-line voltages at the source are 


Kai, - 2,000 v, 

[71] 

Ebr = 2,300 V, 

[72] 

El a — 2,300 V. 

[73] 



Kah = 2(X) -\-j0 V, = -117.3 - ;203 v, Kca = “82.7 +il43 v 
oj = 377 radians /sec 

'Za — 13)0 -f- /lOO ohms, R = 3.00 ohm.s; C = 265 ^f 
la = -14.13 -I-./7.16 amp, U = 15.87 -f j 10.16 amp 
Ic = -1.74 - /l7.32amp 

Fig. 30. Circuit for Prob. 8. 

(a) What are the positive- and negative-sequence currents, Vab being taken as the 
axis of reference? 

(b) What is the ratio of the magnitudes of positive- and negative-sequence volt¬ 
ages at the motor compared with the corresponding ratio for voltages at the 
source.'' 
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(c) What power Is delivered to the motor? 



10. Figure 31 shows a balanced A-connected source of j)ha.>e ' rder ahc, transmitting 
power to an unbalanced A-conncctcd load over a ^^'mmetrical three-phase conductor 
system. 

(a) What are the line currents I,., T/., and b ? 

(b) What are the voltages acro.ss the phases of the load? 

(c) What are the readings of the wattmeters U .. and U and the net power taken 
by the load? 



CHAPTER XIT 


Electromechanically Coupled Systems 

1. Introduction 

Essentially every problem of generation, measurement, control, or 
utilization of electrical energy involves the conversion of that energy to 
or from some other form. The usefulness of electrical energy lies not 
merely in the ease with which it can be controlled while in that form, but 
also in the ease and convenience with which it can be converted to and 
from other forms. Although the conversion of electrical energy occurs in 
a practically infinite variety of devices, and engineering concern with 
these devices differs widely, a careful study of them makes clear certain 
fundamental relations between electric and other forms of energy which 
serve as a basis for the study of practically all forms. In particular, the 
equations describing the forces acting on electric charges in electric and 
magnetic fields, or relating the energy changes to the motion of the 
charges in the fields, if interpreted with all the ramifications of the 
modern physicist's conception of the constitution of matter, cover all 
situations. In engineering, however, it is more appropriate to classify 
energy conversion processes according to the nature of the energy avail¬ 
able or delivered — for example, thermal, radiant, chemical, or meciiani- 
cal. This chapter deals with the conversion processes to and from mechani¬ 
cal energy, although other forms of energy are of necessity considered. In 
any electrical device, for instance, conversion or diversion of some of the 
energy to thermal form is unavoidable; so a study of the various mecha¬ 
nisms of energy conversion that ignores this factor is incomplete. 

In dealing with electromechanically coupled systems, it is very con¬ 
venient at some times, and essential at others, to treat the combined 
system as an entity. This procedure has already been followed implicitly 
for the conversion of electric energy into heat. To consider a resistor as a 
device for converting energy into heat is entirely accurate, but to con¬ 
sider the resistance of conductors as a purely electrical attribute is cer¬ 
tainly far more convenient. A similar simplification is obtained if mechani¬ 
cal devices coupled to an electrical system can be treated as equivalent 
electric-circuit elements, for in the preceding chapters the theory of elec¬ 
tric networks has been developed to a point where it provides an extremely 
useful working'tool for the analysisof thebehaviorof any electrical system. 

The simplest approach to the problem of the electromechanically 
coupled system is, therefore, to apply the same methods of analysis first 
to the mechanical system and finally to the conversion mechanism itself. 
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2. Analogies and equivalents 

The basic idea of an electromechanical analogy — comparison of 
inductance to mass, capacitance to compliance, voltage to force, and so 
on “ is probably already familiar to the student. Such analogies are 
generally useful if they enable a mental picture of new phenomena to be 
formed in terms which have become familiar. Thus, when electrical 
phenomena arc first considered, the electrical-mechanical analogy 
enables the relations in an electrical circuit to be formed in the familiar 
terms of mechanical phenomena. xNow, having developed electric-circuit 
theory to a high degree, it becomes desirable to use this same analogy to 
make possible a more convenient treatment of in(‘chanical systems. 
Finally, when combined electrical-mechanical system.'^ are considered, 
such an analogy permits the substitution for the metiitinical system of an 
electrical network which is an exact equhaJcnl. The problem is thereby 
reduced entirely to electrical terms for solution. 

The full signilicance of an analogy is not always appreciated. Custom¬ 
arily an analogy is introckn ed simj)ly as an ..id in visualizing the corre¬ 
spondence between two difl'tTent systems. 

There is no objection to such a fmictice, 
but the validity of the analogy depends 
solely on the mathematical proof of the 
correspondence between the two systems. 

In particular, the existenct* of a rigorous 
analogy implies an exac t similarity in the 
form of the mathematical eejuations which 
describe the behavior of the two systems 
under consideration. 

As an example, the simple series electrical circuit of Fig. 1 and the 
simple vibrating mechanical sy.stem of Fig. 2a arc considered. The rela¬ 
tions in the electrical circuit are expressed by the equation: 

c = rA! +Ri +1 f idt. [1] 

Equation 1 is of so familiar a form that the reasoning upon which it is 
based is likely to be overlooked. Actually it depends on the principle of 
adding the voltages across individual circuit elements to obtain the total 
voltage across all of them connected in series. In the mechanical system 
of Fig. 2a, each individual element can be treated as a free body. The 
individual elements are indicated in Fig. 2b. The equations for the 
individual elements are: 

( 1^2 


aa\——11— 
R L n 
c 

L_ 


Fig. 1. Klectric circuit having; re 
sistance, inductance, and caf>aci- 
taiue in series. 
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[3] 

[4] 


h - -K-vW = 0, 


Ut = 0. 






In these equations f represents force; >0 represents velocity; L\i represents 
mass, or mechanical inductance; Rm represents mechanical resistance; 

Cm represents compliance 
(deflection per unit force), 
or mechanical capacitance; 
and / represents time. 

In Eqs. 2, 3, and 4, the 
positive direction of force is 
arbitrarily taken to be to 
the left in Fig. 2b. It is 
fully as essential to assign 
a positive reference direc¬ 
tion for force in the an¬ 
alysis of any mechanical 
system as for voltage in an 
electrical system. Likewise, 
the positive direction of 
velocity ^ must be arbi- 



'• vQQOQj-^ 
h Cu 

(b) 


Fig. 2. M(‘chaniral system havinp; mechanical resist¬ 
ance (friction), mechanical inductance (mass), and 
mechanical cajiacitance (compliance) in parallel. 


trarily established in order that th(* relations between force and velocity 
may be consistently determined. 

The total force f acting on the moving system is determined by addition 
of the reaction forces of Ec^s. 2, 3, and 4, which results in the relation 


X r. 1 r 


vV/. 


[ 5 ] 


There is a rigorous analogy between the electrical and the mechanical 
systems, since E(|s. 1 and 5 describing their behavior are identical in form. 

Certain assumptions are implied in the equations of both systems. Just 
as it has been assumed that electrical circuit elements may exist as pure 
entities, and in particular that a capacitor may be free from inductance in 
its leads and from electrical los^e^ of any kind, so it is assumed that mass, 
mechanical resistance, and compliance may exist as pure entities, and in 
particular, that a spring may be without mass and mechanical losses of 
any kind. These ideal conditions may be approximated to about the same 
extent in the two systems. It should also be noted that mechanical resist¬ 
ance is assumed to develop a retarding force which is proportional to 
velocity. Sliding friction, in which the retarding force is substantially 
constant once motion is started, introduces a nonlinear element which is 
not considered here. 
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C ouric’ty Bell 7 eh phont I aboriitorn s 
(a) 

Detailed drawing of the medi.inua! hltei of an elec 
lioinagnclii lecoidii 



(h) 

Equivalent electric c'ircuit of the clc'clioinagnelic recorder. 


Li Inductance representing mass of armature 1/1 
1.2 Inductance repiesentmg mass of cutting stjlus M2 
Ls Inductance representing ma'-s <>f coupling disk ^f^ 

— Co Capacitance representing ncgatixe (omplunce of magnetic field 
C’l Capacitance representing compliance Cl of coupling shaft 
C 2 Capacitance* representing compliance ( 2 of balancing springs 
Cs Capiicitance representing compliance ( S of coupling shaft 
Resistance representing mechanical resistanc e of rubber line 

Fig. 3. Electromagnetic (Orthophonk ) phonograph recorder mechanism and 
equivalent circuit 
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Fig. 4. Electric circuit having resistance, 
inductance, and capacitance in parallel. 


This type of analogy has been recognized as useful for many years. 
The Bell Telephone Laboratories made momentous use of it in the analy¬ 
sis and design of the Orthophonic phonograph recorders and reproducers. 
The entire vibrating mechanical system was designed on the basis of 

an equivalent electrical system, with 
results which, in comparison with 
anything prior to that time, were 
very remarkable. This development 
is described in a paper by Maxfield 
and Harrison, published in 1926. 
Figure 3 shows the mechanical ele¬ 
ments and the equivalent electrical 
circuit of the recorder as given in 
that paper, to which the student is 
referred for a detailed discussion 
of the analogy between these two 
systems.^ 

The analogy in this example, where force is represented by voltage, 
velocity by current, mass by inductance, and so on, is only one of two 
equally valid possibilities. Ju.st as the series electrical circuit of Fig. 1 
has its dual in parallel form as shown in Fig. 4, so the mechanical circuit 
of Hg. 2 has its dual as illustrated in Fig. 5. In Fig. 4 the total current at 
the point where the voltage is 
acting is the sum of the currents 
through the capacitance, the 
resistance, and the inductance. 

In Fig. 5 the velocity at the 
ix)int where the force is acting is 
the sum of the velocity of the 
mass and the relative velocities 
between the ends of the resist¬ 
ance and the spring. It should 
be understood that when a force 
or voltage is said to act at a point it is implied that the action is between 
two points, one of which is a reference at a fixed, or ‘‘ ground,” potential. 

The relations in the circuits of Fig. 4 and Fig. 5 are given by the 
equations: 

i = C -i + 4 




Fig. 5. Mechanical system having mechanical 
resistance (friction), mechanical inductance 
(mass), and mechanical capacitance (compli¬ 
ance) in scries. Here f represents the reaction 
force at the point. 


c 


dt ' R 


df 


M 


dt 


+ -^f + r 


[7] 


* J. P. Maxfield and H. C. Harrison, “ Methods of High Quality Recording and Reproduc¬ 
ing of Music Based on Telephone Research,” B.S.TJ V (1926), 493 523. 
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Thus the original analogies are shown to hold for the duals of the 
systems. Comparison of these equations with those for the circuits of 
Figs. 1 and 2, however, shows that all four equations are identical in form 
and therefore that all four of the systems are analogous. In particular, 
the series mechanical system of Fig. 5 is analogous to the series electric 
circuit of Fig. 1, and the parallel mechanical system of Fig. 2 is analogous 
to the parallel electric circuit of Fig. 4. For these cases, velocity becomes 
analogous to voltage, force to current, mass to capacitance, compliance 
to inductance, and mechanical resistance to conductance. This type of 
analogy in many cases greatly simplifies the formulation of equivalent 
circuits in that the general appearance of the analogous systems Is far 
more similar, a fact which is at once apparent from the figures. 

3. Analogies used in the study of electrostatically and 

ELECTROMAGNETICALLY ('OUPLED S\ S I'EMS 

To determine an electric circuit which i^ the mathematical ecjuivalent 
of a mec'hanical system, either analogy that lias been I'lresentcnl may be 
employed. An electric al system coupled tc. . mechanical system through 
the medium of an electromagnetic or an electrostatic field, however, as 
illustrated respectively in the D’Arsonval gahanometer and the con- 
dc'nser microphone, presents an important tyi)e of problem wherein there 
is no longer a free choice of the analogy to be u^^e^d, bcM'ause the physical 
laws of magnetic and electric fields dictate the relations that must be 
employed. These two cases are now disc'ussed. 

3a. Ele(tromagnetic cxiitpling 

As an aid in formulating by the velocity-voltage analogy the equilib¬ 
rium equations of an electric circuit eeiuivalent to a given mechanical 
system, it should be recalled that 


c = fAf<l 

[8] 

f = fAfi 

[9] 


when a conductor of projected length f moves with a velocity in a direc- 
tion perpendic'ular to the magnetic flux having a density fib Under these 
conditions, the electromotive force e generated in the conductor is di¬ 
rectly proportional to the velocity \», and the force f acting on the con¬ 
ductor is directly proportional to the current i in it. Equations 8 and 9 
demonstrate the physical relations which dictate the analogy that must 
be used whenever magnetic coupling exists between an electrical and a 
mechanical system. The student may wonder why the equivalent circuit, 
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Fig. 3b, representing the phonograph recorder mechanism, is not based 
on the analogies of Eqs. 8 and 9. The reason is that the equivalent circuit 
represents only the mechanical system itself and does not (as indicated 
by the vacant coupling box) include the effect of the mechanical load on 
the electrical input. If the apparent impedance of the combined mechan¬ 
ical and electrical system as seen from the input terminals were to be 
represented, the mechanical system would necessarily be converted to 
an electric circuit through the electromagnetic method of analogy. 

The advantages of the electromagnetic analogy described above are 
treated in detail in a paper by Professor F. A. Firestone.^ The student who 
desires to study these analogies further and to understand their limita¬ 
tions with regard to reactance, susceptance, impedance, and admittance 
concepts should study Professor Firestone’s article. 

3b. Electrostatic coupling 

When an electrical system is electrostatically coupled to a mechanical 
system, the displacement current equals the rate of change of charge in 
the coupling field, and the mechanical velocity of the moving parts equals 
the rate of change of distance. These relations therefore fix the type of 
analogy that must be used in determining an electric circuit that shall be 
equivalent to the combined mechanical and electrical systems which are 
electrostatically coupled. The analogy in this case is the familiar one 
represented by Figs. 1 and 2 and Eqs. 1 and 5. 

4. Summary of analogies 

In order to summarize clearly the two types of analogy that have been 
discussed, a table is presented on the opposite page which shows the 
comparison between them. 

Useful and valid electrical analogies exist for other mechanical systems 
besides the simple translational type which has been considered. The 
correspondence between quantities can generally be formulated from a 
consideration of energy changes without the use of mathematical equa¬ 
tions. 

In practical applications, the basic quantities of an electrical system 
are current and potential difference. The power which is transmitted is 
found in terms of the product of these basic quantities and the general 
behavior of the system is found in terms of their ratio, that is to say, 
impedance or admittance. In the translational mechanical system, the 
quantities corresponding to current and voltage are force and velocity, 
but in other types of systems other quantities are more convenient. In 

* F. A. Firestone, “ The Mobility Method of Computing the Vibration of Linear Me¬ 
chanical and Electrical Systems^,” J, App. Phys.^ IX (19S8), ,U3-vS87. 
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TABLE ( F ANALOGIES* 


FJcctrical analogy for 


FJcctrical analogy for 

elc( Irostatic coupling 

Mfihanical system 

electromagnetic coupling 

1 ^ollage 

Force 

Current 

T 

v = L 

II 

t = C — 

(it 

dt 

dt 

V = Ri 

f = Rsi^ 

i = O’ 

li 

<x\.h 

' ’ Kr 

^ . dq 

Current t = , 
at 

,, , . dx dS 

dt dt 

Voltage V =- ' 
dt 

Charge q 

Displacement .y or rd 

riiiA linkage X 

Capacitance C 

Mechanical capacitance 

1 ^ luctance L 


or compliance Cm 


Inductance L 

Mechanical indudance or n 

ass L M Capacitance (' 

Resistance R 

Mechanical resistance Rm 

e'onduib'inc'e G 

* The table is ba.sod 

on the assumption that each eh 

‘•n^*nt is pure and that all elements 


arc' liiH'ar 

rolatinii: machinery, for example, torque and angular velocity are to be 
I)referred; and in liydromechanical systems, pressure and volumetric 
How. In each, power is measured in terms of the product of the two basic 
(juantities. Obviously, correct energy relations can be maintained in any 
analogy in which voltage re])r(‘sents one of these quantitic*s and current 
represents the other. Thus electrical impedance can i)roperly represent 
any of the ratios between the pairs of quantities mentioned: 

fore e vc'loeity 

NTlocity ’ force 

torque angu lar velocity ^ 

angular velocity' torque 

pressure flow 
flow ’ pressure ‘ 

When one correspondence is specified either by choice or by the require¬ 
ments of the problem, all others are uniquely determined. 

5. Electromechanical conversions in general 

All electromechanical energy-conversion devices have one feature in 
common: A displacement of an element, or elements, in the system pro¬ 
duces a change in the energy of the system. The coupling in the system 
is electromagnetic or electrostatic according to whether the change in 
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energy produced by displacement is in an electromagnetic field or an 
electrostatic field. 

Specific examples of these two types of conversion are afforded by two 
elementary circuits; an isolated inductance L carrying current f; and an 
isolated capacitance C across an electromotive force e. These circuits are 
illustrated in Fig. 6. The energy stored is: 




[10] 

in the magnetic field, and 




We = 

[11] 

in the electric field. 




Here L and C each may depend on a space relation x. The inductance, 
for example, may represent a telephone receiver in which the value of the 
inductance depends on the distance x between a diaphragm and a pole 



(a) (b) 


Fig. 6. Simple circuit elements of inductance (a) and 
capacitance (b). 


face. The capacitance may represent a condenser microphone in which 
the value of the capacitance depends on the distance x from a diaphragm 
to a fixed plate. 

In each example the power involved may be found by differentiating 
with respect to time. It is assumed that z, e, and x are all time functions. 
Then, 


dWm _ d .1..2X _ , i! ^ ^ 

dt ’ dt^ 2 dx dt’ 

dWe _ d 2 \ _ ^ de dC dx 


[ 12 ] 

[13] 


Each term in each equation represents a rate in change of energy. In the 
first case, L(di/ dt) is recognized as the voltage induced by virtue of the 
variation in the current. The term Li{dildt) evidently represents the 
electric power which is associated with the change in energy in the mag¬ 
netic field. Since the next term must also represent power, and since 
dx/dt is mechanical velocity, {i^l2){dLldx) must represent force. A simi¬ 
lar analysis of the second case shows that {e^/2){dC/dx) represents force. 

If dL/dx is constant, and if i is made up of a constant component 
Iq and a relatively small variable component the force includes a fixed 
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component {jQl2){dLidx) and a componenL {di,(dL dx) which is pro¬ 
portional to the variable current The lerni in C i^^ here assumed to he 
negligibly small. The varialjle com{)oncnt of force is therefore given by 
the relation 

^ = [14a] 

A similar analysis of the second S 3 ^stem, where the electromotive force 
c is made up of a fixed component Eo anrl a relatively small variable 
component shows that there is a variable component of force pro¬ 
portional to according to the relation 



This analysis is too general to be readii}^ applicable to specific devices, 
but it serves to show in a concise manner those relationships w^hich are 
characteristic of electromagnetic and electrostatic coui)ling. For electro¬ 
magnetic coupling, an electromotive force is generated by mechanical 
motion and force is produced by current. For electrostatic coupling, cur¬ 
rent is generated by motion and force is produced by voltage. Therefore, 
when an equivalent electrical system is to be found for each of the two 
systems, force should obviously be represented by current if electro¬ 
magnetic coupling is used and by voltag(' if electrostatic coupling is used. 

In addition to the two types of coupling which have just been con¬ 
sidered, two other types are of interest : magnetostrictive and piezoelec¬ 
tric. These types are really special cases of electromagnetic and electro¬ 
static coupling, respectively, but since they depend on particular 
properties of certain materials they may properly be classed separately. 

6. Electromagnetic conversion devices 

Electromechanical conversion based on electromagnetic coupling is of 
chief importance from an engineering point of view whether judged by 
the number of applications or by the cost of equipment in which it is 
used. This type of conversion is therefore considered first and in greatest 
detail. The moving element in electromagnetic conversion devices in 
general comprises both magnetic material and current-carrying con¬ 
ductors, but in the simpler types of mechanisms only one or the other is 
associated with the moving parts. It i.'. convenient for purposes of analysis 
to subclassify these devices as moving-conductor and moving-iron types. 
The fundamental principles of both types are di.scussed and practical 
examples are considered. 

Since in either type of mechanism the magnetic field acts as the con¬ 
necting link between the electrical and the mechanical systems, two inter- 
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changes of energy are involved: between the electric circuit and the 
magnetic field, and between the magnetic field and the mechanical system. 
If a separate electric circuit is used to produce the magnetic field, there 
may also be an interchange of energy between this circuit and the field. 

7. Moving-conductor mechanism 

The nature of the energy interchanges between the electric circuit and 
the magnetic field and between the field and the mechanical system may 
be demonstrated by an analysis of the simple moving-conductor device 
shown in Fig. 7. This system comprises the essential features of an impor¬ 
tant group of mechanisms such as moving-coil microphones and loud¬ 
speakers, and all instruments of the D’Arsonval type. In all these appli- 



Fig. 7. MoviiiK-condiK tor niethanism In noimal operation, the field 
current //-is sulistantially constant and the armature current / is a 
function of time. 

cations the re.sponse of the device should be proportional to the actuating 
cause. In an ammeter, for example, to have the indication of the instru¬ 
ment proportional to the current in the winding is usually an advan¬ 
tage. In a loud-speaker, the pressure produced in the air should be pro¬ 
portional to the voltage applied at the terminals. For the loud-speaker, 
the requirements are severe, in that the factor of proportionality should 
be independent not only of amplitude but also of frequency over wide 
ranges. Moreover, the device should introduce no frequency which 
does not exist in the actuating voltage. Any departure from these con¬ 
ditions causes distortion, which means a lack of proportionality between 
cause and effect. The device to be analyzed comprises a conductor which 
has length f in the field between the f)oles of an electromagnet. The con¬ 
ductor is free to move in a path perpendicular to its length and parallel 
to the pole faces. To avoid possible confusion with the field winding, the 
moving element is called the inductor. 
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For the configuration shown in Fig. 7 the force 1( on the inductor is 

( - fSfi. [9] 

Any consistent system of units may he used. This relation is derived on 
the assumption that there is no magnetic material in the field. In nearly 
every practical device of this type, magnetic material is present, but its 
effect on the simple relationship in Kq. 9 may he quite negligible, as 
demonstrated by the following analysis of the device illustrated in Fig. 7. 
The effects of hysteresis and eddy currents are not included in this analy¬ 
sis. The omission is justified because the effects are unimport.int in 
devices of the type consitlered and can very easily be measured if a value 
is desired. 

The energy stored in the magnetic circuit is the summation of 
(!K 'STr)dv over the entire volume. Since is approximately the same 
both in the iron and in the air gap. and siiice the permeability of the iron 
may be assumed to be very large with resjiect to that of tin air gap, X in 
the iron is considered to be negligible with respect to .K’ in the air, and 
the entire stored energy may be considered to bt concentrated in the 
air gap. Since fjL has the constant value mo in air, ihc energy is 

ir.115] 

OTTMo 


where v is the volume of the air gap. fringing effects are assumed to be 
negligible. 

The flux density due to the held winding is 


47r.VzV^) ^ 


[16] 


In addition is the flux due to the current in the inductor. This flux appears 
only in that part of the gap which is linked by the inductor circuit, that is 
to say, to the left of the inductor in Fig. 7. The flux density due to the 
inductor current i is 


‘ft, = 


L17] 


The energy in terms of these two components is then 


Wm = ~ [(% + [^8] 

OTTMo 

where x is the distance between the left-hand edge of the pole face and the 
inductor, and a is the total width of the pole face. This energy is a func¬ 
tion of both current and position of inductor. 

The voltage drop between the terminals of each circuit is made up of 
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three parts: the drop through the resistance, the drop caused by changes 
in current, and the electromotive force generated by the motion of the 
^ ^ inductor. It is convenient to consider 

+-J_t « 'inr « i the first two drops as being external 


I ^ ® ” n'*' actual conversion mechanism, 

e, ( * e that is to say, as a resistance and an 

I inductance between the terminals and 

“ the mechanism proper. 

Fig. 8. Inductor circuit of moving- The inductor circuit may be rcpre- 
conductor mechanism. ^ i • i— o 

sen ted as in Fig. 8. 

The rate at which the energy in the field changes with the displacement 
of the inductor is 

^ [(fB/ + (2% + 

dx iSTTMO OTTMo r.r^l 


The rate of transfer of energy with respect to x into the field winding from 
its electrical source is 




where e; is the electromotive force generated in the field winding as a 
result of the motion of the inductor. Since 


ej = 


= %Nijf = [ 22 ] 

In like manner, the rate of transfer of energy to the inductor from the 
electrical source is 

^ = f = (ffi/ + [23] 

Finally, the rate at which energy is supplied to the device from the 
mechanical source is 


[ 24 ] 
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where I is the external force cxerteil on the imluctor. I'he effects of fric¬ 
tion, stiffness, and inertia are considered to be segregated externally to 
the conversion mechanism just as the resistance and inductance of the 
inductor circuit and field winding are segregatetl externally. 

The rate at which energy is deliva^red to the device must equal the 
rate of increase in energy in the field; hence 

dWf d\]\ d]]\r d]\\n 

dx /fr' ^ Ox ‘ 

Putting in the values found for the energy-traiishT terms gives 

f = - (nV 4 'j) a = - . [261 

The first term is the force available to do work on th(' ^‘xternal mechanical 
system. The second term i> a unidirectional forci^ which tends to move the 
inductor to link more held Ilux. If the current a sinusoidal function of 
time, this unidirectional fora* varies siiuiNohl 'lly about a mean value at 
twice the frequency of the (urrent. In order to maintain the jiosition ol 
the inductor in the field, a force must be exert(*d by the inductor sujiport 
to c'ounterac't the steady pull of the unidirectional force. The residual 
double-freciuency com])onc‘nt introducrs distortion. 

The ratio indween the undesirable- and tlie usc-ful components of force 
is i/(2Nij), in other words, half the ratio bedwe-en the magnetomotive 
forces of the inductor circuit and the held winding. It is cjuite practiced to 
have the ratio of magnetomotive force's as low as 1 to 100 in devices such 
as loud-speakc’rs. 

If the held and its winding are conddered as a single entity, the rate 
at which energy is tran.sferred to this entity as x varies is 

chPn, OVfr 

Ox Ox 2 " 2Xif ' ‘ 

which is equal in magnitude to the unidirec tional component of force 
resulting from the energy transfer w^hich integrates to zero over a cycle. 
In so far as the unidirectional-force term is negligible, 


OW i M 

Ox Ox 


[28] 


and the rate at which energy is supplied to the conversion mechanism 
from the induction circuit is ecjual at every instant to the rate at which 
the conversion mechanism supplies energy to the mechanical system, 
and the process is completely reversible'. For this condition the following 



624 ELECTROMECUANICALLY COUPLED SYSTEMS 
simple relations hold: 

\ [9] 


e = 

1-1 

oo 

where ffi is the flux density in the field produced by the magnetomotive 
force of the field winding. Equations 8 and 9 are related through the 
expression for conservation of energy: 

ci = 

[29] 

The energy interchanges associated with changes in current remain to 
be investigated. If x is held constant, the time rate at which the energy in 
the field is increasing because of change in the current i is, from Eq. 18, 


[30] 

Expressing ffl/ and fxi, in terms of the currents gives 


a - -di ■ 

[31] 

The rate of change in flux through both windings is 


dip dH\ 

— = xf —— • 
dt dl 

[32] 

Hence the induced voltage drops are 



[33] 

and 


AT 

Vf = Nx^ -j- 

(pi 

[34] 

The power supplied to the field from the two circuits is 


/ ■ , • \ otm- 1 

[35] 


The energy changes therefore do not involve the mechanical system. 
Provided, as assumed, that the field current is maintained constant, the 
interchange of energy between the field circuit and the field affects no 
other part of the system. The energy interchanged between the inductor 
circuit and the field is simply energy associated with the self-inductance 
of the inductor circuit. This part of the inductance, which depends only 
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on the inductor flux which link.'> the field winding, has a magnitude 


L = - .vf 

at 

dt 


47r/j() 


[36] 


If now X varies about a mean position Xo, there are a fixed component 
of inductance 


and a variable c()nii)()nent 


L{\ — Xof 




7 « 47r/i() 

Lr = xf 


[37] 

[38] 


If X and i vary sinusoidally, there is a s( If-inductance drop which varies 
at double freijuency and which therefore teiuis to cause vfistortion. The 
magnitude of the distorting voltage is 


- xf 


dt 


[39] 


Since x and Hit are assumed to vary sinusoidally with time, 

Vjr - coxffti, = Ol’Hi,. [40] 

The electromotive force du(‘ to the motion of the inductor in the flux of 
the held winding is 

e - [41] 

The ratio between the distorting voltage Vr and the el(‘ctromotive force e 
resulting in useful power transfer is twice th(‘ ratio between the 

undesirable and the useful force. Hence the general criterion to insure 
negligible distortion from these two causers is that the flux density fft, 
due to the inductor circuit shall be negligible with respect to the flux 
density HI/ due to the field winding. 

If a permanent magnet is used to maintain the field, an analysis is 
difficult since there is no general agreement among authoritic*s as to the 
exact functioning of permanent magnets. KxpcTience has shc3wn, how¬ 
ever, that devices of the kind undcT c onsideration do operate sue ces.sfully 
if a permanent field magnet is used. It follows that there must be a 
sufficient storage of energy to take care of the reversible interchanges 
which are known to occur between the field and its supply. The re.serve 
stored energy may reside in the magnetic material, in the leakage flux 
field, or In both. 

In practical devices which employ an electromagnet, the assumption 
that the field current is constant can hardly be justified. Voltages are 
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Xxv^UCeA in the field winding by the motion of the inductor and by change^ 
in current in the inductor circuit through the mutual inductance. Unless 
these voltages can be counterbalanced, changes in held current result. 
Changes in the flux density resulting from these and other causes can be 
minimized if the pole faces are saturated. 

The undesirable effects of the magnetomotive force of the inductor can 
be nearly eliminated by the use of a compensating winding connected in 
series with the inductor and designed to produce a magnetomotive force 
which balances that of the inductor in its mean position. The effect is to 
reduce greatly both the self-inductance of the inductor circuit and the 
mutual inductance with the field winding. The elimination cannot be 
complete because the coupling varies with the position of the inductor. 

8. Moving-iron mechanism 

Figure 9 illustrates a device typical of the group in which electrical 
energy can be converted to, and from, mechanical form by virtue of the 
displacement of an element which varies the reluctance of a magnetic 
circuit. 

The main features in the functioning of moving-iron mechanisms are 
brought out in the brief analysis given in Art. 5 for an isolated induct- 
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Fu;. 9. Moving-iron mechanism. 

ance whose magnitude varies with a displacement. A more detailed 
analysis follows. The procedure is similar to that used for the moving- 
conductor device. 

The device shown in Fig. 9 includes a magnetic circuit and two wind¬ 
ings. The magnetic circuit comprises a path formed by material of high 
permeability, presumably iron, and an air gap whose length x is variable. 
The field winding has N/ turns and carries current i/ which in normal 
operation is maintained substantially constant. The second winding, 
which is called the armature winding, consists of N turns and forms part 
of the electrical system whose energy is to be converted to or from 


flux <p 
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mechanical energy. The current i in this winding is variable in normal 
operation. The resistance of each winding is assumed to be external to 
the device as indicated in the figure. Only those energy changes which 
take place inside the dotted line, are considered, fdectrical energy may 
be supplied to the device through either of the windings by virtue of the 
current in the winding and the voltage generated by changes in flux. 
Mechanical energy may be supplied to the system by the application of a 
force f which changes the length of the air gap. 

The magnitude of the force tending to shorten the air gap can readily 
])e determined from the rate of change of energy in the system as .v varies 
under such conditions that only mechanical energy can be applied to the 
system. This condition is fulfilled if the current in each winiling is varied 
in such a manner that there is no change in flux through either winding. 
No electromotive force is then generated in the winding, and consequently 
no electrical energy can Ik* supplied. 

For this condition, 


dWM dW, 

dx ^ h' * 


[42] 


where ir,i/ is the mechanical energy supplied to the system and is the 
energy in the system, that is, the summation of {7KH\/S7r)dv throughout 
the volume of the magnetic circuit. Rut since the flux through the wind¬ 
ings is maintained constant, is constant except for j)ossibIe changes in 
leakage flux (which are assumed to be negligible) and X is constant in 
the iron. Jlence the only changes are in the air gap. If the distriliution of 
flux in tlie air gaj) is not uniform or is modified by changes in length, the 
calculation of the energy change may be a complicated process. But if 
the air gap is short in compari.son to the dimensions of the cross section 
and if the gap has parallel faces, it is substantially correct to assume 
that the flux is uniformly distributed in the ga]) and that the flux goes in 
straight lines across the gap without appreciable fringing at the edges. 
I'he energy in the gap is then restricted to a volume sx^ where s is the 
area of the gap and 


dW^ _ d \ ^ 

dx dx\ Htt / Httmo 


[43] 


The force thus is shown to be independent of anything in the magnetic 
circuit outside the air gap provided leakage flux is negligible. 

All other changes in energy in the magnetic circuit are due to changes 
in flux and are supplied by the electrical systems. These changes result 
either from changes in magnetomotive force or from changes in reluc¬ 
tance, that is, from changes in the variable current i or the variable gap 
length X, both of which are functions of time. 
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The rate at which energy is taken from the field supply is 


dWf . . (h 


[ 44 ] 


where V/ is the voltage induced by change of flux due to motion of the 
armature or change of i. 

Since if is constant, 

Wf = Nfifip, [ 45 ] 

and there is no net transfer of energy if the flux <p varies about a constant 
mean value. 

In like manner, the rate at which energy is taken from the electrical 
system associated with the armature winding is 


dWa 

dl 


= vi = Ni 


dip 

dt 


[46] 


Since i is a function of time, there may be a net transfer of energy to, 
or from, the electrical system. The problem is idealized by the assumption 
that no energy is lost in this transfer. Actually, changes in flux in the iron 
involve losses due to eddy currents and hysteresis. The effect of these 
losses can be api)roximate(l by an increase in the apparent resistance of 
the winding, but this exi)edient does not take account of the fact that 
the flux in the iron lags the magnetomotive force producing it. 

The flux ip depends on the variable current i and the variable air gap x. 
The relation involves the permeability of the iron ju. If the magneto¬ 
motive force of the armature winding is small with respect to that of the 
field winding, and if the change in air gap is small with respect to its 
mean length, the changes in flux are small with respect to the mean 
value, and /x may be considered to be constant. The effect of the reluc¬ 
tance of that i)art of the magnetic circuit which is in the iron may then be 
represented as an increase in the mean length of the air gap. Since the 
permeability of the iron is high, this increase is small if not entirely 
negligible. 

The air-gap length is then gi\^en by 

X = X(, + Ax, [47] 

w^here Xo includes the effect of the reluctance in the iron and Ax is the 
displacement from the mean position. The flux is 

4ir(AVjV + Ni)sy.o 

- u + i.) ■ 

If the ratios Ni/{Nfif) and Ax/xo are so small that their squares are 
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negligible with respect to the first jxiwcrs, then 
47r5/io.V////, , Ni Sx\ 


\ A/// a-,,/ 


The voltage induced in the armature winding is 

,. ,v I - .V' *' - (4,). 150] 

At Ao At Ay At 

The term in di, dt is evidently the voltage of self-induction in an induct¬ 
ance of magnitude 

, 47r5/ioiV“ . - 


The second term is the electromotive forc(' generated by the mechanical 
motion. This term may be written 

= [52] 

Ay 

where fiVo the flux density in the air gap due to the field winding when 
the gap has its mean value Ay. 

The force is given by 


= a “ = 2x5^0 - C 1 

OTT/io Ay \ 


2 Ax 2Ni 

Xi) Nfis 


•)• [53] 


'faken in order these terms re{)resent: 

(a) A force of fixed magnitude whic h tends to close the gap. 

(])) A force proportional to the displacement which tends to increase 
the displacement. This component acts as negative stiffness. 

(c) The useful component of force which depends on the current. This 
component is 

sN 

f„ = !iV —f. f53a] 

Xy 


In order for this device to function, the mechanical system must con¬ 
tain a spring which acts on the moving element. The force resulting from 
the mean deflection of the spring must be that required to maintain the 
desired mean length of air gap. The stiffness of this spring must be at 
least sufficient to supply the component of force which depends on the 
displacement Ax. It is convenient to consider the fixed component of 
magnetic force and the negative stiffness component as part of the 
mechanical system that is to result from a force acting on the armature 
but placed inside the dotted lines in Fig. 9, and hence to consider only the 
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component depending on the rurrent / to be supplied from outside. 
From this point of view, the relations which determine the behavior of 
the device are 

sN 

(m = — i [53a] 

Xq 

and 

sN 

Cm = ®/()'— • [vS2] 

X^) 

Except for the factor of proportionality, these relations are the same as 
those found for the moving-conductor mechanism. 

There are, however, very definite restrictions on the mechanical system 
that can be coupled to the moving-iron type of mechanism. For effective 
energy conversion, it is found in practice that the mean air-gap length 
should not exceed a])out of an inch. To minimize the distorting effects 
of the second-order terms which have been neglected, the deflection of 
the armature must be small with respett to the mean air-gap length; 
hence the amplitude of motion is very greatly restricted. Furthermore, 
if the mechanical system is to have small net stiffness, it is difficult to 
design a sj^ring member which has stiffness just sufficient to compensate 
for the negative magnetic stiffness and which maintains accurately the 
mean length of air gap. As a result of these limitations, the use of devices 
of this type is practically restricted to telephone receivers. A permanent 
magnet is usually employed in place of an electromagnet to supply the 
unidirectional component of flux. 

Moving-iron mechanisms are sometimes operated iinpolarized, that is 
to say, with no unidirectional component of flux. An example is the 
‘‘ Nautophone,” a type of fog signal. The mechanical force in such devices 
has a frequency twice that of the current producing it. The behavior of 
the unpolarized device depends on the terms in P which have been 
neglected in the foregoing analysis. 

9. Analysis of the mo\tn(;-coil telephone 

The method for finding the equivalent network for electromechanically 
coupled systems can best be shown by an analysis of actual devices. 
On account of its relative simplicity, the moving-coil telephone (Fig. 10) 
is an excellent introductory example. 

Figure 10a shows the positions of the mechanical parts when assembled. 
The cylindrical coil is mounted in a radial field of flux produced by the 
magnet, which may be permanent or electrically excited. The coil is 
rigidly fastened to a flexible diaphragm in a way allowing axial motion of 
the coil against the elastic restraint of the diaphragm. Slightly modified 
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de\dces of thib type mounted with the diaphragm in the throat of a long 
horn, are widely used as sound reproducers where good eftkiency and 
relatively high output are recjuired. 

Figure 10b is a free-body diagram of the mo\'iiig parts of the system, 
in which the mechanical parameters and reference directions for force 



and velocity are clearly shown. Since there is a lixed kaigth of conductor 
in the winding whic h is located in a uniform radial ru‘Id, tlie electromotive 
force e generated by an axial velocity of the coil is given by Eq. 8a: 

€ = UifA? - /vV, [8a] 

where K is constant. 

The following relations are also imiK)rtant: 

ei = fO [29] 

and 

f = fBf/ = A7, [9a] 

where f is the axial force acting on the winding due to the current i. 

The actual electric circuit is represented by the diagram of Fig. 11. The 
resistance and inductance of the winding are represented by and Lx,,, 
and the electromotive force generated by the motion of the winding is 
represented by e, between the points a and b. 

Both e and i can be expressed in terms of mechanical cjuantities accord¬ 
ing to Eqs. 8a and 9a. Also, there is a relationship between the force f 
applied to the mechanical system and the velocity ^ at the driven point, 
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which may be expressed by 

( = F ( 4 }, [54] 

where the function F is determined by the parameters of the mechanical 
system. Substituting e and i for ^ and respectively, gives 

•■-IKs)- [“1 

This relation indicates how the mechanical system which is coupled to 
the electrical system may be represented by an equivalent electric circuit. 

If the usual convention is followed, me¬ 
chanical impedance is measured in units of 
force divided by velocity. In the moving- 
coil telephone, which is typical of many 

electromechanically coupled devices, 

mechanical impedance appears in the 
equivalent electric circuit as electrical 
admittance, as shown by Eq. 55. Specili- 
cally, if the mechanical system, including 
the air reaction, comprises a simple diaphragm which can be rei)resen- 
ted as a lumped mass, a concentrated stiffness, and concentrated fric¬ 
tional force, then the total mechanical force f acting on the system is 

f = F(^) = L^f “ + Rm^ + 5'a/ [56] 

where Lm is the mechanical inductance or mass of the moving parts, R m 
is the mechanical resistance or frictional force per unit velocity, and Sm 
is the mechanical elastance or stiffness. Hence, from Eq. 55 

i = -^2 \_Fm + R^te + Sm f edtj • [57] 

But this is the expression for the current in a circuit containing a capaci¬ 
tance C\q, a conductance Gcqj and a reciprocal self-inductance /Vg, 
all in parallel, in terms of the voltage across them, provided: 

C, = [58] 

Gtq = ^ Rm, [59] 

^eq — Sm' [bO] 



Fk;. 11. Armature circuit of 
movinj'-coil telephone. 


and 
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The subscTi{)t eg is iisc'd to denote circuit elements which represent the 
electrical equivalent of the mechanical load. The equivalent circuit 
diagram for the device is shown in Mg. \2. For the moving-coil telephone, 
the segregation of the air load from the re.si of the mechanical system is 
desirable, since the mechanical imjx'dance of the air load dej)ends on the 
design of the horn into which the receiver works. If then the parameters 
in Kq. 56 represent the moving parts alone, there is an additional com- 
I)onerit of force to represent the reaction of the air on the face of the 
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Fig. 12. Fquivalcni circuit <>i mo\iug i oil telephone, e\( liulinR cfTecl 
of air load. 


diaphragm, and there is a corresponding increase in the current given by 
K({. 57, which requires another parallel element in the ecjuivalent (‘ircuit. 
In general, the electrical admittance of the element representing the 
air loatl is A'^ times the mechanical impedance Z,, of the air load, or 

Y,', = ~ Z„. [61] 

It happens, however, that the ex})ression for the mechanical admittance 
Va at the throat of a horn is more simjile than that for the mechanical 
impedance; hence the reciprocal of Fx|. 61 is more useful: 

z; = A-^Y„. [62] 

For example, the admittance at the throat of a long conical horn is given 
by 



OJ 


where Ga is determined by the area at the throat, and B,, is a function of 
this area and the flare of the horn. In the e(}uivalenl circuit the air load 
appears as a resistance in series with a condenser having the elastance 
-5'ey, where 




[ 64 ] 
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and 

5 ; = K^Ba. [65] 

The final equivalent circuit, shown in Fig. 13, indicates how the perform¬ 
ance of the device depends on the various parameters. The power dissi¬ 
pated in the resistance represents the useful power which is radiated as 
sound. At very low frequencies the output is restricted by both the rela¬ 
tively high impedance of the elastance S[.q and the high admittance of the 
reciprocal inductance f\tr The elastance 5'^ can be made small if the coni¬ 
cal horn is given a very gradual flare, and Feq can be reduced if the 
stiffness of the diaphragm supf)ort is lessened. At high frequencies the 


Rw Bio 



Tk;. 13. Coniplclc equivalent circuit of moving-coil 
telephone, including effect of air load. 


output is restricted by the reactance of the winding coL,,, and the admit¬ 
tance of the capacitance C\q. 'J'hese effects can be minimized by reduction 
of the inductance Lu- and the mass of the diaphragm which is represented 
by C\q. Obviously, there is a miiximum output at some intermediate fre¬ 
quency. Good response over a wide range of frequencies is obtained if the 
winding inductance, the mass, the stiffness, and the angle of flare are all 
made small. 

In order that its mass may be kept small, the diaphragm is customarily 
constructed of thin sheet metal shaped to produce a relati\x*ly rigid 
central jx)rtion with a flexible annular section clamped at the periphery. 
In such a structure both the efl’ective mass and the effective stiffness of 
the support vary with frequency, and hence the circuit elements which 
represent these properties in Fig. 13 are not constant. There is, however, 
a simple and practical means for measuring the electrical equivalent of 
the mechanical system at any one frequency. If the receiver works into a 
closed tube, the imf)edance of the air load may have any reactive value 
which is readily calculated in terms of the length of the tube. If this 
mechanical impedance of the air load is first made infinity and then zero, 
measurements of electrical impedance at the terminals give first the 
winding impedance alone and then the winding impedance in series with 
the equivalent circuit. When S'^ and R^q are infinite, corresponding to a 
zero air load, the equivalent circuit of Fig. 13 has an open circuit in the 
right-hand branch. 
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10. Conversion of acoustical or mechanical energy to 

ELECTRICAL ENERGY 

The moving-roil device discussed in the last article may also be used 
for converting acoustical or mechanical energy to electrical energy. Since 
the conversion is reversible, the circuit diagram already developed 
(Fig. IvS) is applicable. The force applied to the diaphragm is represented 



load impedance 


Kk:. 14. h(iui\alt‘rit cirtuit of nu)\ ing-coil niicrophonc. 


})y a current from an outside source, and the electrical system to which 
jx)wer is delivered is connected to the terminab* of the wifuling. The 
eciuivalent circuit is therefore that shown in Fig. 14. All the parameters 
have the same values as before. 

The force f a[)plied to the diaphragm is correctly repre.sented by the 
current if when, according to Eq. 9a, 

f = A7/. [%] 


11. Analysis of the D'Arsonval mechanism 

Except for the fact that the mechanical motion of the D'Arsonval 
mechanism is rotary instead of translatory, the analysis of the devices 
which employ this mechanism is essentially identical with that for the 
moving-coil telephone instrument. 

The moving element which is characteristic of the D’Arsonval devices 
is a rectangular winding free to oscillate about an axis in its plane against 
elastic restraint. Those sides of the rectangle which are parallel to the 
axis of rotation compose the active conductor. The magnetic circuit 
includes an iron drum of high permeability placed between the poles of a 
magnet shaped to form two air gaps of constant radial depth, as indicated 
in Fig. 15. The resulting fields under the poles have a substantially uni¬ 
form radial distribution of flux. The winding is so mounted that the active 
conductor is under the poles and hence in a field of flux which is uniform 
over a fairly wide angular range. 

The angular position of the winding may be indicated by a {xiinter and 
scale, as illu.strated in Fig. 15, or by a beam of light reflected from a 
mirror mounted on the moving element. 
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The electromotive forces generated in the two sides of the winding 
because of the angular velocity of the winding add around the circuit; 
hence 

c = [8] 

where fjR is the flux density, ^ is the total length of active conductor, and 

0 ^ 


S- L 



Fig. ‘15. Flcmcntary (liaj>:ram of I)^Arst>nval mechanism. (“Refer¬ 
ence should he made also to the plate on p. 281.) 


is the linear velocity of the active conductor. The total force f on the 
conductor produced by a current i in the winding is 

f = [9] 

This force, however, consists of two equal and opposite components in 
the two sides of the winding and conse(|uently produces a pure torque 

T — fr, [66] 

where r is the radial distance from the axis of rotation to the active 
conductor. 

It is most convenient to analyze the device in terms of the angular 
displacement d of the coil from its position of rest. Then 


and 


6 = ffifr 


~dl 

dt 



[67] 

[ 68 ] 


in which K now is used for fBfr. 


T = Ki, 


[69] 
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As for the telephone receiver, the electromotive force generated by the 
motion of the coil can be expressed as a function of the current in the coil 
and the parameters of the mechanical system. Thus, if 


then 



In the conventional designs of the DWrsonval mechanism, the meehani- 
cal circuit may properly be considered to have lun'p*‘<l parameters of 
constant value, since the coil structure is subst int' dly rigid and the 
elastic member has negligible moment of inertia It is, therefore, a simple 
matter to express the relation between tonjueand angular velocity: 



here Lm reprc'sents the moiiKuU of iiuTtia; R\t represents the damping 
moment, or toiciue per unit angular velocity rc\|uired to overc'ome fric¬ 
tion; and Sm represents the moment of elastance, or tonjue per unit 
angular displacement. 

Hence from Eq, 72, 

f+ 1731 



This is the eciuation for the current through a ca])acitance, a conductance, 
and a reciprocal inductance in parallel, that is to say: 

i — + Off/ + J cdl [74] 


where 


C 

S' (0 


Lm 


r 


[58] 

[59] 


and 



[ 60 ] 


as before 
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electrical dicuit wliicll is equivalent to the actual combined system 
iTOinci the terminals of the winding is shown in Fig. 16, in which 
and Ly) represent the resistance and inductance of the winding. The circuit 
is identical with that for an unloaded telephone receiver. 

The r>’Arsonval mechanism Is used principally for the measurement of 
electrical quantities, however, and hence is to be treated from a point of 
view in which the efliciency of energy conversion is in itself unimportant. 
Moreover, the types of measurement to which the mechanism has been 
adapted are so diverse that a general treatment covering all applications 
is impractical. As shown in the following articles, this mechanism is used 
as an indicating instrument for direct currents and voltages, as a vibra¬ 
tion galvanometer, as a ballistic galvanometer, and, in a highly specialized 
form, as the vibrating element of an oscillograph. The various types are 


Ry, 

• -vw 



Fig. 16. K(tui\alent circuit of D’Arsonval mechanism. 


distinguished principally by differences in their mechanical systems. In 
the direct-current instruments, the natural period of vibration is short 
enough to insure a reasona!)ly rapid response, and the damping is close to 
the critical value. In the ballistic galvanometer, the natural period is 
relatively long and the mechanical damping may be low since it is usually 
convenient to obtain the desired damping in the electrical circuit. In the 
vibration galvanometer, the natural period is adjustable since this instru¬ 
ment is to be tuned to the frecpiency at which measurements are made; 
and mechanical damping is kept low, since sharp tuning is desirable. 
The mechanical system of a direct-current instrument can be adapted to 
serve effectively either as a ballistic galvanometer or as a vibration gal¬ 
vanometer. In the first the moment of inertia would be increased by the 
addition of bars or the like, and in the .second the elastic restraint would 
be increased to raise the natural frequency to the desired value. 

The vibrating element in an oscillograph may properly be treated 
as a specialized form of the D’Arsonval mechanism. In this application, 
the amplitude of vibration should be independent of the frequency, a con¬ 
dition which is practically fulfilled if the natural frequency of the mechani¬ 
cal system is considerably above the highest frequency at which measure¬ 
ments are made. In order that a high natural frequency may be obtained 
without the use of an excessively stiff elastic member, the device is 
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designed with as small a movable mass as is nraetital. These instruments 
are therefore quite dilTerent in appearance from the others mentioned, but 
the electromechanical relations involved are identical. 

12. The vibration galvanometer 

Of these instruments, the vibration galvanometer is treated first 
because analysis of it is the simj)]est- The vibration galvanometer is an 
extremely sensitive detector of currents having the frecjuency to which 
the device Is tuned, and is relatively insensitive^ at other frequem ii s. It 
may therefore be used to detect a small current of o;u‘ freciuency in the 
presence of relatively large curnMits of other fre(|uei ci**.. This feature is 
of particular veilue in connection with those imix'dance briilge circuits 
in which the balance depends on frecjuency, for by using the vibration 
galvanometer as a detector it is possible to obtain a chiicate balance at the 
desired frequency when harmonics are present. 

When a sinusoidal vcitage is impressed ..<ross the terminals of the 
instrument, the amplitude of vibration ivi be tound conveniently in 
terms of the pow'CT transmitted to the mcrhanical system, for wiien a 
steady state is reached all of this power is uschI in overcoming meciianical 
friction. 

The notation and tlie equiv^alent circuit d(‘velo]K‘d for the D’Arsonval 
mec'hanism in Art. 11 are uscmI for analysis of the v ibration galv^anometcT. 
An effective voltage Vy is impressed across the terminals of the instru¬ 
ment. The impedance of the winding is or Ru + jo)L,r. An elTective 
current T is in the winding. An (‘ffectiv'e (*lectromotive forci^ K is across 
the parallel branches of the ecjuiv^alent circuit. Average ]>ower Pi\f is 
transmitted to the parallel circuit or, in other words, to the mechanical 
system: 


P P _ p. p2 _ p2 

Em — Em — 2 “ ^ • 


[75] 


Hence 


Vie 

ci>K 


[76] 


which is the absolute value of the angular amplitude. The deflection for a 
given voltage is inversely proportional to the frequency. Under normal 
conditions of use the stiffness of the suspension, reiirescnted by is 
adjusted to make the deflection a maximum. This evidently is attained 
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when E is maximum. Since 

'eg Oeq "I" 

Vr 


I 

E = 


= E (^uCeq + Geq + ^ 


Vt- E 


+ 


+ {Rw + joiLi,.) + jo)Ceq + ~J^ 


1 


[77] 

[78] 


In practical devices, coL,,, is small with respect to and may be 
neglected. On this assumption, £ is a maximum when uiCtq and Feq/o: 
are equal, a condition which is the criterion for mechanical resonance. 
Hence, when the instrument is tuned. 


or 


. _Vr_ 

V2 ~ A'(l + RjG^q) 


Vt 



RwRm \ 

K ) 


ViVt 


L79] 


[79a] 


A consistent system of units must, of course, be used for the electrical and 
mechanical quantities. 

The implied assumption that the voltage at the terminals is independ¬ 
ent of the current is not tenal^le, since in iiny practical application there is 
impedance between the voltage source and the terminals. This imped¬ 
ance may be considered, however, as an addition to the winding imped¬ 
ance, and no change in the analysis is necessary provided the reactance 
remains negligible. Thus, 


On 




V2 


A 


[79b] 


where Eo is a fixed source of voltage and R is the total actual resistance in 
the circuit. 

The value for K which makes the deflection maximum is evidently 

= RRm. [80] 


equivalent to 


Req = R. 


[80a] 


That is, the angular amplitude is greatest when the equivalent impedance 
of the mechanical circuit equals, or matches, the impedance of the electri- 
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cal circuit. The value of K depends both on the active length of conductor, 
hence the number of turns, and on the flux density. Best results are 
obtained if the flux density is made as high as pK).ssible and just enough 
turns are used to give K the value required for impedance match. Fewer 
turns in^^olve less winding resistance and hence a lower value for R. It is, 
of course, obvious that a low damping torque gives high sensitivity. 

The selectivity of the vibration galvanometer for frequency may con¬ 
veniently be expressed a^- the ratio of the amplitude at resonant frequency 
to the amplitude at twice resonant frequency when the same voltage is 
applied 

If there is an impedance match at resonance, as (‘\pressed in Eq. 80a, 
and if the reactance of the electrical circuit is negligihh*. then at resonance 
the current is given by 


_ E() ^ 

” Tr 


[81] 


At double this frequency the equivalent t'^'‘ctrical impedance of the 
mechanical system become'^ negligible with n'spect to R and 


I, ^ 



[82] 


The steady-state defltN tion in terms of the current at any frequency may 
be found from the relation 

Kl - f a,/?,, [831 

v2 


At resonant frequency 

Sm = o)]Lm, 


Hence 




uiKm 


At twice resonant frequency W 2 the damping term is negligible and 

2\''2A'Ii 

~ 4Lu - Sm ~ ’ 


[84] 

[85] 


[ 86 ] 


The amplitude ratio is therefore 


ml 

nu 


3 (j>\Lm 
2 Rm 


[87] 


Analogy with a scries RLS electrical circuit shows that ILmIRm 
represents the time constant of the system, which may be several seconds. 
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The sensitivity ratio between fundamental and second harmonic is 
s3coi/4 times as great as the time constant. At 60 cycles per second this 
ratio is nearly 300 times as great as the time constant. 

Both the sensitivity and the selectivity of the instrument are increased 
by reduction in the mechanical damping, but unless the frequency of the 
source is exceptionally constant, use of the device with the minimum 
damping which can be obtained is impractical since the tuning becomes 
too critical. 

13. The mechanical oscillograph element 

In an ideal oscillograph, the deflection is at every instant proportional 
to the actuating current. From Eq. 68 the voltage generated by the 


angular velocity of a D’Arsonval coil is 


II 

[68] 

hence 


». '-Jm. 

[88] 

From Eq. 74 the current taken by the reciprocal inductance, 
electrical equivalent of the elastic restraint, is 

which is the 

i = Pegj'edt, 

[74al 


[89] 

If, therefore, all the force produced by the current through the winding 
can be utilized in overcoming elastic restraint. 

11 

[90] 


which is the ideal relationship as far as current is concerned. The required 
conditions are fulfilled if the moment of inertia and the damping moment 
are negligible with respect to the moment of stiffness of the elastic 
restraint. There is, of course, an upper limit to the frequency at which 
the condition can be satisfied. 

If the instrument is used in series with a relatively large resistance, both 
the current and hence the deflection are proportional to the voltage across 
the combination. 
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14. Direct-curkent instrx^mexts 

The D’Arsonval mechanism carrying direct current in the winding is in 
equilibrium when the elastic torque due to deflection just balances the 
torque produced by the curreivt. 'rhus: 


SmO. = KI, 

[91] 



[92] 


This is the same relation as that found for the deflection of the (»scillo- 
graph element (Eq. ^>0) since the elastic restraint is the only mechanical 
force involved w'hen the fre(|uency becomes zero. 'I'he deflection is exactly 
jm)portional to the current, provided K and S art‘ exactly constant and 
provided there is no static friction iii tl'c movable parts. Bv means of 


1 R\ 2 *^3 



1 ' 2 ' 

Fu. 17. I.ciuiviilent (inuit for D’Arsonval instruments. 


shunt and series resistors, the sanu‘ mechanism may be adapted for use as 
either an ammeter or a voltmeter in a widt' variety of systems. 

'Fhe utility of direct-current instruments depends to a great extent on 
the transient behavior. For most purjxKses (juick action and deadbeat 
damjang are dc'sirable. The beliavior dej)ends not only on the mechanical 
parameters but also on the electrical parameters of the circuit to which 
the instrument is connected. 

Figure 17 shows the general circuit with the mechanical system of the 
instrument representeil by its electrical equivalent. If the device is used 
as a voltmeter, the terminals are at 1-1', R 2 is absent or is large compared 
with the winding resistancx* included in and Ri is in effect part of the 
instrument. T'he value of Ki should be large in relation to the resistance 
of the system whose voltage is to be measured, so that the current / 
taken by the instrument wall cause a negligible voltage drop in the system. 

If the instrument is used as an ammeter, the terminals are at 2-2', 
R 2 is small compared with the winding resistance, and Ki represents the 
resistance of the system in which the current is to be measured. For this 
use, the resistance of the instrument should be small with respect to Ri 
so that the voltage drop through the instrument will have a negligible 
effect on the current. When a steady state exists, 

/ = 


[ 93 ] 
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From Eq. 92, 



K r 

e, = 

[92a] 

Hence the relation between deflection and current is 



9 ^ ^2 j 

’ SmR2 + Rs ' 

[92b] 

But 

j Eq Rz + R 3 „ 

“ ^ , R^Rs “ R 1 R 2 + RiRs + R 2 R 3 

[94] 

so 

KR 2 
~ Sm A 1 A 2 + R.R; + R 2 R 3 

[92c] 


which is the relation between deflection and voltage. 

The exact analysis of the transient behavior is complicated l)y the 
presence of the winding inductance Lu,. If the effect of this inductance is 
assumed to l)e negligibly small, the relation, and hence the conditions for 
critical clamping, are exactly analogous to those in a series RLS circuit. 

1 ypical initial conditions exist when a voltmeter is first connected to a 
system or when an ammeter already in circuit has a short circuit removed. 
In either situation the current I (Fig. 17) may properly be considered to 
attain its steady-state value instantaneously. The relations are: 

/ = 4 + iw, [95] 

kK? = + e, [96] 

de C 

iw = ^‘9 ^ + ^‘9^ + '"‘9 J [97] 


Hence 


I = 


L ’ 



+ 


1 


R2 + Ri 


e + 1 \g J* edt 


[98] 


Substituting the values of C,,, GV,, and from Eqs. 58 to 60 and the 
value for J' edt from Eq. 88 gives 

\R +Ra[', d^e /„ A'2 \de ^ 1 


I = 


Ao 


The effective damping depends, therefore, not only on the mechanical 
damping torque Rm but also on the mechanical equivalent of the electric 
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resistance /?2 + From the analogy to the RLS circuit, the criterion 
for critical damping is 

^ = IVLmSm. [ 100 ] 

IS. The ballistic galvanometer 

It has been shown that the D’Arsonval mechanism may be adapted by 
means of tuning to act as a very sensitive galvanometer at a single fre¬ 
quency, or by means of critical damping to act as a ciuick-rcading direct- 
current instrument. A third imj)ortant adaptation is that for measuring 
total quantities of electricity which are discharged through the instrument 
in a relatively short time. In this form the instrument is known as a 
ballistic galvanometer. An example of ihe method of use is to discharge a 
condenser through the instrument and uad the maximum deflection 
reached by the (oil. This should be proportional to th(‘ total charge 
initially on the condenser. Figure 18 shows the complete equivalent 
circuit of the ballistic galvanometer 
connected to a condenser whose capac- ^ 
itance Cj. is to be determined. The 
procedure is to discharge the conden¬ 
ser Cx through the galvanometer after 
the condenser has been charged to a 
known voltage. The maximum deflec- r*, .o , i i r i n* 

^ Fig j 8 J.fjuivdlcnt circuit uf liallistic 

lion which the coil attain^, on its first palvano.nclcr, rndudinR condenser 
swing is a measure of the total quantity whose- charge is to he measured, 
of electricity discharged. The value of 

the unknown capacitance can then be determined in terms of the known 
voltage and the measured charge. 

The relation between the maximum deflection and the quantity of 
electricity discharged can be determined from the mechanical constants 
of the galvanometer and the magnitude of the electrical-circuit elements. 
In general, this relation is by no means a simple one. It is possible, how¬ 
ever, to design an instrument with a deflection almost directly propor¬ 
tional to the quantity of electricity discharged through it. The require¬ 
ments which must be fulfilled to obtain this simple relation can be 
deduced from consideration of the energy conversions which take place. 

Initially, the energy is stored in the condenser Cx> If it were possible to 
open the circuit (Fig. 18) at the point marked p and then close switch A", 
the charge originally on the condenser CT would be divided between the 
condensers Cx and Ceq. When equilibrium is established, the proportion of 
the initial charge which is in each condenser depends only on the ratio of 
the capacitances. The relations are as follows: If condenser C* is charged 





yAf^iz/Ac/z./.f/LU/J' SJ:^Z£ICI' 

^0' charge <2 becomes FqC^. When the charge 
IS QivideQ, there is a voltage V on each condenser, and the total charge is 
mtVarvged. Thus; 

Q = V^C\ = V{C\, + G). [101] 

Hence the charge is dicnded in the ratio of capacitances. The initial energy 
stored in condenser Cx is; 

w., = ^(’.rg = 2^“- [102] 

After the charge is divided, the energy in the system is 

[ 103 ] 

The energy has therefore been reduced by the factor Cx/{Ceq + O). 
The balance of the energy has been dissipated in the resistance Ru,‘ The 
magnitudes of the resistance and of the inductance L^, do not affect 
the proportion of energy that is dissipated, but do affect the time required 
for equilibrium to be reached. 

Tf Cx is small compared with it is approximately true that the 
energy in the system has been reduced to CxjCeq of the original energy. 
Furthermore, the energy finally residing in Cx is only CxlC\q of that in 
C\,i. The energy remaining in Cx may therefore be considered negligible. 
The energy transferred to C\q is thus 

W = J ^ • [103a] 

Inasmuch as C,,/ represents the inertia of the mechanical system or, 
more specifically, since C\q equals L^j/K", energy in the equivalent con¬ 
denser is actually kinetic energy due to the angular velocity imparted to 
the coil of the instrument. The initial angular velocity is such that the 
generated electromotive force is equal to V. 

The foregoing analysis is based on the supposition that the electrical 
circuit representing the mechanical system is opened at the point marked 
p in Fig. 18, an assumption equivalent to stating that all the energy 
delivered to the mechanical system is used in accelerating this system. 
This assumption is entirely justified, provided the mechanical damping 
is small, the restoring torque is weak, and the maximum angular velocity 
is attained in a time that is small with respect to the period of vibration 
of the instrument. Under these conditions, when the angular velocity is 
maximum, negligible elastic energy is stored in the suspension because of 
the small deflection and small torque, and negligible energy is dissipated 
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in friction because of small damping constant and small time of action. 
The resulting behavior of the mechanical system can then be found on the 
assumption that the system starts with an initial angular velocity when 
the displacement is zero. Further consideration of the coupling to the 
electrical system is not necessary since the energy in it is now negligible 
unless the galvanometer is shunted. 

The following analysis shows that the amplitude of the first swing is 
firoportional to the quantity of electricity Q discharged through the 
instrument. When the deflection has reached its maximum value, all tlie 
energy in the system is stored in the suspension, but, during the swing, 
energy is dissipated because of friction. Hence the initial kinetic energy 
less the dissipated energy equals the energy stored in the suspension. At 
any instant / the kinetic energy is proportional to dl)'^. The energy 
stored in the suspension is profxirtional to 6/^, and the energy dissipated 


is proportional to 


X '(0 


dt. Since the system is linear and the initial 


conditions are fixed, the angular velocity ca* be expressed as the initial 
angular velocity {d6/dt)rnax multiplied by a function of timte Since the 
time required to attain the maximum deflection does not depend on 
the initial angular velocity, the dissipated energy at the end of the swing 
is proportional to ^ind hence is a fixed part of the initial kinetic 

i nergy. 

It follows that is proportional to (dO 'dt)l,^^ and hence to ()“, and 
therefore dmax is proportional to Q. The factor of proportionality can be 
found from the deflection occurring when a known quantity of electricity 
is discharged through the instrumcMit. 

The linear relation between deflection and charge, it should be noted, 
depends on establishing a definite initial condition in the mechanical 
system, the condition being that all the energy received by the system is 
used in accelerating the system to a maximum angular velocity before 
there is appreciable deflection. The two conditions which must be satisfied 
to obtain this result are: The time required to establish equilibrium in the 
electrical circuit must be small with resi)ect to the mechanical period of 
the galvanpmeter, and the energy remaining in the electrical circuit when 
equilibrium is established must be negligibly small with respect to that 
which is delivered to the mechanical system. These conditions are fulfilled 
if the moment of inertia of the mechanical system is sufficiently large 
and the stiffness of the suspension sufficiently small. In a typical instru¬ 
ment, the capacitance of the condenser which represents the moment of 
inertia in the equivalent electrical circuit is of the order of 200 micro¬ 
farads. This means that if a condenser of about two microfarads is to be 
measured, the energy remaining in the condenser after the initial discharge 
is about one per cent of that delivered to the mechanical system. This 
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fact does not imply that the measured capacitance will be in error by one 
per cent, since part of this residual energy is delivered to the mechanical 
system during its swing. 

With any reasonable value of resistance in the electrical circuit, the 
time required for establishment of electrical equilibrium after the dis¬ 
charge of a condenser of two microfarads capacitance is of the order of 
1 /1,000 of a second or less. The period of the mechanical system is usually 
of the order of 15 seconds. Hence the condition regarding relative periods 
is well fulfilled. 

The factor of proportionality between deflection and charge may be 
found in terms of the constants of the instrument by solution of the 


equation of motion, which is 


, (Pe r. dd ^ 

Lm + + SmO = 0. 

[104] 

The initial conditions are 


= 0, 

[105] 

/de\ /de\ 

\dl)c \dl)m<,T 

[106] 

Since the initial kinetic energy in the mechanical system is 


1 (dev- 1 

2^''\dl/^,, 2L\., 

[107] 

Hence from Eqs. 107 and 58 


\dt/max Lm 

[108] 


The solution for the differential equation 104 for the initial condition of 
Eqs. 105 and 106 is 


e = 


/ max 


sin 03dt 


K{) . 

--sin ojd/, 

Lm u)d 


[109] 


where 


a — 


2 

Wd = 


R^f 

2Lm 

Sm 

Lm 


[ 110 ] 

[ 111 ] 


The maximum deflection occurs when dB, dt is zero, as it is when tan cod/ is 
Wd/cr, or when 



sin coj/ = 


[ 112 ] 
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or when 



i — — tan ^ ~ • 

Ol 

[113] 

Substituting this value of time from Eq. 113 into Eq. 109 
maximum deflection 

gives the 


^max / t " « . 

^LmSs, 

[114] 

The usual custom is to express this relation in terms of the undamped 
period of oscillation 7o. If Rm is zero, the natural angular frequency of 
the system is given by Eq. Ill when a is zero. This L 



[115] 

and 

Wo ^ 

[116] 

Hence 



• 

j 0 

[117] 

Then 


[118] 


= K'e^r. 

[118a] 


The factor of proportionality A'' between maximum deflection and 
charge is thus evident from Eq. 118. 


16. Electrostatic coupling illustrated by condenser trans¬ 
mitter 

Just as electromechanical energy interchange is possible in an electro¬ 
magnetic system if a mechanical displacement changes the energy in the 
magnetic field, so energy interchange is possible in an electrostatic system 
if a mechanical displacement changes the energy in the electric field. 

Figure 19 shows a system representative of the usual types of con¬ 
denser transmitters and similar devices, in which one plate of a capacitor 
is movable in such a way that its displacement changes the capacitance. 
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The analysis of this mechanism parallels very closely the analysis of the 
moving-iron system given in Art. 8. 

The diaphragm is assumed to be a plane rigid piston, parallel to the 

fixed electrode and moving perpendicularly 
to it. The spacing is assumed to be small 
compared to the cross-sectional dimensions 
of the electrodes, so that fringing can be 
neglected, and the dielectric is assumed to be 
air. The energy in the electric field is then 
uniformly distributed and equal to 

9)^ 

w. = —. [119] 

OTTto 

The force acting on the diaphragm can be 
found from the energy balance as the diaphragm moves, under the condi¬ 
tion that the electric flux remains constant in the capacitance, for as long 
as the electric flux remains constant there can be no current in the 
electric circuit and therefore no energy can be supplied from the electric 
system. The force is 


4 

area s 

voltage V -> 

across dielectric 


X 

u 


n 


iR 


Fig. 19. Circuit diagram of 
condenser transmitter. 


dWr d A9)^x\ sQ)‘^ 

dx t/x\87r£o/ SttSo 


[ 120 ] 


Any other changes in the energy in the electric field are associated 
with changes in electric flux and are supplied from the electric circuit. 
These changes are caused either by a change in A^oltage applied to the 
capacitor or by a change in the capacitance which accompanies motion of 
the diaphragm. 

The electric flux density 9) can be expressed in terms of the voltage 
applied to the capacitor and the spacing between the electrodes: 



.r 


[ 121 ] 


In practice, the variable voltage v is the sum of a fixed biasing voltage £o 
and a relatively small variable component Av. The spacing also is the sum 
of a constant initial displacement Xq and a relatively small variable com¬ 
ponent Ax. 

In terms of these components, the electric flux density is 


2) 




Av Ax\ 


[ 122 ] 


analogous to Eq. 49. The current in the electric circuit is 

, _ ^ d3) _ sSo dAv 5£o ^ dAx 

Att dt 47rX() dt Awxl ^ dt 


[ 123 ] 
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The first term is a displacement current into a capacitance of magnitude 


The second term is a current proportional to velocity in the mechanical 
system. This term may be written 

[125] 

•'o 

The external force applied to the movable [)late is 

„ _ sij)- s£,^S„/ , -2Ax 2Air , \ 


SttSo 87rXo \ 


— 2Aa' Il^v 

+ + ,, ■ -4- 

X() xio 


analogous to Eq. SS. The three terms on the right represent, respectively: 

(a) A constant force which tends to clo^e the air gap; 

(b) A force proportional to the displacement which tends to increase 
the displacement; 

(c) A force proportional to the variation in voltage applied to the 
capacitance. This third term can be rewritten 

f,u=^A.. [127] 

It is necessary to balance the first two components of force mechanically 
if the device is to work, just as was done for the moving-iron mechanism. 
It is likewise convenient to consider these terms as an internal part of the 
mechanical system, and to treat the third term as the means of energy 
conversion. From this point of view, the relations which determine the 
behavior of the device are 

[127] 




If this type of mechanism is used to convert electrical energy to 
mechanical energy and if a large mechanical force is desired, the capaci¬ 
tance must be large and the voltage gradient £o/must be large. A large 
capacitance means either a large area, in which case the force is distributed 
widely, or very small .spacing, in which case the allowable amplitude is 
restricted. The force per unit area is limited by the voltage gradient at 
which the dielectric breaks down. The dielectric must be compressible, 
and if air is used, the limiting gradient is about 30,000 volts per centi- 
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meter. At this gradient, the constant force of attraction, given by the 
first term in Eq. 126, is approximately 60,0(K) dynes per square centi¬ 
meter, and the useful component, given by the third term of that equa¬ 
tion, must be small compared to this if distortion is to be avoided. Such a 
mechanism is therefore impractical if large amounts of power are to be 
handled, although it is very satisfactory as a microphone and for similar 
low-power applications. 

A conventional condenser transmitter has a diaphragm approximately 
11 inches in diameter, a spacing between electrodes of about 0.002 inch, 
and an output of volt per dyne per square centimeter for a biasing 
voltage of 200 volts. The natural frequency of the diaphragm for such a 
transmitter may be about 6,000 cycles per second. 

The proportionality between force and voltage and between current 
and velocity determines the analogue that must be used for the equiva¬ 
lent electrical circuit of an electrostatically coupled mechanical system, 
as pointed out in Art. d. No electrostatic mechanism has been developed 
which is the exact dual of the moving-conductor electromagnetic device, 
although the Van de Graaff generator is a very close approach.^ 

17. Piezoelectric and magnetostrictive coupling 

The operation of piezoelectric and magnetostrictive devices as means 
for energy conversion between an electric system and a mechanical system 
can \ye introduced very briefly. The physical phenomena involved in 
piezoelectric or magnetostrictive action are not the concern of this 
chapter, any more than were the physical phenomena of ferromagnetism 
or dielectric behavior. 

In a piezoelectric crystal, voltage applied between a pair of electrodes 
gives rise to a reasonably proportional stress in the crystal. If the crystal 
is deformed, a charge api)ears on the electrodes proportional to the strain. 
This is equivalent to a current proportional to rate of change of strain. 
The operation of the piezoelectric element is therefore identical with the 
oj)eration of the electrostatic coupling element described in the last 
article: 

= Ke, [128] 

i = K^', [129] 

where f represents stress and represents rate of change of strain. 

2 R. J. Van de Graaff, K. T. Compton and L. C. Van Atta, “ The Electrostatic Production 
of High Voltage for Nuclear Investigations,” Phys. Rev., XLIII (1933), 149-157; L. C. 
Van Atta, D. L. Northrup, C. M. Van Atta and R. J. Van de Graaff, “ The Design, Opera¬ 
tion, and Performance of the Round Hill Electrostatic Generator,” Phys. Rev., XLIX 
(1936), 761-776. 
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Similarly, the magnetostrictive device is found to be identical in its 
operation to the electromaj^netically coupled mechanism. Current in a 
coil surrounding a magnctostrictive bar gives rise to a stress in the bar 
proportional to the current. Strain in the bar produces a change in flux 
through the coil, so that a voltage proportional to rate of change of strain 
is induced in the coil: 


f = Ki, [130] 

c = A'/. [131] 

Beyond this point, tlie analyses that have been applied to the electro¬ 
static and electromagnetic systems can be aj)plied respectively. 


PROOLEMS 

1. A spring motor is “ wound up ” when the tonjue of the spring reaches 7.5 
Ib-in. The moment of elastance is 0 035 lb-in /radi tn 'Fhe moment of friction is 1.75 
lb-in/radian/sec, A constant torque of 10 lb in is applied to the spring shaft for 
winding. 

(a) The equivalent parallel electric circuit and the equivalent series electric circuit 
are to be drawn. 

(b) Ilow long does it take to wind the motor? 

2. A contact-making pendulum consists of a l(X)-g ball suspended bv a thread so 
tlmt the center of the ball hangs 1 m below the point of suspension. A tine wire pro¬ 
jects from the bottom of the ball and makes contact with a mercury drop each time 
the pendulum swings through the vertical. 'Fhe pendulum is released from a position 
5° from the vertical and is allowed to swung freely. At the end of the first return swing, 
the j)endulum fails to reach the starting point b\ P [> of the initial amplitude; at the 
end of the second return swing the pendulum comes within 1% of reaching the ampli¬ 
tude of the first return swing, and so on Amplitudes arc measured from the position 
of rest. 

(a) What arc the numerical values of moment of inertia, moment of friction, and 
moment of elastance 

(b) Twu) electric ciri uits mathematically equivalent to the mechanical system are 
to be showm. 

(c) How many times does the pendulum make contact before its amplitude is 
decreased to of the initial amplitude? 

3. A steam turbine and an alternator have their rotors on the same shaft. 

Moment of inertia of turbine rotor 2940 Ib-ft^ 

Moment of inertia of alternator rotor 5180 Ib-ft^ 

Torsional constant of shaft 42.1 X 10® Ib-ft/radian 

A short circuit on the alternator suddenly impresses a torque of 150,000 Ib-ft on 

that rotor. 

(a) What is the maximum torque on the shaft? 

(b) Two equivalent electrical circuits arc to be drawn. 
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4. A dynamic loud-speaker element such as is schematically represented in Fig. 10, 
when operating without the horn attached, has the following constants: 


Rv 

1 1 

Rm 

Lv 

1 

Sm 

' s 

1 

10 ohms 

' 0.1 mh ! 

; 1 

100 dyne 
cm”‘ sec 

1 

0.2 g 

5 X 10* 
dyne cm~‘ 

10^ 

^ gauss 

100 cm 


What is the apparent electrical impedance of the winding at a frequency of 250 ' 

(a) without the horn but with the diaphragm free to move? 

(b) with the diai)hragm clamped so that the winding cannot move? 

5. A vibration galvanometer has the following constants when tuned to 60 ' 


Ru 

La 

Rm 

Lm 



r 

700 ohms 

10 

0.018 dyne cm 
radian ' sec 

0 015 g cm“ 

lO'* gauss 

50 cm 

0.25 cm 


(a) What is the current sensitivity of this galvanometer expressed as effective 
amperes per radian of angular displacement of the coil at resonance? 

(b) What is the current sensitivity to a third harmonic of the tuned frequency? 

'Fhc equivalent electrical circuit should be drawn, giving the values of electrical 
parameters in the practical system of units. 

6. 'J'he following questions refer to the vibration galvanometer of Prob. 5. 

(a) What is the impedance of the galvanometer at resonance? 

(b) What is the impedance of the galvanometer at the frequency of the third 
harmonic? 

(c) What is the impedance of the galvanometer at zero frequency ? 

7. A vibration galvanometer is tuned to 60 It has a winding resistance of 
815 ohms, d'he voltage sensitivity at resonance is 0.47 X 10“'^ v (effective) per millime¬ 
ter deflection (total width of light band). The current sensitivity at resonance is 
2.2 X 10~'* amp (effective) /mm. I'he direct-current sensitivity is 40 X 10 ^ amp /mm. 
The scale distance is 100 cm. 

(a) What are the values of the elements in the equivalent circuit for this 
galvanometer? 

(b) What is the cfliciency of the galvanometer in converting electrical energy into 
mechanical energy? 

(c) What is the constant K for this galvanometer? 

8. The following data are for a vibration galvanometer: 


Rw 

i 


Rm 

Lv 

Sm 



r 

5 ohms 

5 X 10-* h 

47r dyne cm 
radian" ^ sec 

4 g cm- 

i 

5.68 X 10^ 
dyne cm 
radian"^ 

20,000 

gauss 

50 cm 

1.0 cm 
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The scale distance is 50 cm. A voltage source having electromotive force of 
and internal resistance of 75 ohms is applied to the galvanometer. 

(a) What is the width of the light beam on the scale as a function of the magnitude 
E of the source voltage? How does this width vary with frequency in the 
vicinity of resonance? Reasonable approximations in the calculations are 
permissible. 

(b) if the source voltage is suddenly applied, what time is required for the ampli¬ 
tude of oscillation to build up to 95% of its final value? 

(c) How are the sensitivity and frequency selectivity of this instrument affected 
by the moment of friction and by the internal resistance of the source? How is 
the time of build-up as determined in (b) affected by the frequency selectivit}' 
of the device? 

9. The following questions relate to the vibration galvanometer of Prob. 8. 

(a) At approximately what frequency do the half-power points of the galvanometer 
circuit occur? 

(b) If the galvanometer is fed from a voltage source having negligible internal 
resistance, is the sensitivity of the systen' increased or decreased? Does the 
system become more selective or less selective with regan’ to frequency? 

10. The movement of a D’Arsonval galvanometer has the following constants: 


Rin 

r 

JUn 

Lm 

Sm 

5 ohms 

0.05 mh 

5.0 g cm- 

5,000 dyne cm radian"^ 


It has a sensitivity which yields a full-scale deflection of % jl radians when 10 ma 
pass through its winding. 'Phe mechanical damping of the movement is adjusted until 
a steady full-scale deflection is reached in a minimum time interval when full rated 
current is suddenly apjilied to the terminals. 

(a) What is the resulting moment of friction of the movement? 

(b) What time is required for the deflection to reach 99% of its final steady value? 

(c) If the same movement is provided with a series resistance so that the instru¬ 
ment is suitable for use as a voltmeter, and the value of this resistance is 
adjusted to make full-scale deflection correspond to 150 v, how long doesdt 
take for the reading to reach 99Vo of its final value when rated voltage is 
suddenly applied? 

11. The data for the movement of a D’Arsonval galvanometer follow: 


Rw 


Lm 

Sm 



r 

20 ohms 

negligible 

5 g cm- 

5,000 dyne cm 
radian"^ 

5,000 

gauss 

400 cm 

1.0 cm 


Full-scale deflection corresponds to an angular displacement of tt /2 radians. 

(a) What is the series resistance Rs necessary so that the instrument may be used 
as a voltmeter with full-scale deflection corresponding to 10 v? 

(b) What value of the moment of friction Rm makes the instrument critically 
damped when used as a voltmeter with the series resistance calculated in (a) ? 
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12. A ballistic galvanometer having the following constants is to be used to measure 
the capacitance of some condensers: 

Flux density in the region of the coil. 10,000 gauss 


Effective radius of the coil about its axis of rotation 

Number of turns in the coil. 

Effective length of each turn. 

Moment of inertia of the movable system . 
Moment of clastance of the movable system 
Moment of friction of the movable system 


2 cm 
200 
4 cm 

15.07 g cm2 
1.77 dyne cm/radian 
negligible 


A condenser of 0.5 juf capacitance charged to 2 v is suddenly connected across the 
terminals of the moving coil. 

(a) What is the maximum angular velocity of the coil in radians /sec? 

(b) What is the maximum angular displacement of the coil in radians? 




1^10. 20. J'Jcctromechanically coupled device for Prob. 13. 

13. Figure 20a shows an arrangement of two coils situated in radial magnetic 
fields as in the moving-coil telephone. The coils are rigidly connected by means of a 
rod and supported so that both coils and the rod may move as a unit in the horizontal 
direction. There is no elastic suspension. 

'Phe windings have effective lengths fi and and the field strengths are and 
respectively. The winding resistances and inductances are Ru \, Lwi, and Ru^y Eu 2 , 
respectively. The net mass of the moving system is Lmj and the mechanical friction 
constant is Raj. 

What equivalent electrical circuits can be interposed between the two pairs of 
winding terminals in the form indicated in Fig. 20b? 











CHAPTER Xm 


Transients in Nonlinear Circuits 


1. General considerations 

Circuits which are nonlinear in that their parameters are not constant 
are frequently encountered in the practice of electrical engineering. They 
include, for example, iron-cored magnetic devices and electronic devices 
which are indispensable components of much essential apparatus. The 
methods for solving nonlinear circuits which are developed in this i hapter 
are predicated upon a knowledge of the terminal characteristics or ex- 
lernal characteristics of the circuit aj)paratu.s, such as a curve of current 
versus terminal voltage for nonlinear resistance. The theories of internal 
behavior which explain these external characteristics are not, however, 
a concern of this chapter.* Understanding of the ])roblems offered by 
nonlinear circuits is most logically built up from consideration of linear- 
circuit theory discussed in earlier cluipters --- which treats circuits 
wherein the component resistance, inductance, and elastance parameters 
may be assumed to be constant. That is, the values of these i)arameters 
may be assumed to be independent of current and time, as well as of 
conditions that might arise as a result of, or in the course of, the operation 
of a circuit of which they are a part. 

The general mathematical formulation of the electrical relationships 
of a linear circuit yields linear differential equations with constant coef¬ 
ficients, hence the term linear is apjdied to these circuits. Tlie solution of 
a linear diiTerential equation of a physical system demonstrates what one 
might intuitively surmise; namely, that the resultant effect is linearly 
pro|X)rtional to the cau.se. For example, in a linear mechanical system 
the displacement is proportional to the force. Also, the analyses presented 
in previous chapters demonstrate that when a voltage whose time vari¬ 
ation is sinusoidal is applied between two terminals of a linear network, 
the time variation of the resultant steady-state current is sinusoidal. The 
ratio between the effective value of the voltage and the current or 
between the maximum value of the voltage and the current is a constant, 
and is expressed by a constant quantity Z, termed the impedance. The 
impedance is a function of the frequency, the re.si.stance, the inductance, 
and the elastance involved but is independent of the voltage or the cur¬ 
rent amplitude as well as of the time. 

* Theories of the behavior of iron-cored and electronic devices arc presented in this series 
in the volume on magnetic circuits and transformers, and in the volume on electronics, 
respectively. 
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The representation of the circuit elements in terms of constant param¬ 
eters such as resistance R, inductance L, and elastance S for purposes 
of analysis is an idealization of a condition that never occurs exactly 
in electrical-engineering practice. In many physical circuits, although 
the magnitudes of the parameters actually do vary for any of several 
reasons explained later, the degree to which they vary from an average 
value is so small that to assume the parameters constant leads to results 
sufficiently accurate for most purposes. I'he assumption makes possible 
a differential equation that is relatively simple to solve, whereas taking 
the small variations of the parameters into account in analyzing these 
circuits involves needless mathematical complication and labor. 

Decision as to when the parameters may be assumed to be constant 
depends, of course, on how large a departure may be considered negligible. 
Here the engineer must exercise judgment. Freciuenlly, the magnitudes 
of the parameters R, L, and S vary with any of several quantities; for 
example, temperature, pressure, current density, voltage, time, age of the 
apparatus, or its past history. Usually, the answer to the question whether 
or not to assume the parameters as constant in specified problems depends 
on the relative value of the more nearly accurate results that would be 
obtained if the variations of the parameters were not ignored. To secure 
this answer the complexities in the analysis, and hence the cost of the 
added time required by the more nearly exact solution, must be weighed. 
Unfortunately, the question is not always a clean-cut one, and it is for 
this reason that considerable judgment is often necessary when making 
an answer. 

An idea of the complexities involved in thc^ analysis when parameter 
variations are considered may be gained from a brief review of the math¬ 
ematical formulation of a simple problem. The differential equation which 
describes the circuit behavior mathematically in terms of the variables 
i and /, or c and /, is readily formulated. For example, for a series RLS 
circuit with an applied voltage c(0, the equation is 

Ri H —h •S '^idt = c{t), [1] 

This equation can be solved readily only when the coefficients or param¬ 
eters Ry Ly and 5 are constants; that is, when the equation is a linear 
differential equation with constant coefficients. When the parameters are 
functions of time, the equation is still called a linear differential eejuation, 
and is then said to have time-varying coefficients. Under these conditions 
it can be solved with reasonable ease only for a few special problems. 
The f)rinciple of superposition can be applied to the analysis only of cir¬ 
cuits with elements whose parameters are constant, or vary as functions 
of time. Thus, the currents produced by two independent voltages acting 
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simultaneously can be obtained it first the current produced by each 
voltage acting alone is determined, and then these are added to obtain 
the total current. Evidently, when the parameters R, L, and S are as¬ 
sumed constant, any effects of factors which might cause them to vaiy^ 
do not enter into the solution, since they do not enter into the formulation 
of the circuit equation. Hence, when the parameters vary, their variations 
must be expressed as functions of the current, the voltage, or the time, 
or of current or voltage and the time, before the problem can be properly 
expressed in differential-equation form Except when the variations occur 
only as functions of time, the resulting differential equation is a nonlinear 
one. Even though it can be formulated, its solution frequently necessi¬ 
tates considerable expenditure of effort unless use is made of some form 
of machine aid such as the differential analyzer whose operation is de¬ 
scribed briefly in Art. 10. 

In circuits where, among other factors, temperature, current-density, 
voltage, or age produces variations that appreciably modify the behavior 
of the circuit from the liehavior that is ind’cated if the parameters are 
assumed to be constant, the jiarameters affected are said to be variable. 
When the magnitudes of tht‘ jiarameters can be expressed as explicit 
functions of current or voltage, the elements are said to be nonlinear be¬ 
cause the mathematical formulation of the problem involves a nonlinear 
differential equation. When such variations occur, it is necessary to dis¬ 
tinguish clearly among those elements that are constant with respect to 
time, current, or voltage; those that vary only with the time; those that 
vary only with current or voltage and not explicitly with the time; and, 
flnally, those that vary with the voltage, or the current, and explicitly 
with the time; so that the jiroblem may be proi)erly formulated. For con¬ 
venience in the discussions of circuits which follow, circuit elements are 
classit'ied — in the next article — into four broad groups, namely: 

(a) circuit elements whose parameters are constant, 

(b) circuit elements whose parameters vary only with time, 

(c) circuit elements whose parameters vary only with voltage or cur¬ 
rent, 

(d) circuit elements whose parameters vary with the voltage or current 
and with the time. 

Typical examples of circuit elements within each group are given. Selected 
methods for analyzing circuits comprising some of these various classes 
of element are treated in this chapter, and in the subsequent volumes on 
magnetic circuits and transformers and on electronics. However, the prob¬ 
lems in this field are so numerous and so varied that many present special 
features of their own. Other examples can be found in the bibliographical 
material, page 764. 
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2a. Classes of nonlinear circuit elements: circuit elements 

WHOSE PARAMETERS ARE CONSTANT 

All circuit apparatus is so constituted that it exhibits simultaneously 
the properties of resistance, inductance, and elastance to a large or small 
degree. Frequently, one or the other of these parameters predominates, 
so that under particular conditions of operation the apparatus may be 
represented by resistance, inductance, or elastance elements, respectively, 
depending on which property predominates. 

A resistor is said to have constant resistance when the ratio of voltage 
to current is substantially constant. More generally, it is convenient to 
describe a resistor as having constant resistance when the ratio of a direct 
voltage to direct current, or the ratio of sinusoidal alternating voltage to 
the component of steady-state sinusoidal alternating current in phase 
with the voltage, is substantially constant throughout the range of volt¬ 
age, current, and time entering into the problem under consideration. 



Fid. la. Volt-ampere characteristic for a constant-resistance element. The 
value of R is independent of and I, 


Fortunately, a large number of resistors are constructed so that their 
resistance does not change appreciably over the whole range of operation 
occurring in their jiractical application. In practice, a metallic resistor 
is used generally under conditions for which its resistance is essentially 
constant throughout reasonable periods of time when it is carrying its 
rated current. Familiar exceptions are, of course, those elements in which 
heat produced by current characterizes the functioning of the device; as, 
for example, tungsten-filament lamps, electric heaters, ballast lamps,* 
and so on. The volt-amperef characteristic for a resistor is the curve show¬ 
ing the relation between the voltage across the resistor and the current 
through it. For a resistor of constant resistance the curve is a straight 
line passing through the origin, as in Fig. la. The reciprocal of the slope 
of the line is constant and equal to the resistance R of the element. 

* Plate.s on pp. 76 and 77. 

t Although it is considered that usage justifies the term volt-ampere, as applied herein, the 
term current-voltage is more consistent with the terminology used to describe other types of 
parameter characteristic. 
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An element is said to have constant inductance when the component 
of voltage developed across its terminals by magnetic induction is linearly 
proportional to the rate of change of curre.it in the element, and is in¬ 
dependent of any other factors; that is, the inductance parameter is then 
definable by the relation 


vl 



[ 2 ] 


where vj, is the inductive voltage, and L is the constant inductance. 
Alternatively, the inductance may be defined by the relation 





= N 


^ d(p di 


di dt 



[2a] 


where N represents the number of turns in lIu* element that link the flux 
if, and i is the current which establishes the flux ^p, Thus, an element may 




Fig. lb. C’haractenslic showing 
voltage as a function of rate of 
change of current for a constant 
inductance element The \alue of 
L is independent of 77 ,, /. and /. 


Fig. Ic. ('haracteristic show¬ 
ing flux linkages as a func¬ 
tion of current for constant 
inductance element. The 
\alue of L is independent of 
vj , / and /. 


be said to have constant inductance L when the number of flux linkages 
Nip per unit of current i is a constant. Many practical inductors are 
constructed so that their inductance is essentially constant over wide 
ranges of current or frequency encountered in their practical operation. 
The inductive voltage across their terminals for a given rate of change 
of current is in no way dependent upon the magnitude of the current, 
its frequency, its direction, the age of the inductance, or the extraneous 
magnetic fields that may surround the inductor. A volt-ampere charac¬ 
teristic for an inductance element evidently does not exist, but the 
characteristic showing the inductive voltage as a function of the rate 
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of change of current docs exist and is important. Alternatively, the 
characteristic showing the flux linkages Ntp as a function of current i also 
exists. Figures lb and Ic represent such characteristics for a linear in¬ 
ductance element. The slope of the line in each figure is constant and is 
equal to the inductance. 

An element is said to have constant elastance or capacitance when the 
component of voltage appearing across its ter- 
^ minals as a result of its elastance property is a 

X constant times the electric charge stored in it; 

X ^ that is, the capacitive or elastance parameter is 
y — defined by the relation 


/I 

Yiv .. Id. Characteristic ^here is the elastjince voltage, ,9 is the con- 
showing the voltage as stant elastance equal to the reciprocal of the con- 
a function of the charge stant capacitance C\ i is the current at its termi- 
for a constant elastance nals, and q is its Stored charge. The relation is in 

clernent. The value of S ^ dependent upon the voltage, the time, 
or C IS independent of r A • • i 

^ ^ the age of the capacitor, or increasing or decreas- 


= idt = Sq = ^,1 


Clernent. me value oi o ^ dependent upon the voltage, the time, 
or C IS independent of r A • • i 

q i the age of the capacitor, or increasing or decreas¬ 

ing of the charge. Elastance elements whose 
parameters are essentially constant over the range of their practical opera¬ 
tion are encountered frequently in engineering. The voltage-charge curve 
for a capacitor is a convenient way of expressing its terminal characteristic. 
For a constant value of elastance the line representing the characteristic 
is straight and its slope is ecjual to the value of the elastance 5. Figure Id 
represents such a characteristic. 

2b. Circuit elements whose parameters vary only with time 

Circuit elements whose parameters vary explicitly with the time but 
are independent of changes in voltage or current are called time-varying 
parameter elements. At any instant of time 

% = Rii , [4] 

d{Lii) di .dLt , 


di . dLt 


or, alternatively, 


?( J' idt, 


djCfls) 

dt 


[ 7 ] 
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where and are, respectively, the resistance, inductance, and elas- 
tance voltages at time /, and Rt, Lt, St, Ct are, respectively, the resistance, 
inductance, elastance, and capacitance at time /. As time increases, the 
parameters R, L, and 5 of these elements assume different magnitudes 
independently of v or i. 

Many electrical devices may be represented by time-varying parameter 
elements. For example, the carbon-granule microphone has a resistance 
that is varied by the pressure of a diaphragm, the movement of which is 
effected by a source of pressure - - the sound wave - separate from the 
electrical system. Hence, for analysis of the electrical system, described 
in terms of i or ik and /, the resistance R must be treated as varying 
with / independently of v or /. The apparent plate-('ircuit resistance of 



Fk.. 2. \\)lt-anipere characteristic for a resistance which varies sinusoidally with time 
and the corresponding curve of resistance versus time. 


a screen-grid vacuum tube under certain conditions is substantially a 
function of the grid voltage alone. C'onsequently, a variation of the grid 
voltage effects a time variation of this ap])arent plate resistance. Similarly, 
the elastance or capacitance of a condenser microphone is varied by the 
sound wave and therefore experiences a time variation. The inductance 
of the alternating-current winding of a synchronous motor or generator 
also is varied as the angular position of the rotor varies, and therefore 
has a time variation. Similar conditions arise in other devices frequently 
encountered in engineering practice. 

A typical volt-ampere characteristic of a time-varying resistance ele¬ 
ment is depicted in Fig. 2a. At any instant of time /(>, /i, • • •, the character¬ 
istic is a straight line through the origin, but the slope of this line varies 
from instant to instant. The characteristics for time-varying inductors 
or capacitors are similar in shape but have different quantities as depend¬ 
ent and independent variables. A sinusoidal time variation of this resist¬ 
ance is illustrated in Fig. 2b, as shown by the plot of Rt as a function of L 
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A circuit containing time-varying parameter elements and constant- 
parameter elements is called a time-varying parameter circuit. Its analy¬ 
sis leads to a linear differential equation with time-varying coefficients. 
For the element of Fig. 2 the resistance coefficient is a sinusoid plus a 
constant; specifically, 

= Rav - Rm COS L [8] 

Even if the circuit is relatively simple, containing only a resistance 
whose time variation about a mean value Rav is sinusoidal, and having a 
constant voltage impressed across its terminals, the time variation of cur¬ 
rent is not sinusoidal: 

• = £ = — fi + I I ^ 

' Rav K RL 

The principle of superposition holds for time-varying parameter cir¬ 
cuits. Exact solutions may be obtained in some problems by strictly 
analytical methods; approximation methods or methods using mechanical 
calculating aids may be used with success in many others. For numerous 
problems, however, solutions have not yet been satisfactorily obtained. 

An important distinction must be noted between the effect of a time- 
varying resistor on the energy relations of a circuit and that of a time- 
varying inductor or elastor, A time-varying resistor may be thought of 
as a valve, by means of which an external agency of some kind can control 
the current in an electric circuit; thus, a change in the pressure applied 
to a microphone can control or alter the current in the electric circuit. 
This control is sometimes termed modulation. The relation between an 
external force and the resistance variation that it produces is not mutual, 
however, since a resistance can convert electrical energy only into heat, 
never directly into mechanical energy. On the other hand, for a time- 
varying inductor or a time-varying elastor there is a mutual relation be¬ 
tween the inductance or capacitance^ variation, respectively, and the 
mechanical force giving rise to this variation, since these elements have 
the property of being able to store energy. By means of these elements 
energy can be transferred from the electrical to the mechanical system, 
giving rise to motor operation; or from the mechanical to the electrical 
system, giving rise to generator operation. In a time-varying resistor, 
however, energy cannot be transferred from the seat of the control to 
the electric circuit; only the energy relations within the electric circuit 
can be controlled or modulated. 

* W. L. Barrow, “ On the Oscillations of a Circuit Having a Periodically Varying Capaci¬ 
tance,” I.R.E. Proc., XXH (1934), 201 212. 
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2c. Circuit elements whose parameters vary only with 

AGE OR CURRENT 

Circuit elements whose parameters depend on the voltage or current 
in a manner that is characteristic of the particular element but do not 
vary explicitly with the time are called nonlinear parameter elements. In 
order that the terminology be consistent with that used for elements of 
class b, these elements should be called current- or voltage-varying pa¬ 
rameter elements. The term “ nonlinear,” instead of the terms “ current-’’ 
or volt age-vaiydng,” is customary terminology, however, because the 
solutions of circuits comprising elements of this class, no matter how 
simple, lead to nonlinear equations. 

Important examples of apparatus whose resistance is nonlinear are the 
mercury-arc rectifier, the thermionic-vacuum tube, and the copper-oxide 
or iron-selenium barrier-layer rectifier. An inductor whose inductance 
is nonlinear is obtained when, in order to increase the inductance per unit 



Fic;. .Sa. Volt-ampere characteristic of a nonlinear resistor. 

volume or per unit weight, iron or an iron alloy is inserted in the field of 
the inductor. Because of the magnetic properties inherent in the iron, 
the inductance becomes dependent on the current in the coil, on whether 
the current is increasing or decreasing, and on other variables to a lesser 
degree. The power dissipated in the iron in such apparatus - ~ termed 
the core loss — is also a function of these variables. Three important 
devices whose inductance is nonlinear are the iron-cored inductor or choke 
coil, the iron-cored transformer, and the dynamo machine. Also, most 
present-day capacitors of the electrolytic kind or of the kind that use 
synthetic liquid dielectric compounds of high electric constant, such as 
those marketed under the trade names Pyranol and Inerteen, have a 
nonlinear elastance or capacitance. 

A typical volt-ampere characteristic of a nonlinear resistor is shown in 
Fig. 3a. Usually the curve is unsymmetrical about the origin and has a 
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variable slope. Sometimes the curve of resistance as a function of current 
is convenient in depicting the behavior of the element. Where it is used, 
distinction must be made between the static resistance R, as defined by 
the ratio of total voltage across the terminals of the resistor to the current 
entering the resistor, and the dynamic resistance r, as defined by the ratio 
of incremental change in the voltage to the incremental change in current 
which it produces. Thus, if v is the voltage across the terminals of the 
resistor and i is the current at its terminals. 


and 



Ss) dv 
Ai di 


[ 10 ] 

[ 11 ] 


Figure 3b shows the shapes of the curves of static and dynamic resistance 
as functions of voltage for the nonlinear resistor typified by the curve 
of Fig. 3a. 



Fig. 3b. Curves of static resistance R and dynamic resistance r, as functions of 
voltage for the nonlinear resistor specified by Fig. 3a. 


The characteristics of nonlinear inductors or capacitors are seldom sus¬ 
ceptible of simple graphical representation. To a first approximation, how¬ 
ever, the characteristic curve giving the apparent inductance as a function 
of the current for a nonlinear inductor would resemble that given in Fig. 
3c, for inductance defined by the relation, 

.. - Lf. [ 2 ] 


Inductance elements of this kind frequently introduce double-valued func¬ 
tions. The characteristics of the nonlinear clastance or capacitance param¬ 
eter of many capacitors are even less susceptible of graphical representa¬ 
tion than are the parameters of nonlinear inductors. Capacitance of this 



Varying \Wth time Independent of time 
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CLASSIFICATION OF ELEMENTS 


’Elements with 
linear characteristics 


a. Constant Resistance 



V _ 

^ R - constant 

t 

Similarly, L = constant, 

.V = constant. 

Superposition theorem applies. 

Linear differential equations have 
constant coeflicients R, L, and S. 
Solutions in exact form relatively 
easy. 


b. Time-Varying Resistance 



Similarly, inductance = /-(Or 
elastance ^ S{t). 

Superposition theorem applies. 

Linear differential equations have 
coefficients R, L, and 6' that are 
functions of time. 

Exact solutions possible but difficult. 

Mutual relations between outside 
agency and electric system for 
time-varying inductors and capaci¬ 
tors. 


Elements with 
nonlinear characteristics 


c. Nonlinear Resistance 



Similarly, inductance = L{i),ox L{v) 
elastance = S{q) or S{v), 
Superposition theorem does not apply. 
Nonlinear differential equations have 
coefficients R, L, and S that are 
functions of current or voltage. 
Except in a few simple circuits or 
where mechanical calculating aids 
are available, only approximate 
solutions are possible. 


d. Time-Varying Non¬ 
linear Resistance 



Similarly, inductance = L{t, f), 
elastance - S{t, q). 

Superposition theorem does not apply 

Nonlinear differential equations have 
coefficients /?, L, and S that are 
functions of current or voltage and 
of time. 

Solutions obtained with difficulty, 
usually by use of mechanical calcu¬ 
lating aid or by reduction to class 
a, b, or c. 
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class is rarely used in circuits where behavior of the capacitors must 
be accurately predictable. When precise performance or accurate predic¬ 
tion of behaviors is essential, capacitors whose parameters are essentially 
linear are used. They invariably involve a higher cost per unit of capac¬ 
itance than do the nonlinear ones, but the added cost is usually not 
large compared with the economic worth of the device of which the 
capacitors form part. 

When comparatively simple circuits, comprising, for example, a series 
connection of a nonlinear resistance and a linear or nonlinear inductance 



r'lG. 3c. Characteristic showing apparent inductance A, as a function of 
current /, for an iron-cored iaductor. 


or capacitance, are to be analyzed, the analytical solution of the resulting 
nonlinear differential equation is only moderately difficult. In complicated 
circuit connections, however, the complexities of the solution become 
considerable. The difficulty of representing the nonlinear relationships 
either graphically or analytically makes some solutions impossible, even 
if mechanical calculating aids are available. The great convenience of 
the superposition principle cannot be appreciated fully until the solution 
of problems such as these wherein it cannot be used has been attempted. 

2d. Circuit elements whose parameters vary with the 

CURRENT OR VOLTAGE AND WITH THE TIME 

Circuit elements whose parameters vary with the voltage or the current, 
as well as explicitly with the time, are called nonlinear time-varying pa¬ 
rameter elements. If the properties of a large number of circuit elements 
are examined in sufficient detail, many of the elements are found to be of 
this class. Whenever possible, however, in engineering calculations these 
elements are assumed to belong to one of the three simpler classes already 
discussed, for solution of equations taking full account of the properties 
of parameters of this kind frequently becomes impractical. 

Most multielectrode vacuum tubes have properties that classify them 
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as elements of this fourth kind. The platc-resistance parameter of such 
a tube, defined as 




(^p 

dip 


[ 12 ] 


for constant grid voltage, where Vp is the plate voltage and ip the plate 
current, is a nonlinear function of and undergoes a time variation 


._ t>(H-/) cos w/) 

R~{l-av) 

fo-O 

tz—TA drawn for 
etc a ^0.5 

r=pcriod 







I'ICt. 4. Volt-ampere chararteristk for a timc-var}!!!^ nonlinear rtsistancc clement, and the 
corresponding curve (b) of resistance versus angular frequency and voltage. 


when the voltage of the grid experiences a time variation. Also, more 
detailed description of the behavior of a synchronous generator or motor 
is possible in terms of parameters of this class than in terms of parameters 
which vary only with time or only with current. 

The general aspects of the volt^ampere characteristics of resistance ele¬ 
ments of this class are indicated by the diagrams shown in Fig. 4a. The 
characteristic is curved, and it is different at different instants of time 
/o, /i, • • • . A periodic time variation is illustrated in the figure in which 
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the current has the analytical expression 

v(\ + h cos o}t) 



[ 13 ] 


where a, h, and w are constants, and v and / are independent variables 
Inasmuch as the resistance is a function of two independent variables, 

/?(,(! - av) 

K. = ---> 

\ 0 COS Oil 



and a surface, a section of which is shown in Fig. 4b, is required to rep¬ 
resent the dependence of the resistance on these variables. Similarly, 
a surface is required to represent the corresponding characteristic curves 
of this class of inductance or elastance parameter. Circuits containing 
elements of this class are often called time-varying nonlinear parameter 
circuits. Their behavior is given by nonlinear differential equations with 
nonlinear time-varying coefficients. Consequently, the superposition prin¬ 
ciple is not applicable and exact solutions are generally impossible. Ap¬ 
proximate solutions for some of these problems may be obtained by re¬ 
ducing the circuit to one having a time-varying parameter, or by graph¬ 
ical, machine, or other methods such as those outlined in Arts. 4 to 10. 

The summary on page 667 shows briefly the characteristics of the four 
classes of parameter, giving typical curves for the four classes of resist¬ 
ance parameters. The corresponding characteristic curves of the four 
classes of inductance and elastance parameters, when they are single 
valued, are similar except that different variables appear as co-ordinates. 


3. Data needed for nonlinear circuit calculations 

The functional relationships between the parameters of a circuit and 
the dependent or independent variables of the circuit, or both, must be 
known if an analytical or graphical solution of a problem is to be found; 
or if the performance of devices that compose the circuit is to be predicted. 
Sometimes, as demonstrated later, analytical expressions for these rela¬ 
tionships can be obtained. For other relationships, only graphical ex¬ 
pressions based on experimentation can be obtained. 

The science of electronics has progressed to the stage where the re¬ 
lationships between the variables in a few relatively simple nonlinear 
conduction phenomena can be predicted within engineering accuracy by 
strictly analytical methods, provided the materials and the dimensions 
of the parts composing a device are known. The two-electrode vacuum 
diode with a pure-metal cathode may often be considered as in this cate¬ 
gory. However, the relationships involved in the majority of time-varying, 
or nonlinear, or time-varying nonlinear conduction-phenomena devices 
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such as most kinds of rectifiers, gas-discharge tubes, multieleclrodc vac¬ 
uum tubes, and the like, can be expressed conveniently only by charac¬ 
teristic curves obtained from measurements performed on typical devices 
or on constituent parts of a particular device. 

At present, the theory of magnetism is not well enough understood to 
make possible purely theoretical prediction of the behavior of magnetic 



materials. Data for determination of the magnitudes of the inductance 
parameter in devices involving magnetic-induction phenomena in the pres¬ 
ence of ferromagnetic materials are hence obtained from measurements 
performed on samples of every batch of magnetic material manufactured. 
These data are expressed in the form of characteristic curves of the ma¬ 
terial. When the materials are fabricated as comjionents of a particular 
device, the properties of the device can usually be computed from the 
characteristic curves. 
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Characteristic curves thus form a useful means for expressing the prop¬ 
erties of all kinds of circuit elements encountered in engineering prob¬ 
lems. For devices embodying nonlinear conduction phenomena, the re¬ 
lationships of interest are usually expressed graphically by the volt-ampere 
characteristics of typical two-terminal elements. For devices embodying 
nonlinear magnetic-induction phenomena, the relationships of interest are 
usually expressed graphically by characteristic curves which show, for ex¬ 
ample, the flux density as a function of the magnetizing force determined 
by means of a test solenoid whose core consists of a conveniently shaped 
sample of the magnetic material. 

Frequently, the time-varying nonlinear characteristic of a device can 
be formed from a knowledge of the function of the device and the data 
given by a family of static characteristic curves which express the non¬ 
linear properties of its parameters. Figure 5 shows the volt-ampere charac¬ 
teristics of a number of currently important resistors having nonlinear 
resistance. They offer different resistances to currents of different mag¬ 
nitudes. Most resistors of this kind also offer a different resistance to the 
same current when its direction is reversed; that is, their characteristics 
are nonsymmetrical with respect to the direction of current. The charac- 
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teristics of inductors having nonlinear inductance aie best represented 
h} magnetization curves the general appearance of which probably is 
familiar to the student J 'le characteiistics of magnetic materials, includ¬ 
ing numerous plots of exiieiimental data and further analysis of the 
performance nf iron cored dev ices are presented m this seric's in the 
volume on magnetic circuits and translormers For reasons stated in 
\ri 2e, devices having nonlmeai elastanee themgh extremedy useful 
and much used aie ol minor umeern m the following analysis and hence 
are given only slight mention 
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Coppcr-oxklc* rectifier assembled for use as a bridge circuit as shown in the diagram, for 
battery charging. Output rating: 30 75 v, 0.2 amp dc. (Manufactured by Westing- 
house Electric and Manufacturing Co.) 



Cmrte\y Federal Telephone and Radio Corpn. 




D-C load 


Iron-selenium rectifier assembled for use in a voltage doubling circuit as shown in the diagram, 
^rhe transformer tap is provided so that the voltage can be stepped up about 5% to compen¬ 
sate for effects of ageing in the rectifier. Output rating: 180 v, 0.06 amp dc. 




A-C mputr 


Copper-sulphide-magnesium rectifier assembled in one stack for three-phase opera¬ 
tion as shown in the diagram. Output rating: 12 v, 25 amp dc. 
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Oxide film rectifiers are made in a variety of 
styles and ratings for use in battery chargers, 
rectifier-type instruments, modulators and de¬ 
modulators, carrier-telephone systems, acoustic 
shock reducers in parallel with telephone re¬ 
ceivers, protection of apparatus against voltage 
surges, and in many special applications. 7'he 
plates or discs shown in the pictures are not 
representative of the rectifying area but arc ex¬ 
tended cooling fins. Sometimes forced draft is 
used for cooling. 






Courtesy Federal Telephofte anti Radio Corpn. 


Parts for iron-selenium rectifier. 




676 


TRANSIENTS IN NONLINEAR CIRCUITS 


4. Methods of computation: general discussion 

The real usefulness of many of the nonlinear circuit devices encountered 
in engineering arises from the peculiar circuit behavior that results when 
they are combined with linear devices in particular circuits. For example, 
the two-electrode tube and the multielectrode tube arc used in such com¬ 
binations to rectify alternating current into unidirectional current, to in¬ 
vert direct current into alternating current, to produce sustained electric 
oscillations, and to perform numerous other useful functions. The iron- 
cored reactor is used frequently in combination with linear or nonlinear 
circuit devices in control circuits,^ in relays, in current-limiting devices, 
and so on. 

For successful use of nonlinear devices, knowledge of the consequences 
of certain circuit combinations of linear and nonlinear elements is im¬ 
portant; and for speedier development of new devices embodying non¬ 
linear parameters, the rapid prediction of their behavior is desirable. 
Many electrical devices already indispensable to some electric circuits, 
moreover, have properties that make them appear as nonlinear circuit 
elements, and often give rise to highly undesirable conditions in the cir¬ 
cuit containing the device, or in near-by circuits. For these reasons and 
others that need not be cited here, means for analyzing the circuit behavior 
of a network including both linear and nonlinear elements are of primary 
imjK)rtance. 

The methods of treating circuits thus composed are by no means so 
straightforward as those of treating linear circuits. To describe the general 
behavior of any circuit comprising inductance or capacitance, or both, 
a differential equation is required. As a result of the nonlinearity of the 
differential equations necessary to represent a nonlinear circuit, its so¬ 
lution by formal processes is frequently difficult and involved, and some¬ 
times entirely impracticable. Since the exponential functions, among the 
most readily manipulated functions of mathematics, do not in general 
satisfy nonlinear equations, the convenience which their use affords in 
linear differential equations is not here available. Most of the functions 
that satisfy nonlinear differential equations, in fact, have not been studied, 
named, or tabulated. Seldom do these functions lend themselves to simple 
or even practicable analytical expression; hence it frequently is necessary 
to resort to graphical representation or numerical tabulation. While such 
means may appear to lack the elegance of the analytical methods and may 
often be aptly described as brute force ” methods, they are by no means 
ineffective but, rather, can be made to yield extremely useful results in 
relatively little time when skillfully applied. 

The chief purpose of the following articles is to illustrate the means 

* ** Reactance Amplifiers,” Electronics^ X (Aug., 1937), 28-30. 
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for transient analysis of typical nonlinear circuits. Though some of the 
circuit combinations used have practical significance and the results are 
often directly applicable in engineering, others arc used chiefly for their 
effectiveness in illustrating the principles of the analysis. The treatment 
is restricted primarily to the transient behavior, first, because the rela¬ 
tively complex methods of analysis involved can then be treated with 
greater clarity, and, second, because the analysis of the steady-state be¬ 
havior is much less complicated and is discussed more effectively, as oc¬ 
casion arises, in other volumes of this series. Steady-state analysis often 
amounts to little more than picking points from the characteristic curves. 
When the impressed force is not constant, the steady-state solution com¬ 
monly can be obtained only by working through tiie .ransient solution 
anyhow. 

The following articles include explicit giaphical, analytical, near-analyti¬ 
cal, and step-by-step methods of analysis. Where applicable, the explicit 
graphical methods are frequently very effective. The analytical methods 
generally are used to solve a problem sufficiently restmibling the one under 
consideration to make the analytical resuil.> directly applicable when ap¬ 
propriate judgment is ii^ed in iheir interpretation. The most effective, 
although in many ways also the most cumbersome, is the step-by-step 
method of numerical integration. Art. 5c. Any ordinary differential equa¬ 
tion arising from a ])hysical problem can be solved numerically with 
particular initial conditions by this method, which, although laborious, 
is used frequently when others fail. When the solution of nonlinear or¬ 
dinary differential equations is sought, it is important to realize that nu¬ 
merical solutions can always be obtained if the ecjuations truly describe 
physical phenomena. The existence of the phenomena con.stitutes proof 
of the existence of solutions to the eciuations describing the phenomena 
but does not prove that obtaining the solutions is always a simple process. 
In fact, ingenuity and resourcefulness are usually necessary if a reasonably 
simple method of solving any given nonlinear problem is to be 
found. 

5a. Nonlinear resistance in series with a linear inductance, 

CONSTANT VOLTAGE APPLIED 

The portion of the field circuit of an electric motor or generator com¬ 
prising the field winding in series with the field rheostat or the field- 
discharge resistor, the winding of an iron-cored choke or an iron-cored 
transformer, and a two-element lube in series with a filter choke each 
represents a circuit for which either the resistance or the inductance 
parameter, or both, are functions of the current, and hence are non¬ 
linear. For analysis, many circuits such as these can be represented 
closely enough by a single linear element connected in series with a single 
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nonlinear element. For instance, in the circuit comprising a generator 
field and a thy rite field-discharge resistor, the inductance parameter of 
the field winding may be considered to be essentially linear compared 
with the resistance parameter of the thyrite, even though the inductance 
parameter is seen to be nonlinear if examined closely. On the other hand, 
the winding of an iron-cored choke has an apparent resistance that is 
essentially linear compared with the inductance parameter of the winding, 
even though the resistance parameter is not truly linear. Representation 
of such a circuit with only one nonlinear element is a highly desirable 
simplification that usually can be made in the analysis of the circuit be¬ 
havior without causing such errors in the results that the analysis is use¬ 
less. 

To illustrate methods of analysis applicable to calculation of the be¬ 
havior of nonlinear scries circuits including only one energy-storage ele¬ 
ment, a circuit comprising a two-electrode tube in series with an air-core 
('oil and with a direct voltage applied is used. The circuit diagram is 
shown in Fig. 6. For this illustration, explicit graphical and semigraphi- 
cal integration ])rocesses, linear approximations, and semianalytical 
processes are employed. 

Since the inductance of the coil is linear, its circuit behavior can be 
described in t(*rms of a constant inductapee L, The re.sistance element 
must here be represented in terms of its volt-ampere characteristic and 
an equation in terms of the v{i) relationship must be formulated from it. 
The concept of impedance has no significance, nor has the concept of 
time constant as applied to series KL circuits treated in Ch. III. 

It is not necessary that the in¬ 
ductor have negligible resistance. 
For the purposes of the analysis the 
resistance of the inductor may be 
added to that of the nonlinear 
resistor by shearing the resistance 
characteristic of the inductor into 
the resistance characteristic of the 
nonlinear element to form a new 
composite characteristic which rep¬ 
resents the two resistances com¬ 
bined. The procedure for shearing 
the two characteristics into this single composite characteristic is to add 
the voltages which each current value produces in the elements. 

The differential equation expressing the equilibrium of voltages for the 
circuit of Fig. 6 is 





Fk;. 6. Nonlinear resistance in series with 
linear inductance, constant source volt¬ 
age. 


[ 15 ] 
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Since v is not a linear function of i, Eq. 15 is nonlinear, with one linear 
coefficient. When the voltage v is given as an analytical function of /, 
the function sometimes ».an be integrated by analytical means as shown 
in Art. 5e. When v is given as a function of i only in graphical form, an 
analytical procedure first requires that an approximate analytical relation 
between v and i be derived from the graphical data. A way of making this 
derivation is presented in this series in the volume on electronics, but, 
where analytical expressions are used at this stage of the treatment, it is 
assumed that they are gi\ en data. Plowever, a graphical process of inte¬ 
gration may always be attempted and, when the variables are separable, 
is illustrated in Art. 5b. The princijde of the solution i^ equally applicable 
for circuits in which the resistance elements may repiesent arcs, glow- 
discharge tubes, thyrite, or many other nonlinear devices - it is appli¬ 
cable, in fact, to any circuit for wliich one can write an equation 
with variables separable in a manner similar to the following pro¬ 
cedure. 


5b. Explicit graphical integration 

For explicit graphical integration Eq. 15 is rewritten so as to separate 
the variables as follows: 


or 


from which 


II 

E - v(i), 

[15a] 

dt 

di 

[151.] 

L ^ 

[E - vd)]' 

t 

L " 

di 

[16] 

[£ - z;(f)V 


where io is the value of i when / is zero, and it is tlu value of i at time t. 
Since the function D{i) is the tube characteristic and is assumed to be 
given in graphical form, the function E — vii), and hence a curve of 
1/[E — v{i)^ may be determined graphically. 

To illustrate the graphical procedure the initial conditions selected are 
that the voltage is applied when / is zero, and that the current is then zero. 
Then, in accordance with Eq. 16, the area under the curve of l/[£ — v{i)] 
plotted as a function of f, between the points where i has the values of 
zero and it, is the value of t/L. Thus, in this problem the usual procedure 
of integrating a time function to obtain a current is reversed. That is, 
a function of current is integrated to give the value of time at which a particular 
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value of current exists. This process is repeated for each value of current 
for which the corresponding time is desired. Hence, for a number of chosen 
values of the upper limit such as i\, 4, • • *, the corresponding values 
t\/L, hiL, • • , are determined by graphical integration, and the desired 
curve of i as a function of tjL is determined. Since dijit is zero where t 
is infinite, the maximum value of i is that given directly by the volt-ampere 
characteristic for the applied source voltage E. Hence appropriate in¬ 
tervals of i for the upper limit of integration can be chosen. 

By introduction of the proper scale factor, a single determination of i 
as a function of tjL may be made to apply to any numerical value of 
the inductance L. However, the determination holds for only the par- 



Fig. 7. Illustration of the various steps in the procedure for explicit 
graphical integration. ^ 


ticular value of E used. The diagrams of Fig. 7 illustrate the various 
steps in the graphical procedure. 

To make possible the comparison of results given by this method with 
those given by other methods treated in Arts. 5c, 5d, and 5e, the cal¬ 
culation is performed for a numerical example. For the comparison, E is 
taken as 100 volts and the i{v) characteristic for the vacuum tube is as¬ 
sumed to be that given in columns 1 and 2 of Table I, and plotted as a 
solid curve in Fig. 8. The necessary calculations are carried out in tabular 
form in Table I. The curve of l/[£ — v{i)'\ is plotted as a function of i 
in Fig. 9. In Table I the first four columns are self-explanatory. The rows 
of figures in the fifth, sixth, and seventh columns are spaced between 
the rows of the remaining columns to indicate that the entries in these 
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TABLE I * 


1 

2 

3 

4 

5 

6 

7 

8 


i 


1 

r ' 1 

A ; 

At 

t 

V 

E - v{i) 

E - v{i) 

\^E t’(/) Jur. 

L 

L 

volts 

milli- 
am peres 

volts 

Red procal 
volts 

Red procal 
volts 

fnilli- 
utH pen’s 

mill'net onds 
per henry 

milliseconds 
pet henry 

0 

0 

100 

0.0100 ^ 

0.0105 

0.0 

0.00945 

0 

10 

0.9 

90 

0.0111 — 

0.0118 

1 25 

0.01475 

0.0095 

20 

2.15 

80 

0.0125 


1 

0.0242 





0.0134 

1.60 

0 02143 


30 

3.75 

70 

0.0143 

0.0155 

1.90 

0.02945 

0.0456 

40 

5.05 

^>0 

0.0107 

0 0183 

2.15 

0.03935 

0.0751 

50 

7.80 

50 

1 

0.0200 

0.0225 

2.40 

0.05400 

0.1144 

00 

10.20 

40 

0.0250 

0 . 02 f )8 

1 .,^0 

0.03485 

0.1084 

65 

11.50 

35 

0.0280 

0.(»309 

1.40 

0.04328 

0.2033 

70 

12.90 

30 

0.0333 

0.0307 

1.35 

0.04957 

0.2400 

75 

14.25 

25 

0.0400 

0.0450 

1.43 

0 0()440 

0.2901 

80 

15.08 

20 

0.0500 

0 0530 

0.07 

0.03500 

0.3005 

82.5 

10.35 

17.5 

0.0571 

0 0019 

0.73 

j 0.04520 

0.3964 

85 

17.08 

15 

0,0007 

0.0735 

0.72 

0.0529 

0.4410 

87.5 

17.80 

12.5 

0.0800 

0.0900 

0.70 

0.0030 

0.4945 

90 

18.50 

10 

0.1000 

0.1125 

0.00 

0.0675 

0.5575 

92 

19.10 

8 

0.1250 

0.1459 

0.00 

0.0876 

0.6250 

94 

19.70 

6 

0.1007 

0.2084 

0.00 

0.1250 

0.7120 

96 

20.30 

4 

0.2500 

0.3750 

0.64 

0.240 

0.8370 

98 

20.94 

2 

0.5000 

00 

0.66 

ao 

1.0776 

100 

21.60 

0 

00 




00 


* In general the calculations are carried out in practical units. For convenience in tabula¬ 
tion, the results of the calculations are frequently expressed here and subsequently in terms 
of multiples and submultiples of these units. 
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Fig. 8. Representations of the \olt-ampere characteristic of the 
sacuuni tube of 6. 



Fig. 9. Curve corresponding to Fig. 7c, for numerical example. 
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three columns apply to the intei^’^als between the entries in the other 
columns. For example, an entry in column 5 is the average of the column 
4 entries on the adjacent rows. A column 7 entry is the product of the 
adjoining column 5 and column 6 entries. A given entry in column 8 is 
the sum of the one above it and the intervening column 7 entry. 

There are several simple methods of finding the area under a curve such 
as that in Fig. 7c when the equation for it is not known. Perhaps the 
simplest is to count the squares on cross-section t^iper and to estimate 
the fractions. Also, the average height of equally spaced ordinates is 
easily found, but care .should be taken not to weight the end ordinates 
more than the others in taking the average. A procedure useful when the 
curve is jagged or very irregular is to cut the curve out of good-quality 



in milliseconds x’cr henry 

Fig. 10. Illustrating the solution for rurront in Fig. fy, as computed 
by different methods, Arts 5h, 5c, 5d, and 5e. 

paper and to weigh it on a chemical balance. The w(*ights are conveniently 
calibrated by weighing a piece of simple .shape, such as a square or a 
circle, whose area is easily compnited. Also, of c'ourse, a planimeter may 
be used. 

The solution of this calculation in the form of a plot of i as a function 
of t/L is the solid curve shown in Fig. 10, and is seen to have the same 
general form as the curve of i as a function of time for a constant-jR, 
constant-L circuit with a suddenly applied constant E. 

5c. SEMIGRAPHICAL SOLUTION 

In another method that is often u.seful for calculating the current in a 
circuit such as that of Fig. 6, the curve of the tube characteristic is 
approximated by a series of chords as shown by the construction of Fig. 
11. On each of these chords the v{i) relation is a linear one, and 
for corresponding intervals in v and i the differential equation may be 
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integrated analytically. The solution thus obtained is valid only within 
such an interval, but it is possible to connect the solution for the end 

of one interval with the solution 
for the beginning of the next 
by adjustment of the boundary 
conditions of each solution. In this 
manner, a solution throughout any 
desired range may be obtained. 
This form of procedure is essen¬ 
tially a step-by-step calculation, 
but it is distinguished from the 
step-by-step method given in Art. 
9b by the fact that here the tube 
characteristic is assumed linear for 
each step, whereas in Art. 9b the 
rate of change of current, di/dt, is 
assumed constant for each step. 

I'K. 11, Approximation to volt-ampere. For this scmigraphical Solution 
characterLstic by meaiib of cholds. the tubc characteristic is expressed 

as l/fp, where l/r^ is the slope of 
the chord in Fig. 11 for a particular interval in question. Equation 15 may 
then be written as 



_ 1 C _ /2 - h 

L rpJ^^ E - v{i) L 


[17] 


In Eq. 17, V\ and V 2 are the boundary values for the linear interval within 
which Tp is constant, and /i and to are the corresponding temporal bound¬ 
aries. The integration of Eq. 17 results in 



The calculation of a numerical solution by this method for the circuit 
having the same elements as the circuit used in the calculation of Art. 5b 
may be carried out in the manner indicated in Table II. The results given 
in that table agree so closely with those secured by the graphical process 
of integration that if they were plotted on Fig. 10 the deviations would 
not be noticeable. 
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5d. Single straight-line approximations 


The accuracy of the result obtained by the foregoing method suggests 
that a simpler procedure for approximating the volt-ampere characteristic 
might be tried with the expectation of a fairly accurate solution. Thus 
even an attempt to replace the actual tube characteristic by a single 
straight line might be made. 

The simplest approximation of this kind is a single chord extending 
from the origin to the known final value of the current. Such a line is 
designated as line A in Fig. 8. For the given data the equation of this line 
is expressed by 


V = 


100 . 
21.6 


[ 20 ] 


where i is in milliamperes and v is in volts. This approximation amounts 
to replacing the tube by a constant resistance of lOV^l b ohms. The 
problem is thereby reduced to that of a series RL circuit with a constant 
applied voltage E. When the ai)plied voltage is 100 v, the solution to this 
simple circuit problem is 

i = 21.6 (1 ~ [21] 


where i is in milliamperes, / is in seconds, and L is in henrys. The dotted 
curve marked line A in Fig. 10 shows a plot of i as a function of t/L for 
this equation. The deviation from the correct result given by explicit 
graphical integration is as large as ten per cent, which, although aj^preci- 
able, may in certain problems not render the result useless. 

An appreciable improvement in the result may be obtained by reorient¬ 
ing the single straight line with respect to the tube characteristic. A guide 
as to the appropriate location of the line results from a consideration of 
the fact that for small values of /, and hence of the v{i) term of Eq. 15 
is small compared with the L{dijdt) term, but, for large values of f, the 
converse is true. Therefore, the transient solution is expected to be closer 
to the correct one, if, so far as the transient is concerned, the tube charac¬ 
teristic is represented by a single line that closely approximates its slope 
at values of i for which the tube-voltage drop is appreciable, rather than 
at values where this voltage drop is small. Such a line is shown as B in 
Fig. 8, and departs appreciably from the correct characteristic only in the 
vicinity of the origin. 

The equation of line B is 


2; = 22 -f 


78 

21.6 


z. 


[ 22 ] 


This procedure amounts to replacing the tube by a constant counter- 
electromotive force of 22 volts in series with a constant resistance of 
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78,000/21.6 ohms. If, again, E is 100 volts, then the problem becomes 
identical with that for the series RL circuit comprising a resistance of 
78,000/21.6 ohms and an applied constant electromotive forceof 100 ~ 22, 
or 78 volts. The time constant of the approximate linear circuit is then 
21 6L/78,000. The maximum value of i, however, is still 21.6 milliam- 
peres. Hence the result is 

i = 21,6(1 - [23] 

In Fig. 10 the curve of i as a function of //L, as given by Eq. 23, is plotted 
as the dotted curve, line B. The approximation to the correct result is 
reasonably good. Linear approximations of this kind are useful in the 
treatment of vacuum-tube circuit problems discussed iu Ch. X of the 
volume on applied electronics. 

5e. Other analytic approximations 

Although the process of replacing the nonlinear resistance characteristic 
by one or more straight lines often gives rise to a reasonably satisfactory 
approximation to the effect of the nonlinearity on the circuit behavior, it 
may sometimes lead to extremely cumbersome manij)ulations. In certain 
])roblems it may be more effective to attempt to approximate the actual 
tube characteristic throughout the desired range by an analytical expres¬ 
sion with a single term. The volt-amj)ere characteristics of many types 
of tubes are often expressible to a satisfactory degree of a])proximation 
by the relation 

i = AV, [24] 

in which K and n are constants, the values of which may be adjusted so 
that Eq. 24 rej^iresents the characteristic to a satisfactory degree. 

A test for determining wliether or not a given scL of data is represent¬ 
able by the form of Eq. 24 is to j)lot log i as a function of log v, or, what is 
equivalent, to plot i as a function of v on logarithmic graph i)aper. When 
the logarithms of the factors in Eq. 24 are taken, 

log i = log K -h n log V, [25] 

which is the equation of a straight line in the variables log i and log v 
with slope n and an intercept log K for v ecjual to unity or log v equal to 
zero. Hence, if v{i) is reprc'sentable by the form of Eq. 24, the points of 
the plot for log i versus log v lie on a straight line from whose co-ordinates 
K and n can be found. 

The substitution of Eq. 24 in Eq. 15 leads to 


LKnv^’-^ — = E-v. 
at 


[ 26 ] 
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The separation of the variables gives 


dt „Hv 

- = tiK — -» 

L E — V 


so that 


- = nK 

JLt 


Jn E — V 


[ 27 ] 


[28] 


For certain values of the exponent n this integral may be evaluated with¬ 
out much difficulty. 

If n is an integer, a method of evaluation that involves a change of 
variable may be used. For the change of variable, 


so 


E — V - Xy 
V = E — Xy 
dv = —dx. 

The integral given by Eq. 28 then becomes 

(E - x)^-^ 


7 - 


dx. 


'x=f;-r ^ 

By the binomial theorem {E — may be expanded to give 
n - 1 —„ . (« - 1) (w - 2) 

2 ! 


£»-i _ £n-2^ ^ v: - y*- + 


1 ! 


[29] 

[30] 

[31] 

[32] 

[33] 


For integer values of n the integrand of Eq. 32 is a polynomial in x with 
a finite number of terms and hence can easily be integrated. 

For example, if n is 3, 


j=3kJ 


.x=E £2 _ 2Ex + 


dx = 3K Ie^ In a- - 2Ex + 


which reduces to 
t_ 
L 


^2]x^E 


Jx^E- 


- 1 '" (' - 7 ) + K ' + 2^)1 

This may be put into the form of an expansion, 


L £ r 


[34] 


[34a] 


[34b] 


which represents the behavior for small values of v more clearly than does 
Eq. 34a. For instance, it shows that the current starts out by satisfying 
the relation 

. Et 


t = 


[35] 
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as it should, because initially all the voltage drop is across the inductance 
and none is across the tube, there being initially no current. 

As a second example, if n is 2, the integral of Eq. 32 becomes 

I ~ ■ ■“'‘i'"(' ■ I)+1]' 

and the following expansion may be obtained: 

When the exponent n in Eq. 24 is not an integer but an odd multiple of 
1/2, a successful method of evaluation is that which makes use of the con¬ 
dition that 




d{v^‘‘^) 


E-v" // 1/2 + ,, 1/2 

Now, if the change of variable is made to x and y, where 


whence 


E^rz - = X, 

whence 

„l/2 £1/2 ^ 

dv^^^ = —dxy 

_ (£1/2 _ ^)2(n-l) 

and 

£1/2 + „l/2 ^ 

whence 

I’' - y - 

dv^''^ ^ dVy 

= (y - £l/2)2(n~n^ 

the integral of Eq. 28 becomes 

/ r (£ 1/2 __ ^y^in^Ddx 

i ’^— 

y 

which can be contracted into 

^ (£l/^ — 


1 = s 
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For example, if n is 3/2, then 2{n — 1) is unity, and 


t 3K 


- ax =--— In - T= 

' 1 [-4 

;.3A-£-Lh-.i-4!. 


-4 


which has the expansion 


1 _ i .-V"' 

L ~ /ir 


( D - Kl )' 


The 3/2-power relation 

i = [24a] 

is used frequently to approximate a tube characteristic. For example, if 
an expression of the form 

/ = 22 X lO^S^ ^amp, [24b] 

where v is in volts, is taken to represent the characteristic for the tube of 
Fig. 6, a good approximation is obtained as shown by the dotted curve 
labeled 3/2-power approximation ” in Fig. 8. The solution for the 


TABLE III 


E — 100 volts, 




0.33 X 10- 


volts ^ 


. h minis 

perl. 


— i Error In 

L L 

milli- 

nlllhcconds Qj^p^rcs 

per henry per henry 



0.98 0.990 

1.0 1.0 
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current in the circuit of Fig. 6 carried out in accordance with Eq. 46b, 
and using the value for u given by Eq. 24b, is tabulated in Table III. The 
last column in this table shows the discn*pancv between this method and 
the explicit graphical-integration method as tabulated in Table 1. The 
discrepancies are so small that the curves of i as a function of t/L for both 
methods are not distinguishable from each other. The 3 '2-power relation 
for approximating the tube characteristic in this example is therefore 
considered very satisfactory. 

6a. Nonlinear resistance in series wmi a linear capacitance, 

CONSTANT VOLTAGE APPLIED 

For numerous electric-control devices, a direct voltage is applied to a 
circuit comprising a nonlinear resistor connected in series with a linear 
capacitor as showm in Fig, 12. Many electronic sweej) circuits if examined 
carefully are found to involve such 
connections, usually employing as the 
nonlinear resistor a two- or three- 
clement vacuum tubc‘. For such cir¬ 
cuits, the ex})ression for the tube 
current as a function of the time after 
the voltage is apidied, or the voltage 
across the condenser as a function of 
time (which can be obtain(‘d by inte¬ 
gration of the expression for current), 
is usually desired. Fortunately, it is 
often i)ermissil)le to rei)re.sent the tube 
by a linear element and th(‘ analysis becomes a relatively simi)le problem. 
Sometimes, however, more exact results are necessary and a method of 
calculation that takes account of the nonlinear properties of the resistor 
is essential. 

The methods of analysis applicable to ])roblems of this kind are essen¬ 
tially the same as those given in Arts. 5b, 5c, 5d, and 5e. They are treated 
briefly in Arts. 6b to 6e, only to the extent necessary to show the basic 
procedures involved. 

6b. Explicit (graphical integration 

The differential equation for the circuit of Fig. 12 is 

vii) + " J idt = £, 

which, upon separation of the variables, can be written as 

dt d[E — vHy] 



Fig. 12. Nonlinear resistance in series 
with linear capacilanee, constant sour( e 
voltage. 


[ 47 ] 




TRANSIENTS IN NONLINEAR CIRCUITS 











EXPUCIT GRAPHICAL INTEGRATION 


693 


or 

^ ^ E—vii)^Ec\) ^ 

The integral represents the area under the curve 1// plotted as a function 
of £ — v{i) from a value of £ — v{i) of zero to a value of v corresponding 
to Rct^ where Ret is the voltage across the condenser at time i. The manner 
in which this integration is carried out is indicated in the three sketches 
of Fig. 13. For the tube data of Table I (plotted in Fig. 8) and for a volt¬ 
age of 100 volts, the numerical data of this calculation arc summarized 
in Table IV. The plot of 1' / as a function of [£ — ?(/)] is shown in Fig. 14 
and the resulting plot of i as a function of t/C is given by the solid curve 
of Fig. 15. 

TABLF IV 



1 



1 A/ 

t 


[E - »(/)] 

i 

\i Ai 

A{E — vii)^ 

1 ^ 

C 







rnilli- 

volts 

reciprocal 

re( i procal 

volts 

seconds 

kiloseconds 

amperes 


amperes 

amperes 


per farad 

per farad 

0 

46.3 

^ 50.18 

10 

501.18V. 

0 

21.6 

10 

54.05 - 



'^0.5012 

18.5 



58.9 

10 

589.0 



20 

63.75 

70.63 

10 

706.3 

^ 1.0902 

15.68 

30 

77.50 

87.78 

10 

877 8 

1.7965 

1 

12.90 

40 

98.05 

113.12 

10 

1,131.2 

2.6743 

10.20 

SO 

128.2 

152.6 

10 

1,526.0 

3.8055 

7.80 

60 

177.0 

194.9 

5 

974.5 

5.3315 

5.65 

65 

212.7 

239.7 

5 

1,199.0 

6.306 

4.70 

70 

266.6 

305.8 

5 

1,529.0 

7.505 

3.75 

75 

345.0 

405.0 

5 

2,025.0 

9.034 

2.90 

80 

465.0 

565.9 

5 

2,829.5 

11.059 

2.15 

85 

666.7 

787.9 

3 

2,s363.7 

13.888 

1.50 

88 

909.0 

1,010.0 

2 

2,020.0 j 

16.252 

1.10 

90 

1 1,111.0 




18.272 

0.9 
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6c. Semigraphical solution 


Another approach to this problem may be made by representation of 
the tube characteristic by a series of chords, as is done in Fig. 11. The de¬ 
tailed procedure takes the following form. Differentiation of Eq. 47 with 
respect to t gives 


d\v{i)] i dv di i 

dt ^ C di dt C 


[50] 


On any chord, 


dv 

di 


constant = fp, 


[51] 


SO that E(p 50 becomes, after .separation of the \Tiriables, 
dt di 


[52] 


TABLE V 


V 

/ 

Ai’ 

M 




St 

C 

t 

C 

Error in 

volts 

viilli- 

ampervs 

volts 

milli- 

(impcns 

ohms' 

/I 

In'' 

kilosnonds 
per farad 

kiloseconds 
per farad 

seconds 
per farad 

100 

21.6 

18.5 







1 

0 

0 

00 

Mo 

3.1 

3,225 

1 167 

0.1542 

0.4975^ 

^0.4975 

-3.7 



10 

2.82 

3,546 

1.179 

0.1650 

0.585 



80 

15.68 

10 

2.78 

3,597 

1 215 

0.1948 

0.701 

^1.0825 

-7.7 

70 

12.90 

10 

2.70 

3,704 

1.265 1 

1 0.2357 

0.873 

1.78.LS 

-13.0 

m 

10.20 

10 

2.40 

4,167 

1 

1.308 

i 

0.2685 

1.119 

2.6565 

-17.8 

50 

7.80 

10 

2.15 

4,650 

! 

1.380 

i 

0.3224 

1.499 

3.7755 

-30.0 

40 

5.65 

10 

1.90 

5,263 

1..S06 

0.4095 

2.1552 

5.2745 

-57.0 

30 

3.75 

10 

l.(>0 

6,250 

1.744 

0.5562 

3.4764 

7.4297 

-75.3 

20 

2.15 

10 

1.25 

8,000 

2.390 

0.8713 

6.9704 

10.9061 

-152.9 

10 

0.9 

10 

0.9 

11,110 

00 

oc 

X 

17.8765 

-395.5 

0 

0.0 

1 



1 




X 
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which upon integration yields 

-fp j^lnij = -fp In [53] 

where i\ is the current at h and h the current at /i + A/. The data of 
Table V illustrate the numerical work for the solution for a source voltage 
E of 100 volts. The last column shows the deviations between the solu¬ 
tion given by this method and that given by the graphic'al integration 
method. These deviations are too small to be noticed in the plot of Fig. IS. 


6d. Single straight-line approximations 


In this example, it is instructive to compare the results obtained when 
the two different straight-line appn)ximations for the tube characteristic 
corresponding to lines A and B of Fig. 8 are used, and also to compare the 
relative accuracy of the re.sults then obtained with those obtained for the 
corresponding inductive circuit treated in \rt. 5d. For line .4, as given by 
Eq. 20, 


1(K) . 

V =- 1. 

21.6 


The solution is therefore merely that for an RC circuit with R equal to 
10^ ^21.6 ohms. From the treatment in Art. 10, Ch. Ill, the form of this 
solution is 


i = 21. 


[54] 


where i is in milliamperes, t is in seconds, and C is in farads. For line By 
on the other liand, the solution is that for an RC circuit with R equal to 
78,000/21.6 ohms and an applied voltage of E — 22 or 100 — 22 or 78 
volts, which gives 

i = [55] 


The solutions given by Eqs. 54 and 55 are shown dotted in Fig. 15, as 
lines A and line B, respectively. Neither is a very good approximation to 
the correct result. I'he solution using line B is more nearly correct, how¬ 
ever, because as mentioned in the corresponding inductive problem it 
represents the tube characteri.stic better when the tube voltage is large 
compared with the capacitor voltage. However, the disagreement is 
appreciable in the vicinity of small i values where line B does not repre¬ 
sent the v{i) characteristic particularly well. In the inductive circuit the 
disagreement for small values of i is not apparent in the plot of i as a 
function of i in Fig. 10, but it would be apparent if di/dt were plotted as 
a function of /. A given result thus may appear to be fairly good on a plot 
because of the particular function chosen for that plot, but that result is 
not necessarily a generally good one. For example, if for the inductive 
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circuit the voltage across the coil as a function of time were desired, this 
voltage being proportional to di/dl^ the result for line B would show the 
same deviations that are evident in the corresponding capacitive circuit. 


6e. Other analytic approximations 

In a manner analogous to that used in the treatment of the inductive 
circuit in Art. 5e, the integration of Eq. 47 for the capacitive circuit may 
be performed through use of the analytical approximation for the tube 
characteristic as given by Eq. 24. From Eq. 48, 

dt dv 

C i (v) 

so that 


[48a] 


r dv 


^E (td 

J, i(j') 

24 in E(j. 4Qa 

Kivos 

r 7. 

"1^' /J—(«—1) ' 

L-at«~-~i), 

1“ -A'(«-l) 

y7(n—1) _ ^,(n~l) 


[49a] 


{n - 


[56] 


For n equal to 3/2, K cc^ual to 22 X 10 ^ ampere per volt and E 
equal to 100 volts, Ecp 56 gives 


/ 1/3 

1-0=47175 sec/farad, 


[56a] 


when i is in amperes. The calculated points for this relation lie substan¬ 
tially on the solid curve of Fig. 15 obtained by graphical integration, thus 
again indicating that the representation of the tube characteristic by the 
3/2-power law is satisfactory in problems of this kind. 


7. Circuits with iron-cored inductors and constant voltage 

APPLIED 

In the circuits used for illustration in Art. 5, it is assumed that the in¬ 
ductance parameter is essentially linear compared with the resistance 
parameter, even though the inductor may contain an iron core. In some 
circuits, however, this assumption is not valid and the element that has 
the predominant nonlinear parameter is the inductance. For example, the 
inductance parameter of the field circuit of a motor or generator, of either 
the direct- or alternating-current type, is essentially nonlinear compared 
with the resistance parameter of the field rheostat. If the field-discharge 
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resistor is of the type using such a material as thyrite, however, the in¬ 
ductance parameter may not be consjdcuously nonlinear in comparison 
with the resistance parameter. 

The build-up of flux or current in the 
field winding of an alternator when the 
field circuit is suddenly connected to a 
source of constant voltage is considered 
as a specific illustration. The connection 
diagram for such a circuit is as .shown in Fic. 16. Nonlinear inductance in 
Fig. 16. The core material is such that linear resistance, con- 

the nonlinear relatitm between the core flux ' oltaRc. 

<p and the current i is that given by a curve of the tvpc shown in Fig. 17. 

The differential equation expressing the voltage equilibrium for the 
circuit at any instant of time is 

+ [57] 

where AV represents the instantaneous Aua linkages and R represents the 
total series resistance of the circuit. Since the data are given in terms of a 
curve of ip and /, it is anticijiated that exjdicit graphical integration may 




Fig. 17. Rising magnetization curve for inductance element, Fig. 16. 



prove convenient for obtaining the result. To use this process, an attempt 
should be made to tran.sform the equation into a form permitting separa¬ 
tion of the variables in a manner similar to that of Arts. vSb and 6b. 
The final steady value of the current is given by 



[ 58 ] 
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The corresponding steady value of flux according to the curve of Fig. 17 
is denoted by at the point P. A straight line from the origin of Fig. 17 
to point P then evidently represents a fictitious linear relation between 
flux and current which results in the same steady-state value of flux for 
the given source voltage E. The instantaneous flux for this fictitious 
linear relation corresponding to the current i is denoted by 

The first step in the graphical solution of Eq. 57 is to substitute in 
Eq. 57 the expression for E given by Eq. 58: 

N^^E-Ri = R{r, - i). [59] 


From Fig. 17 it is seen that 


and 


(7, - i) = M 
Ai Aip' 

^ a ^{> 


The utilization of this expre.ssion in Ec]. 59 results in 


N 


dip 


dt 


RIs 


Aip^ 
—} 


or 


where 


~ RI, ~ R A^'' 



[60] 

[61] 


[62] 

[63] 

[64] 


is merely a fictitious inductance corresponding to the linear ip{i) relation 
introduced and does not imply the existence of a linear circuit parameter. 
The quantity 



[65] 


is then the time constant of the fictitious linear circuit — the fictitious 
linear circuit being merely that which gives rise to the same steady values 
of current and flux. 

Equation 63 may then be written as 


± _ r 
r J. 


[ 66 ] 


which is recognized as an integral of the same form as that occurring in 
Arts. 5b and 6b, and which can be evaluated readily cither graphically or 
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numerically by the methods used there. The same types of approxima¬ 
tions as those used in Arts. 5c and 6c, that is, replacement of the actual 
^(/) characteristic by one or a series of chords, can also be applied here. 
The detailed solution of this problem is not performed here since no new 
ideas or techniques are involved. 

The use of a flux-current characteristic makes appropriate allowance 
for the effect of hysteresis provided the curve used represents the flux 
build-up conditions; that is, Fig. 17 should represent a rising magnetiza¬ 
tion curve for a noncyclic time-varying magnetomotive force. The eddy- 
current losses in the iron core are neglected in the treatment. Such neglect 
leads to a good approximation if the core is linely laminated, because the 
losses are generally then negligible. In the transient problem, this approx¬ 
imation is made because of the mathematical difliculties which are other¬ 
wise introduced. In the steady-state analysis for a cyclic magnetomotive 
force given in this series in the volume on magnetic circuits and trans¬ 
formers, the effect of the eddy-current (v^mponent of the core loss is 
considered. 


8. Circuits with iron-cored inductors and alternating 
volta(;e applied 

The transients that occur when sinusoidal voltages are connected to 
nonlinear inductive circuits are often of considerable importance in engi¬ 
neering practice. The circuits sometimes comprise merely a nonlinear 
inductance, as is essentially the situation when an iron-core transformer 
winding is suddenly connected to its source of voltage. For certain condi¬ 
tions of residual core flux, core saturation, and angle on the wave of the 
sinusoidal voltage at which the switch is closed, the peak value of the 
exciting current may reach a value of the ^ , i 

order of ten times the rated load current j/ -A 

of the transformer. For these reasons -i- 

means of computing the value of such ^ L X 

current are desirable so that in the de- ^ \ 

sign of the transformer provision can be ) 

made for bracing the coils to enable them 2 ^ R ^ 

to withstand the stresses resulting from —-WW- 

the combined action of the large currents t'lo. 18. Nonlinear inductance in 

and the magnetic fields. A method for resistance, sinu- 

,1 • . • soidal source voltajre. 

computing the approximate maximum 

value of these transient exciting currents follows. 

The circuit to be considered is shown in Fig. 18. The differential equa¬ 
tion for this circuit is 

^ [671 


Fk;. 18 . Nonlinear inductance in 
series with linear resistance, sinu¬ 
soidal source voltage. 
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in which N is the number of turns in the coil and (p is flux in the core link¬ 
ing these turns. On account of the nonlinear relationships existing be¬ 
tween (p and iy eliminating one or the other from Eq. 67 is desirable. A 
guide as to which one to eliminate is obtained from the knowledge that 
for sinusoidal applied voltage, (p is essentially sinusoidal provided Ri is 
not large, whereas i bears no direct, simple relationship to e. It is at once 
evident, therefore, that a solution in terms of (p is easier to obtain than 
one in terms of i. Since in many applications of transformers or reactors 
the resistance drop is small compared with the reactance drop, the Ri 
term in Eq. 67 is small compared with the N{dip/dt) term; and hence an 
expression for the current that may be used with good approximation in 
the Ri term only is 



in which Lav is an average inductance coefficient; that is, Lao is given by 
the average slope of the ^p{i) curve for the coil. With this approximation 
Eq. 67 becomes 


which can be solved readily for iis a function of time /. 
Since e is sinusoidal, it may be written as 

where 

Em ~ Eml "b 


[70] 

[71] 


and Rm 2 being real constants. From previously solved similar equa¬ 
tions, the steady-state solution of Eq. 69 is easily shown to be 

[72] 

in which 




N{R +jc.Lav) 


[73] 


The transient portion of the solution is evidently given by 


<pt = 


[74] 


SO that the complete solution becomes 

[75] 

When t is zero, ^ has the value <f>r if the circuit is initially at rest. This 
gives 

<t>t == <t>r ~~ 9{«[^m], [ 76 ] 
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and finally 




[77] 


If at the switching instant Emi is zero and E ,„2 has the value, — 
then from Eq. 73 


<t>m = 




N(R +jo>Lav) 


[78] 


Since it is assumed that coL„,, is large compared with R, 4>,„ in Eq. 78 has 
the approximate value 


4>„ 


/ 0 °, 

iV« ^ 


[79] 


which when substituted in Eq. 77 gives, for this switching instant, 

^ cos wt + fl” + f [80] 

Aw V\w / 



Plots of the wave forms of flux and the corresponding current according 
to Eq. 80 are shown in h'ig. 19 for an assumed dissipation ratio of R/ (coLav) 
equal to 0.05, or 5 per cent. Since the first maximum of the flux occurs 
when t is near tt/co, this dissipation ratio gives 

<"1 + €-«•«*')« 0.86 .#>, + 1.86 • [81] 
Aw Aw 
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This maximum flux is almost twice the normal flux amplitude. Hence, 
even with an appreciable amount of power dissipation in the resistance, 
the flux may be so large that during the initial cycles following a switching 
operation the current must surge to very high values because of core 
saturation. In power transformers these initial transient currents may 
become severe enough to require special considerations in the design, as 
stated previously. 

In order to illustrate the severity of such transient currents, the switch¬ 
ing transient when voltage is applied to one winding of a particular trans¬ 
former is considered. All other windings are open-circuited. Under these 
conditions the transformer can be treated as a reactor. The transformer 
name-plate data are: 100 kilovolt-amperes; 60 cycles per second; primary 
volts, ll,vS00; secondary volts, 2,300. For comparison with the transient 
current, the rated full-load primary current of the transformer is given by: 


/i 


mmo 

11,500 


8.7 amp. 


[82] 


Under full-load operation this current is practically sinusoidal in form for 
a sinusoidal applied voltage. Hence the full-load peak value of the primary 
current is 

/i„ = 8.7 = 12.3 amp. [83] 

The foregoing theoretical considerations show that a large transient 
current may be expected when an appreciable residual flux is left in the 
core. A large residual flux occurs if the transformer is disconnected from 
the voltage source while the flux is at or near its maximum value, that is, 
if the flux has the value on the hysteresis loop corresponding to zero 
magnetomotive force. If the transformer is reconnected to the source at 
an instant corresponding to a voltage phase angle which causes a rate of 
change of flux such as to increase the flux from the residual value, the 
maximum value of the flux is considerably larger than normal. Because 


TABLE VI 


AV {weher-turns) 

i amperes 

Nip {wehcr-turns) 

i amperes 

30.0 

0 

55.7 

3.0 

39.0 

0.3 

58.1 

4.5 

44.7 

0.6 

61.2 

7.5 

48.0 

0.9 

66.7 

15.0 

50.3 

1.2 

70.6 

22.5 

51.8 

1.5 

110.0 

98.0 

54.1 

2.25 
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of the saturation cifcct tlic current will rise to i peak \alue which is e\en 
greater in comparison with normal than is the flux 

J able \ I gn cs the data for the rising magneti/ation cur\ c of this trans¬ 
former from a large positixc rcsuluil llux I he eui\e jilottcd from these 
data is shown m I ig 20 Ihe trinstornur winding resistance is first 
neglected in order that an appioximate idea of the maximum \alue of the 



transient current surge may be obtained 1 h( most unfaxorable switching 
instant (with regard to the volt ige ]>h ise) gi\ ing ii e to a positive e urremt 
surge IS that at which the xoltagc passes through zero and increases posi- 
tixely Lquation 80 satisiies these initial conditions thus, for the given 
initial conditions and for R assumed to be zero, Lq 80 becomes 


ip — (1 — eos oj/) + <t>r [84] 

Nu) 

The numerical values for the transformer are 

= V\^2 = 11 S00\ 2 = 16,260 x, [85] 

a, = 27r/ = 6 28 X 60 = 577 radians per sec, [86] 

N<t>r = 50 weber turns [87] 
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Hence, 

(1 - cos 3770 + 30 

= 43.1 (1 — cos 377/) + 30 weber-turns. 

As indicated by the discussion in Art. 7, this solution is correct only up 
to the first flux maximum on account of the hysteresis effect, but, so far as 
winding and eddy-current losses are negligible, this first maximum is 
correctly evaluated. It evidently occurs when the cosine first reaches the 
value —1. Thus the first maximum value is given by 

{N(p)max = 2 X 43.1 -f 30 = 116.2 weber-turns. [89] 

From the magnetization curve of Fig. 20 the transient current at this 
value of flux linkage is seen to surge to the peak value of 110.2 amperes, 
which is almost nine times the normal full-load peak value of 12.3 amperes. 

This transient-current peak now is recalculated with the primary wind¬ 
ing resistance taken into account. For the same switching instant, the 
resulting flux relation is expressed by Eq. 80. Here is the average 
slope of the magnetization curve of Fig. 20. Small variations in the value of 
this average inductance affect the value of the resultant transient peak but 
slightly, so that the average slope need be determined only approximately. 
The previous solution in which resistance was neglected is helpful as a 
guide to the range of N<p for which Lav is to apply. In Fig. 20, the peak 
values of 116.2 and 110.2 for flux linkages and current, respectively, are 
indicated by dotted lines and represent approximately the range of the 
magnetization curve traversed. This range is approximately the same 
when resistance is considered, so that the sloping dotted line appears to 
be a reasonable average straight line. The slope of this line is 0.875, and 
this value is therefore chosen for Lav 

The resistance of the primary winding of this transformer is given as 
7.7 ohms. The average reactance of this winding is 

wLav = 0.875 X 377 = 330 ohms. [90] 

The assumption in the theoretical derivation of Eq. 80 that coLav is large 
compared to R is thus seen to be justified in this example. The substitu¬ 
tion of R and Lav in Eq. 80 gives 

Nip = -43.1 cos 377/ + (43.1 -f 30)e-®®'. [80a] 

The first maximum of this function occurs approximately at the instant 
when 377/ equals tt, when the cosine function equals — 1. The substitution 
of this value of time gives 

iN<p)max = 43 1 + (43.1 + 30) X 0.93 

= 43.1 -f 68.0 = 111.1 weber-turns. 
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From the magnetization curve of Fig. 20, the corresponding peak value 
of the transient current is 100.0 amperes, which is more than eight times 
the normal full-load peak value. The effect of the primary winding re¬ 
sistance is relatively small, so that the solution for the nondissipativc case 
may ordinarily be used when an approximate result is sufficient. 

Additional methods of analysis, such as are applied to the nonlinear 
resistance element in the preceding articles, are also useful in certain 
problems involving ferromagnetic phenomena. Such problems are likely 
to be more complicated, however, particularly if hysteresis and eddy- 
current effects are significant, because of the complicated nature of the 
actual characteristic. As the complication of the c ircuit is increased, 
the analytical and numerical methods rapidly becorv" impracticable, and 
even the machine methods discussed in Art. 10 quickly reach their prac¬ 
ticable limit. As a result, the theory of networks of these kinds is relatively 
incomplete, and such development as takes place in piactical applica¬ 
tions is primarily the result of experiment, this development, the appli¬ 
cation of model theory as treated in this series in the volume on magnetic 
circuits and transformers can be very helpful since it greatly reduces the 
amount of experimental work required. The use of models perhaps offers 
one of the most promising means of simplifying such investigations and 
of stimulating development. 

9a. Nonlinear circuits comprising resistance, inductance, 
AND capacitance 

A more complicated problem of circuit analysis arises when the non¬ 
linear circuit contains both inductive and capacitive energy-storage ele¬ 
ments. Numerous rectifier circuits, ferroresonant circuits used in relay 
and control devices, or protective circuits on tran.smission lines fall 
within this category. When calculations on such circuits are to be per¬ 
formed it is de.sirable, for reasonable simplicity, to have not more than 
one nonlinear parameter in any circuit. Even with such simplifleation, the 
explicit solution for the transient is generally difficult or impossible, and 
graphical or semigraphical or step-by-step processes must be adopted. 
Of the methods available, the step-by-step has the largest scope. For this 
reason its application is treated in considerable detail. 

9b. Step-by-step calculation 

For illustration of the step-by-step method the circuit represented 
diagrammatically in Fig. 21 is considered. Here a tube is used as the non¬ 
linear resistor, and a direct voltage is applied only as a means for clarifying 
the explanation of the method of calculation. It is not to be implied that 
the applicability of the method is restricted to these conditions. 
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The v(i) characteristic of the tube is assumed to represent the com¬ 
posite nonlinear resistance characteristic for the entire circuit. The prob¬ 
lem is to find the current i as a function of time following the closing of 



Fig. 21. Nonlinear resistance in series with linear inductance and 
(apacitanre, constant source voltage. 

the switch K, the charge on the capacitor and the current in the inductor 
being zero prior to the closing of this switch. 

The differential equation of the circuit is 

If the voltage drop across the condenser is written as 

VvU) = ^. J >dl, [92] 

and the functional notation is dropped for convenience, Eq. 91 can be 
rewritten as 

= E - v,{ - vc. [91a] 

or 

di = j (E - Vr - Vc) dt. [91b] 

In Eqs. 91a and 91b, Vr and Vr arc functions of current and of time. Hence 
di/dt is a function of current and time. 

The essential feature of the step-by-step process of integration of di to 
obtain i is the utilization of the fact that if the interval At is .short enough, 
a satisfactory solution can be obtained on the assumption that di/dt is 
constant throughout the interval. The application of this feature may be 
illustrated by consideration of the circuit behavior during a few successive 
short time intervals. 

At the instant immediately following the closing of the switch K, from 
which instant time is measured, the current remains zero because of the 
presence of inductance; hence vr is zero and Vc is zero. Therefore the value 
of di/dt when / is zero is E/L. If it is assumed that di/dt remains constant 
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at this value for a small time interval A/, the current then rises linearly 
to a value given by [dif (Z/joA/ at the end of the first interval. The 
values of Vci and Vjn at the end of the first interval A/i, and hence 
{E — Vri — V('i), are then com.puted from the derived value of i. The 
value of [di/dt]i is then {E — vri - Vr.)/L, and is assumed constant 
throughout the second interval A/ 2 . The value of 7*2 the end of the 
second interval is/'i + A 72 , orfi + [^//7<//]i A/. The procedure is continued 
in this way for as many values of A/ as are desired. 

The selection of the size* of the interval A/ is a matter that requiri^^* good 
judgment if large errors are to be avoided, d'he proc edure beconu‘s more 
exact as At approaches an infinitesimal interval, but ihe time required to 
I^erform the calculation increases proi>ortionally. A< a rough guide to the 
choice of size of interval, it usually is desirable to make At such that, were 
[di dt]i) maintained, several intervals would be required to reach an esti¬ 
mated maximum v'alue of 7 , Since the choice of interval is somewhat arbi¬ 
trary, a method for determining the onh'r of magnitude of the error 
introduced by the finite interval or for extra|H)lating the data to give the 
correct solution is mentionc'd bnlow. 

For a numerical illustration, E is 100 volts, (’ is 1.0 X lO""^ farad, 
L is 1.0 henry, and the v{i) ( haractc'rislic is the same as that used for the 
tube in Arts. 5b and Ob, and given by Fig. H. From an inspection of the 
tube characteristic, it api)ears that the maximum current for the par¬ 
ticular applied voltage may be about 0.01 ampere, within a factor of two 
or three. Since [di/dt]i) is 100 amperes per second, the time n^cpiired for i 
to reach 0.01 ampere is 0.01 MOO or 10“'^ second. The value of At is selected 
as one-tenth of this interval for the illustration, or second. This 

rough e.stimatiiig is permissilde because the value of At is not particularly 
critical, provided it is sufficiently small. 

The actual step-by-step calculation may now be made. At the end of 
the first time interval, ti is 10“"' second, and 

Ail = ii = 1^1 A/ = UK) X K)-® = 10-® amp. [93] 

Ldtjo 

During this interval, the condenser accumulat(‘s a charge equal to the 
product of At and the average i throughout the interval, or 

10”-^ 10"^ 

X 10“^ = --—coulomb. [94] 

L ^ 


The condenser voltage at time t\ is 


i)c\ 


£i 

C 




O.S V, 


[95] 
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and from the tube characteristic of Fig. 8, vm is 11.0 volts. Then, from 
Eq. 91b at time 


di 
dt 1 


100 - 0.S - 11.0 

1.00 


88.5 amp/sec. 


[96] 


Of course vr and Vc increase continuously during the entire first time in¬ 
terval, and di/dt decreases continuously from its initial value of 100 
amperes per second although it is assumed to be constant. This error is 
inherent in the step-by-step method, and is cumulative in its effect. How¬ 
ever, it can be made small if a reasonably small value of At is used, and, 
at the expense of additional work, can be eliminated entirely, as is to be 
shown. When a differential equation is integrated analytically or by a 
machine such as the differential analyzer discussed in Art. 10, the interval 
At is reduced to an infinitesimally small value and the error is reduced 
to zero. 

During a second time interval of 10“^ second between /i and t 2 , [di/dt]i 
is assumed to be constant at 88.5 amperes per second, and on that basis 
i increases from its value of 1.0 X 10”^ ampere at time h to its value (2 
of (1.0 + 0.885)10~^ or 1.89 X lO""^ ampere at time ^ 2 , which is 2 X 10~^ 
second. Also during this second time interval the condenser charge 
increases by 

Aq = -f At == 1.44 X 10“® coulomb; [97] 


hence its total charge at time t 2 is 

q 2 = qy + Ag = (0.50 -f 1.44)10“® = 1.94 X 10“® coulomb. 

The condenser voltage at time to is then 

q2 1.94 X 10-® , 

~ 1.94 V. 

C 1.00 X 10- 


[98] 

[99] 


At this instant the value of ve 2 corresponding to the current of 1.89 milli- 
amperes is 18.5 volts, from the tube characteristic. 

For a third and any succeeding time interval the same process is re¬ 
peated until the solution is carried as far as may be desired. Usually such 
calculations are carried out in a tabular form as, for example, that shown 
in Table VII, where a few lines of the calculation started in the foregoing 
paragraphs are given. 

The errors arising in the step-by-step process are caused by the use of 
finite instead of infinitesimal increments of time. Perhaps the most prac¬ 
ticable method of eliminating the error is to carry through the calculation 
three times, each time with a different value of At. If a dependent variable 
is plotted as a function of At at any given value of the independent vari- 
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TABLE VII* 


/ 

micro¬ 

seconds 

i 

milli- 

amperes 

volts 

Vc 

volts 

1/7 

£ - - Vc 

I volts 

1 M 

milli- 
amperes 

Aq 

micro¬ 

coulombs 

Avc 

volts 

0 

0 

0 

0 

100 

1.0 

0.005 

0.5 

10 

1.0 

11.0 

0.5 

88.5 

0.885 

1 

0.0144 

1.44 

20 

1.89 

18.5 

1.94 

79.6 

0.7% 

0.0229 

2.29 

30 

2.69 

23.5 

4.23 

72.1 

0.722 

0.0305 

3.05 


* Computations based on 

li — — vn /. A/\ Aj 

^ -ii Ag - ( ? -f ^ y A/, A">c “ ~ • 


able, an extrapolation to the zero value of A/ gives the correct value of the 
dependent variable. The results obtained when this method is applied to 
the first portion of the example given are shown in Table VIII for the 
current i and the condenser voltage Vc> 


TABLE VIII 


Time 

Current i (Milliampcres) 

t 

micro- 

secottds 

At = 20 fjisec 

At - 10 tiiCi 

At ^ 5 fjiS(C 

Extrapolation 
to At = 0 

20 

2.00 

1.89 

1.7H 

1.66 

40 

3.77 

3.41 

3.28 

3.13 

60 

5.01 

4.63 

4.50 

4.38 


Condenser voltage (volts) 


20 

2.00 

1.94 

1.89 

1.82 

40 

7.77 

7.28 

7.01 

6.80 

60 

16.55 

15.36 

14.84 

14.45 


If only an estimate of the order of magnitude of the errors is wanted, 
it may be sufficient to make three calculations using different time inter¬ 
vals only for the first portion of the curve. Accurate results, however, can 
be obtained only if the extrapolation process is applied to the entire 
length of the result curve. The use of small increments At of time con¬ 
tributes to accuracy, and also to labor. 
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In Fig. 22 are shown the curves of i and Vc calculated with time inter¬ 
vals of 2 X lO”*'’, and 0.5 X 10“^ second, and the extrapolation of 
the result to zero time interval. 

In the preceding paragraphs, numerical values are given to all the 
parameters in order to illustrate, as simply as possible, the physical 





reasoning associated with the step-by-step calculation. Actually this same 


numerical work is applicable to a somewhat more general 
and 92 are rewritten, respectively, as 

case if Eqs. 91b 

di = {E - vh - Vc)d ^0 

[91c] 

and (O' 

[92a] 

In terms of finite increments and in a form for step-by-step calculation, 
Eqs. 91c and 92a become 

Ai = (E - vji - 

[91d] 

and Avc = ^ (i + y) ^ (/) ’ 

[92b] 
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Equations 91d and 92b can be integrated numerically provided only the 
tube characteristic, the applied voltage E, and the ratio C are known, 
the independent variable being the quantity / L instead of /. When this 
substitution is made, the results of Table VH are aj^plicable not only for 
the specific values of L and C of the example but also for all values of L 
and C for which L> C is 10"^. The values of / in Table \TI then become 
values of ///> which must be multiplied by a numerical value of induct¬ 
ance to be converted to time. For example, if the value of L is 12.0 
henrys and of C is 12.0 X 10“^ farad, L C is 1(F henrys per farad and the 
calculations apply except that the time incrcmient becomes 12.0 x 10~^ 
second and each of the values in the / column mu^t lx multiplied by the 
value of L, namely, 12.0, to be converted to sec(uul.‘>. In I'ig. 22 are plotted 
the results of carrying Table VIT to completion, expressed in terms of t/L 
as the independent variable. 

From the curves for / and Vr it is seen that the current would be oscilla¬ 
tory exce])t for the fact that the re.sistor ux»l in the illustration is a tube 
that does not conduct in the reverse direrOon, so that the charge on the 
condenser is trapped. The condenser voltage of 129.6 volts exceeds the 
battery voltage by 29.6 volts and would produce a reverse surge of current 
were it not for the Mocking action of the tube. 

The step-by-step analysis can readily be (‘xtiaided to j)roblems involving 
nonlinear inductance or nonlinear capacitance, but it must be recognized 
that an expression des(Til)ing e.xactly the nonlinear relationship of the in¬ 
ductance or capacitan('(‘ parameter may not In* easily obtainable. Fre- 
(juently, these parameters introduce double-valued tunctions, but in spite 
of these comi)lications it is po.s.sible, by the use of (arefully chosen ap- 
l)roximations, to obtain results that are very useful in engineering. As an 
illustration of this .situation, the many and varitxl analy.ses of lerrore.so- 
nant circuits might be cited. The.se circuits, whit h com])rise ferromagnetic 
inductive elements in combination with linear or nonlinear resistive and 
capacitive elements, have a response that is sensitive to voltage, current, 
or frequency. They are u.sed extensively in voltage regulation, relay, and 
other control circuits. 

9c. Straight-line approximations 

The problem of Art. 9b can be analyzed through substitution of a series 
of chords for the volt-ampere characteristic of the nonlinear resistor, as 
was done in the two preceding examples. With the present circuit it is 
much more difficult, however, to join the solutions for the various straight- 
line portions. The effect u})on the circuit of passage from one line to the 
next is that of a sudden alteration of the resistance. The determination of 
the transient response in the succeeding linear interval from the boundary 
values at the end of the preceding interval is a rather lengthy process. 
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which must be repeated frequently before the solution is completed. This 
method is less practical than the step-by-step procedure and is not dis¬ 
cussed in detail here. 

As in the preceding examples, an approximation of the v(i) character¬ 
istic by means of a single straight line may also be attempted. Except 
when the range over which the nonlinear device is operated is so limited 
that a single straight line is a good approximation to the actual volt- 
ampere curve, the results of such a proc(‘dure are useful only where an 
approximate quantitative result is adequate. 

10. Mechanical method of solution: the differential 

ANALYZER 

It is shown in Art. 9b that an ordinary nonlinear differential equation 
formulated in accordance with a physical problem can always he solved 
for given physically realizable boundary conditions by the step-by-ste}) 
or numerical integration process. The error in such a solution can b(‘ made 
arbitrarily small if sufficiently small increments of the independent vari¬ 
able arc used, but the labor involved may often be consi(leral)le. 

Another valuable method of solution of raj)idly growing importance in 
a wide variety of linear or nonlinear problems is one that uses mechanical 
calculating aids. Numerous mechanical devices have l)een develoi)ed to 
perform certain mathematical openitions. For example, some el(‘ctrical 
measuring instruments in effect give readings that are the result of })er- 
forming various mathematical of)erations on certain ek'ctrical quantiti(‘s, 
and can be connected in ways that make })ossible a machine for i)erform- 
ing complicated mathematical processes. Several meclianical de\'ices for 
performing the process of integration have also been developed. One such 
mechanism is the ball-disk-and-roller integrator invented by Lord Kelvin. 
It has been carried to a high degree of effectiveness in its ai)i)lication in a 
machine called the dilTerential analyzer^ which is the outstanding mecha¬ 
nism of the present era for solving linear or nonlinear differential equa¬ 
tions. When the elements of a differential analyzer are j^roperly connected, 
the machine performs simidtaucously and continuously all the processes of 
integration, multiplication, and addition in accordance with the dictates of 
the equation for which the connections are made. Only tho>e methods of 
solution that use such a machine are truly classified as machine methods 
and are to be distinguished from those methods that merely use the vari¬ 
ous familiar mechanical calculating aids such as planimeters or business 
calculating machines. While the machine method cannot be used to solve 
problems that cannot be solved numerically step by step, the economies 
in time and labor achieved by its use are frecjuently very great, particu- 

V. Hush, “The Differential .Vnalyzcr. New Machine for Solving Differential Equa¬ 
tions,” 7.F./., CCXII (1931), 447 488. 
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larly in complicated i^roblenis where step-hy-step calculations become 
involved. 

Unfortunately the availability'*' ol a calculating machine of an}" appre¬ 
ciable scope is the exception rather than the rule on account of the high 
cost of such devices, so that revourse mu^t often be had to the pencil-and- 
paper method ot solution. Even it a iniUliine is available, a thorough 
understanding of the mathematical j)rocesses involved in the solution is 
still essential if improper use of the machine is to be avoided. Familiarity 
with the methods outlined in Arts 5, 0, 7, 8, and 9 is prereciuisite to the 
successful use of the machine method. 



Differential Anaiy/er at Massachusetts Institute of Technology (footnote 3, p. 712). 


In its oi)eration, the differential analyzer carries out a process which is 
similar to the step-by-step method but with the important dilTerence that 
instead of using a finite increment of time, for example, a A/ of 10~^ 
second, it uses an infinitesimal increment, or in other words the time in¬ 
creases continuously instead of in finite steps, and all dependent quanti¬ 
ties vary continuously. This jirocedure is the equivalent of a step-by-step 

* Differential analy/cis are loratid at the Massachusetts Institute of Technology; the 
Moort School of Kngineering at the Vni\ersi»> of Pennsylvania, I'he University, Manchester, 
England, and The University Observatory, Oslo, Norway. 
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solution in which A/ is zero, and the error introduced by the finite incre¬ 
ment is therefore made zero. 

The use of such a machine is subject to two major limitations, however; 
first, the complexity of the equation that can be solved is limited by the 
number of available elements in the machine; and, second, the accuracy 
obtainable is limited by the degree of perfection of the mechanism. 

The most important mechanism in the differential analyzer is the in¬ 
tegrator. Figure 23a gives a schematic diagram of this device. In its usual 
form it consists of a flat disk of metal or glass that is rotated in a hori¬ 
zontal plane about a vertical axis. The amount of rotation in revolutions 
of its drive shaft represents a quantity, for example, V. A wheel of known 



Fig, 23 . Integrating unit, dilTcrenlial analyzer. 


diameter, having a sharp edge, is supported by a horizontal shaft that is 
in the plane of the shaft that rotates the disk, and is rotated an amount 
W when the disk rotates an amount V. The necessary torque to rotate 
the wheel is supplied by friction between the wheel and the disk. The 
position of the edge of the wheel with respect to the center of the disk 
can be varied by means of a lead-screw mechanism, the turns of which 
are proportional to U. 

If the wheel of the integrator is displaced from the center of the disk 
by a rotation U of the lead screw, and the horizontal disk is rotated an 
amount AF, the corresponding rotation AlV of the vertical wheel (assum¬ 
ing no slipping between the wheel and the disk) is then equal to 

AW = KUAV, [100] 

or, if AV is allowed to approach zero, 

dW = KUd\\ [100a] 

in which K is a constant determined by the pitch of the lead screw and 
the diameters of the wheel and disk. Since this relation holds for any in- 
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stantaneous values of V and T, both sides of Eq. 100a can be integrated, 
so that 



Equation 101 shows that the output of the integrator, as represented by 
the number of revolutions of the shaft \\\ is eontiniiously ])roporlional 
to the integral of the lead-screw rotation U with respect to the di^k rota¬ 
tion V. By proper choice of scale factors, this device can he used to inte¬ 
grate any variable with respect to any other variable', provided the rota¬ 
tions of the shafts coupled to U and K are constrained in accordance with 
the functional relationships between the variables. Similarly, mecha¬ 
nisms are available in the machine fi'i* ]XTforming other mathematical 
operations on variables whose' magnitudes are rej.n'senled by the rota¬ 
tions of shafts, and a network of shafts is available for interconnecting 
the mechanisms. It is im]H)rtant to recogni/.e that the magnitudes of all 
quantities are represented in temis of the notation of a shaft or shafts in 
the machine. 

Each integrator is e(jui])ped with a mechanical torcjue amplifier. This 
device is guided by the small torcjue produced by the friction between the 
wheel and the disk, and in turn du])licat('s the motion of the wheel and 
makes available at the output shaft a tonjue of approximately one pound- 
foot. 

When the interconnections of the machine are being jdanned for a 
particular problem, representation of the various mechanisms by symbols 
is helpful. The symbol for an integrator is shown in Fig. 2Sb. The symbols 


input tabic output tabic 



right hand left hand 


Fin. 24. Symbols for variou*^ mechanisms of dilTercntial analyzer. 


for an adding or differential gear, an ordinary pair of change gears, right- 
angle gearboxes, an input table, and an output table are shown in Fig. 24. 
The input table is one on which a idotted curve representing a functional 
relation between variables api)earing in the problem may be placed. The 
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shaft Q of the input table, Fig. 24, is coupled to the shaft in the machine 
that represents the independent variable of the function. As the machine 
rotates the independent-variable shaft, a pointer on the input table is 
moved parallel to the axis of abscissas. An operator turns a hand crank 
that moves the pointer at right angles to the first motion and at the same 
time rotates the shaft P, By adjusting the speed of cranking, the operator 
is able to make the pointer stay on the curv^e and in doing so introduces 
the desired functional relationship between the rotation of the shaft {) 
that represents the independent variable and the rotation of the shaft P 
that represents the dependent function. 

The application of the differential analyzer to the problem discussed 
in Art. 9b is now made. The machine mechanisms are interconnected in 
accordance with Eqs. 91c and 92a, since these forms give a more general 
result. If T is set equal to // L, and the left-hand side of Eq. 91c is expressed 
as a derivative, the equations combine as 

[,021 

In terms of the symbols giv'en in Figs. 23 and 24, and with the assump¬ 
tion that the integrator constant K is taken as unity for simplicity, the 
mechanical set-up for solving Eq. 102 is as shown in Fig. 25. In this figure, 



integrator output integrator 
1 tabic 2 


Fig. 25. Arrangement of differential anah’^zer for solution of F.q. 102. 

shaft 1 represents the independent variable T and is driven by a main- 
drive motor. The number of turns through which shaft 1 is rotated is 
proportional to the value of T. Shaft 2 is considered to represent the cur¬ 
rent f, the dependent variable, which at this point is not known. For the 
present, however, the assumption is that a means to rotate shaft 2 can 
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eventually be found, Shalt d represents the ndation r(/) and its con¬ 
straint is obtained by coupling; ^nalt 2 through a right-angle gearbox to 
the abvscissa drive, that is, shaft (>, of an input table on which is mounted 
a plot of voltage v{i) as a function of current /. Then if the person operat¬ 
ing the crank on the input table keeps the pointer on the curve and the 
shaft P of the input table is connected to shaft 3 through another gearbox, 
the rotation of shaft 3 is constrained in accordanc'e with the function v{i). 

The quantity i is also c'onnected to the lead-screw drive, shaft V ^ ol 
an integrator; and the disk drive, shaft T, isdrivcai in accordance* with T 
from shaft 1. From Fig. 23, the rotation of theout})ut shaft, that is. the \V 

shaft, of this integrator evidently is then proj)ortional t,) J* idT. The out¬ 
put shaft is connected to shaft 4. Equation 102 shows that the termj* idT 
has the coefficient //(’; hence, gears of a ratio such that the rotation of 
shaft 5 is made proportional to {L^ (') j"idT arc Introduceu between shafts 
4 and 5. Shafts 3 and 5 an* now linked by iri adding gear, with the result 
that the rotation of shafi 6 is ]no])ortional to v(i) + {L/C) j*idT. 

E(]uation 102 shows that the cjuantity just obtained on shaft 6 must be 
subtracted from the eh'ctromotive force /t, and the result is diJdT. To 
make this subtraction, shaft 6 is comuTted to the lead screw, shaft f/, of 
a second integrator, the connection benng made by means of a left-hand 
gearbox so that the sense of the rotation is reversed, and the rotation of 
the lead screw represcMits a negative cjuantity. In addition, the zero |K)int 
of the integratc^r is offset in a positive sense by an amount proportional 
to the cjuantity E. The* lead screw therefore has a j)osition at all times 

{)roj)c)rtional to E - v(i) — (L 'O f idT, which from Ecj. 102 is equal to 
di dT. 

If the .shaft which drive's the disk of the second integrator, shaft F, 
i^ connec ted to shaft 1, the* rotations of output of the integrator shaft IF, 
are proportional to 

As yet no drive is available for shaft 2, whic'h is designated to represent 
i. However, an intc*grator produc ing i at its output shaft is ncjw available. 
The final operation in the set-up is to connect the output of the second inte¬ 
grator back to shaft 2, so that shaft 2 is definitely turned in proportion to 
the variable i which it repre^mts. In the diagram of Fig. 25, this important 
connection is shown clotted; at this i)oint, the reader should fill in the 
connection wath a solid line to indicate its completion. 

In the interconnection of the mechanisms the various terms of the 
ecjuation are produced one at a time, exactly as in the step-by-step 
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method. The final back-coupling of the machine by connecting the out¬ 
put of the second integrator back to shaft 2, corresponds to the point in 
the numerical calculation where a return is made to repeat the calcula¬ 
tions for the next step. In the machine solution, however, there is the 
important difference that all the shafts move continuously when the in¬ 
dependent variable shaft is turned, and the solution obtained is that which 
would be obtained if the step-by-step calculation could be carried out for 
a time interval At of zero. 

Means to obtain the answer remain to be established. If the solution 
desired is the relation between i and the machine can be made to draw 
the curve automatically on an output table as the solution proceeds. For 
this purpose, shaft 1 can be connected to the abscis.sa drive, shaft /?, of 
the output table, and shaft 2 connected to the ordinate drive, that is, 
shaft 5. The ordinate and abscissa drive shafts are perpendicular to each 



X denotes the time at which the voltage magnitude was changed 

Fig. 26. Curves drawn automatically by a differential analyzer showing / and e as 
functions of time, in a ferroresonant series circuit."* 

other and lie in the same plane. The abscissa shaft drives a mechanism 
that moves a curve-drawing stylus parallel to the axis of abscissas, and 
the ordinate shaft drives the stylus parallel to the axis of ordinates. If the 
point of the stylus is brought in contact with a sheet of paper mounted 
parallel to the plane of the shafts, a curve of i as a function of T is plotted 
as the machine is operated. Alternatively, any other two shafts could be 
coupled to shafts R and 5 of the output table, and a curve could be thus 
obtained showing the functional relationships between the variables or 
terms of the equations which the shafts represent. 

The curves^ of Fig. 26 are included to illustrate the form of a solution 

^ T. R. Smith, “ The Study of an R-L-C Series Circuit with a Non-linear Inductance,” S. B. 
Thesis, M. I. T., 1932. 
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given by a differential analyzer. These curv'cs show the voltage and cur¬ 
rent wave forms in a ferrf)resonant series circuit comprising an iron-core 
reactor, a linear resistor, and linear capacitor. The curve's illustrate a 
condition known as voltage rc'sonance/’ that is, as the sinusoidal voltage 
is gradually increased a condition is t'ncountered at which the current 
peaks increase much more than in direct projwrtion to the increase in the 
voltage. In the solution cittnl the efft'cts of t'ddy-current and hysteresis 
loss are included, since the properties of the inductor were rc'presented in 
terms of ap^propriate characteristics for the core material. The plots 
of the loops were placed on an input table and the dependent- and 
independent-variable shafts of the input table w'cre <onnected to the 
ai)propriate shafts in the machine. The functional ulationship between 
the rotation of the shafts was then manitaincd by the person operating 
the crank of the hiput table. 

Although the examples of machine solutions given here concern rela¬ 
tively simple electric-circuit problems, tlu .omplexhy of the problems 
that can be handled by the machine dej>erd only on the number of inte¬ 
grators, input tables, multiplier^, adders, and so on, available with the 
machine. 

PROBLEMS 


1. The circuit shown in Fig. 27 rei)resents a direct-current generator circuit. The 
energy of the field circuit is discharged u[)on the opening of .switch K through a thyrite 
resistor d'he volt-ampere characteristic of ^ can be well approximated by the line 
shown in Fig. 28. On the assumptions that switch K opens in zero time and that 
no arc is formed at A', 

(a) What is the current through A as a function of time'^ 

(b) What energy i.s dissipated in 



L = 120 h R = 100 ohms 

Fig. 27. Direct-current generator circuit, 
Prob. 1. 



Fic. 28. Idealized characteristic for Thyrite 
(Fig. 5aj, Prob. 1. I'he characteristic, of 
course, is symmetrical al)Out the origin. 


2. In the circuit shown in Fig. 29, L is the inductance of a relay coil. The iR drop in 
the coil is negligible in comparison with the tube drop. 

When the current in the coil reaches 20 ma the relay armature is pulled to the coil; 
when the current drops to 10 ma, the armature is released. If the time of travel of the 
armature is negligible, what is the maximum frequency at which the relay can be oper- 

*C. O. Suits, “ Studies in Non-Linear ('ircuits,” AJ.K.Ii. Trans. L (1931j, 724-736. 
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ated if the nonlinear device and coil in series are alternately connected by means of 
switch K to SL 100-v battery and short-circuited (without breaking the circuit)? 

The tube characteristic is that of Fig. 8. 



Fig. 29. Circuit of relay coil, Prob. 2. 

3. In the circuit of Fig. 30, rectifiers 1 and 2 are identical. Their volt-ampere 
characteristic is given in P'ig. 8. 

(a) What are the currents, iu h, and 13 , after K is closed (assuming that there 
is no current in the circuit prior to closure of /^) ? 

(b) After the steady-state conditions have been reached with K closed, K is opened 
again. For the resulting transient current through L, 

1. What is the analytic form of the solution as far as it can be carried out? 

2. How can a graphical solution be carried out from where the analytic form 
stops? This is to be illustrated by a number of sketches. 

3. What is the numerical value of iz for the instant after K is opened? What 
length of time is required for iz to decrease to one-half of this value? 



Fig. 30. Rectifier circuit for Prob. 3. 


4. Figure 31 shows a full-wave rectifier circuit. The lubes have the characteristic 
of Fig. 8. 

(a) What is ii as a function of t from the instant of closing the switch K (when 
t is zero) to the time when the second tube starts to conduct? 

(b) Is the first tube still conducting when the second tube starts to conduct? 



e\ — €2 — 162 cos 377/, v 
/ in sec 

R = 2,500 ohms L = 10 h 


Fig. 31. Full-wave rectifier circuit for Prob. 4 . 
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5. When an inductive circuit is opened, arcing occurs at the contacts of the switch. 
In investigating switching and circuit-breaker problems, it is frequently assumed that 
the contacts open instantaneously by their full amount. This simplifying assumption 
means that the arc is of constant length and, if other effects such as temperature change 
are neglected, that the arc may be considered as a nonlinear resistance rather than a 
time-varying nonlinear resistance. The following table gives the volt-ampere charac¬ 
teristic for such a switching arc in an air-break switch : 


Volts 

Amperes 

1 ’ oh s 

A mperes 

230 

0 

llA 

2.50 

175 

0.25 

65.5 

3.00 

146 

0.50 

58.6 

3.50 

113 

1.00 

52.9 

4.00 

94.8 

1.50 

47.1 

*1.50 

81.6 

2.00 

41.4 

5.00 


This switch is to be used on a llS-v, direct-cui lent circuit for which R is 50.0 ohms 
and L is 26.6 h (for instance, the field circuit of a generator). 

(a) What time is required to open the ».ircuit? 

(b) How much energy is dissipated at the swnu h.^ 

(c) What voltage is across the R and L combi i. Lion during the arcing period? 

(d) What, if any, limits must be pheed on R in order that this switch can interrupt 
this circuit? 

6 . To facilitate the interruption of current in circuits such as that in Prob. 5, the 
switch is frequently constructed so that it inserts a resistance in parallel with the cir- 


+ 

us v( 

Arc 

Fig. 32. Circuit for computation of switching transients, Prob. 6. 

cuit just before opening. For a field circuit, for example, this inserted re.sistance is the 
so-called field-discharge resistance. If a 40-ohm resistance is placed in parallel with the 
field circuit. Fig. 32, just before opening the switch, what are the answers to parts (a), 
(b),and (c) of Prob. 5? 


1,000 V 


Fig. 33. Circuit for testing Thyrite, Prob. 7. 

7. A circuit for testing the properties of thyrite is shown in Fig. 33. The condenser 
C is charged to 1,000 v from an external source and the source is then removed. 
Switch K is then closed. The characteristic of the thyrite is given by 

= 580f«-2«v, 




when i is in amperes. 


[104] 
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What is the transient current in the circuit, counting time from the instant the 
switch K is closed? This transient is to be plotted for the time interval required for the 
current to drop to one-tenth of its initial value, and compared with the characteristic 
obtained when the thy rite is replaced by a linear resistance of 145 ohms. 

8 . A circuit which can be used as a sweep circuit for a cathode-ray oscillograph or 
as an oscillator consists essentially of the elements shown in Fig. 34. A capacitance C 
is charged through a nonlinear resistance R (a vacuum tube) whenever switch K 
(actually a gas-filled tube) is open. When the condenser voltage reaches 120 v, switch 
K is suddenly closed and the condenser is discharged to 20 v in 1.0 X 10 ^ sec. Switch 
K then opens and the charging process repeats. (The 20-v battery merely indicates 
that a residual voltage of 20 v exists on the condenser when K is opened.) Data relat¬ 
ing the voltage Vi across the nonlinear element R to the current i through it are tabu¬ 
lated below. Condenser C has a capacitance of 5.0 X 10 farad. 



Fig. 34. Sweep circuit or oscillator, Prob. 8. 
At what frequency does this circuit oscillate? 


Vt 

i 

Vi 

i 

{volts) 

{milliampcrcs) 

(volts) 

(mi Hi amperes) 

200 

18.8 

no 

5.3 

190 

17.1 

100 

4.2 

180 

15.4 

90 

3.2 

170 

13.8 

80 

2.2 

160 

12.2 

70 

1.4 

150 

10.7 

60 

0.8 

140 

9.3 

50 

0.4 

130 

7.9 

40 

0.05 

120 

6.6 




K 



Fig. 35. Constant-current circuit, Prob. 9. 

9. In the circuit of Fig. 35 a constant current I of 0.2 amp is maintained by means 
of a tetrode tube in series with a batter>'. Resistance R is 1,000 ohms, in parallel with a 
copper-oxide rectifier which has a characteristic curve described by 

i = lO""* amp, 


when is in volts. 


[105] 
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(a) What are the values of the currents through the rectifier and the resistance? 

(b) If the resistance is replaced by a capacitance of 1.0 /if, what is the voltage 
across the copper-o.xidc rectifier ().(X)1 sec after the switch K is closed? 

10. The tube whose voIt-ampcTc characteristic is given in h'ig. 8 is to be used to 
rectify a 60 ^ sinusoidal voltage of UK)-v amplitude, fhe single-section filter shown 
in Fig. v^6 is used U) smooth out the tluctuations in the output of the tube. 

If there is no load on the output of the filter, the input voltage is suddenlv applied 
when at its maximum value and of such polarity that the tube conducts, and the 
condenser is initially uncharged, how does the output voltage var}' as a function of 
time for the first I 2 c>cles of the input voltage? 



11. The magnetic circuit of a t,000-kva transloimer has a mean length of 95 in 
and an average cross jHTtion of 278 sq in. The high tension winding has 1522 turns and 
operates on a ()6,()(K) v, 60 ^ circuit, 'fhe core is constructed of material having the 
magnetic characteristics given in the table which follows. 

How does the current taken by the high-tension winding (when the low-tension 
winding is open-circuited) vary as a function of time after connecting the winding 
to its source when the volt.ige is one half of its negative maximum and increasing 
negatively.-' All elTects of magnetic leakage and of the resistance of the high-tension 
winding may be neglected, 'fhe applied voltage is sinusoidal. 



f A in gauss 

X in oersteds 

Ascending: 

0 

1.62 


1,000 

1.73 


2,5(X) 

1.79 


5,000 

2.00 


6,000 

2.24 


7,500 

3.00 


10,(KK) 

4.60 


12,5(Xj 

11.1 


14,000 

20.8 

Descending: 

14,(XX) 

20.8 


12,500 

11.0 


10,000 

4.40 


9,000 

3.20 


7,500 

1.85 


6,000 

1.00 


5,000 

0.50 


2,500 

-1.02 


1,000 

-1.55 


0 

-1.62 


Data for only the top half of the loop are given, the loop being symmetrical. 
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Tables: Copper and Aluminum Conductors; 
Resistivities of Metals and Alloys; Relative 
Permittivities 


Data as determined by the Bureau of Standards for solid copper wires 
and coiuentric-lay cables of standard annealed copper are ^i\Tn in 
Tables I and II. Table III is for concentric-lay aluminum cabh'S, steel 
reinforced (A.C'.S.R.), as puldished by the Alundnum Company of 
America. Standard values for resistiA'ily, temperature coelTicient, and 
density of annealed copper and hard-tlrawn aluminum are given in 
Table IV. 

The process of manufacturing copper «o’.ductors or wires consists of 
hot-rolling the cast bars into rods and theu ^old-drawing the rods through 
dies in successive' steps to give the desired size. 'I'he cold-drawing in gen¬ 
eral tends to increase the resistivity, increase the tensile strength, reduce 
the ductility, and increase the hardness. The soft or annealed condition 
following cold-working may be nMored by annealing at a temperature of 
about 600 degrees centigrade, ( ommercial coi)per conductors may be 
finished as either hard-drawn, medium hard-drawn, or annealed. The type 
used depends in general upon the ajiplication and desired f|ualities; for 
instance, hard-drawn wire is used for overhead circuits where maximum 
tensile strength is desired, and anneak'd wire is u>(d for insulated cables 
for underground circuits. 

The temperature coefficient of resistance (constant mass) of copper is 
in general dependent upon the conductivity an<l the temperature. How¬ 
ever, the relation between conductivity and the temperature coefficient is 
practically independent of chemical constituency (slight impurities in the 
copper) and of physical constants (such as are j)roduccd by annealing or 
hard-drawing) and may be represented by a constant proportionality. 
The temperature coefficient ^20 at 20 degrees centigrade for copper of 
1(X) per cent conductivity is 0.0039.S as given in Table IV. The tempera¬ 
ture coefficient at for any other temperature / in degrees centigrade may 
be obtained as follows: 


OLt = 


Wa2o 


+ {t- 20) 


[ 1 ] 


in which n is the per cent conductivity and is determined by expressing 
as a percentage the ratio of the resistivity of the International Annealed 


7?5 
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Copper Standard (corresponding to 100 per cent conductivity) at 20 
degrees centigrade to the resistivity of the sample under consideration at 
20 degrees centigrade. 

The per cent conductivity of commercial copper wires or conductors 
generally varies from approximately 100 per cent for annealed copper to 
97 per cent for hard-drawn copper. The average value of the per cent 
conductivity of hard-drawn copper wires is usually taken as 97 J per cent. 

Aluminum wires are cold drawn in wire mills in the same way that 
copper is drawn, and also can be annealed. The hard-drawn wire is used 
for bare cable for outdoor stringing but ordinarily is reinforced by a core 
of steel wire, because the ultimate tensile strength of aluminum is only 
about 40 per cent that of copper. Aluminum is also rolled into flat bars or 
channel sections for use in bus structures. 

Annealed insulated aluminum wire and cable are made, but it has been 
impossible for insulated aluminum to compete favorably with copper in 
the face of recent very low copper prices because the overall diameter 
necessary in aluminum and the volume of insulation required are sub¬ 
stantially greater than for equivalent copper wires or cables. Annealed 
aluminum has a conductivity of approximately 62 per cent. In cables it 
possesses the advantage of burning clear on short circuit more quickly 
than copper. 

For the details of the various relative technical adva?itages and dis¬ 
advantages of copper and aluminum conductors questions of conduc¬ 
tivity, skin efTecl, reactance, corona, thermal properties, weight, spac'e 
occupied, mechanical strength, weathering, construction and mainte¬ 
nance difficulties — the student is referred to the literature of the manu¬ 
facturers. In each installation these matters and the relative costs must 
be weighed in terms of the specific situation. 

Commercial wire sizes are generally expressed in terms of gauge num¬ 
bers or circular mil area. The most commonly used gauge for electrical 
conductors is the American wire gauge* (AWG) sometimes also termed 
the Brown & Sharpe wire gauge* (B & S). The diameters of wires arc 
generally given in mils, the mil being equal to one-thousandth of an inch. 
The circular mil is used as a unit of area. The area of any circle in circular 
mils is equal to the square of the diameter in mils. Thus a cylindrical wire 
of one mil diameter has a cross-sectional area of one circular mil. The 
American ware gauge is based on a geometrical progression of diameters 
between specified diameters of 5 mils for 36 AWG and 460 mils for 0000 
AWG. Since there are 38 gauge sizes between these two, the ratio of 
diameters of successive sizes is '\/A60/5 or 1.122932. Since the resistance, 
weight, and cross-sectional area are dependent upon the square of the 


Devised by J. R. Brown, 1857. 
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diameter and since the sixth jK)\ver of the geometrical ratio between 
successive gauge diameters is approximately 1 (actually 2.0050), the re¬ 
sistance per unit length, weight per unit length, and cross-sectional area 
for every third gauge number are approximately halved or doubled. This 
factor is of interest in that it facilitates obtaining approximate values of 
the wire data from values a])plying to one particular gauge. 

The term cable, from an eh'ctrical point of view, represents a conductor 
consisting of a number of individual strands or wires, and also i.^ quite 
generally used to represent a conq^letely tinished insulated coiifiuctor. 
To increase their flexibility, conductors larger than OOOO AWCl arc ])rac- 
tically always stranded, and conductors below OOOO AWG are also fre¬ 
quently stranded. A concentric-lay cable i^ a condiu lor in which closed 
helical layers of wires surround a striii^ht camlral wire. The alternate 
helical layers of wire generally have a lay *>r twist in oj)posite directions 
as viewed from the axis of the conductors. These cables are generally 
made of individual wares or strands of the same Mze the first layer around 
the central wire being made uj) of six indi. i lual wires and each successive 
layer having six more wires tha*! the preceding \iiyvr. 

The relative permittivity K is given in Table VI for each of a repre¬ 
sentative group of gases, liquids, and solids. It is defined as £ in 
which £ is the permittivity of the medium, and £o is the permittivity of 
free space - and is also known as tlu* dielectric constant or the specific 
electric inductive capacity. In mks units £(, is 1.115 X l(^^^^ In cgs elec¬ 
trostatic units £() is one. 

Generally the relative permittivity of a given substance is a function 
of pressure, temi)eralure, and frequency, since thi' number of molecules 
per unit volume is a function of temi)erature and pressure, and the amount 
of orientation of polar molec'ules is a function of both temperature (viscos¬ 
ity) and frequency. Acc^ordingly, temperature, pressure, and frequency 
should be specified in giving values of relative jHTmittivity for different 
substances. However, for many substances the dielectric constants are 
actually sensibly constant for wide ranges of both temperature and 
frequency. 

In Table VII are given the relative permittivities for compound insula¬ 
tions that are used in the manufacture of insulated wires and cables for 
use in electric-power transmission and distribution. The values given are 
representative values in American practice. The particular values apply¬ 
ing for insulated cables as made by a given manufacturer may vary 
slightly from these values because of the dilTerent compositions of the 
insulation as used by different manufacturers. 



COMPLETE WIRE TABLE, STAOTARD ANNEALED COPPER^ 

BASED ON A RESISTIVITY OF 10 376 ABS OHMS/MIL FT THE RESISTIVITY OF STANDARD COMMERCTAL ANT^EALED WIRE DOES NOT EXCEED 
10 570 ABS OHMS/mil ft (1 85% excess) AMERICAN WIRE GALGE (bROWN & SHARPE) 1 ABS OHM = 09995 INTERNATIONAL OHM 
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TABLE 11 

BARE CONCENTRIC-LAY CABLES OF STANDARD ANNEALED COPPER* 


BASED ON 100% CONDUCTIVITY (10.376 ABS OHMS/MIL FT) 


Size of cable 

D-( 

resistance 
abs ohms for 

I ,ooo ft 

25 c 

or 77 F 

Lb for 
lyOooft 

Standard comentric stranding 

No. 

of 

wires 

Diam 
of wires 
in mih 

Outside 
diam 
in mils 

Cir mils 

AWG no. 

2 000(KX) 


0 005 39 

6180 

127 

125 5 

1631. 

1 900 000 


0 005 68 

5870 

127 

122 3 

1590. 

1 800 000 


0 005 99 

5560. 

127 

119 1 

1548. 

1 700 000 


0 006 34 

5250 

127 

115 7 

1504. 

1 600 CKX) 


0 006 74 

4940 

127 

112 2 

1459. 

1 500 000 


0 007 19 

4630 

91 

128 4 

1412. 

1 4(K) 0(X) 


0 (X)7 70 

4320 

91 

124 0 

1364. 

1 300 000 


0 008 30 

4010. 

91 

119 5 

1315. 

1 2(X) OCX) 


0 (X)8 99 

3710 

91 

114 8 

1263. 

1 1(X)0(X) 


0 (X)9 81 

3400 

91 

109 9 

1209. 

1 000 (X)0 


0 010 8 

3090 

61 

128 0 

1152. 

950 (XX) 


0 011 4 

2930 

61 

124 8 

1123. 

900 000 


0 012 0 

2780 

61 

121 5 

1093. 

850 (XX) 


0 012 7 

2620 

61 

118 0 

1062. 

8(X) (XX) 


0 013 5 

2470 

61 

114 5 

1031. 

750 CXX) 


0 014 4 

2320 

61 

no 9 

998. 

7(X)(XX) 


0 015 4 

2160 

61 

107 1 

964. 

650 (XX) 


0 016 6 

2010 

61 

103 2 

929. 

600 (XX) 


0 018 0 

1850 

61 

99 2 

893. 

550 ooe 


0 019 6 

1700. j 

61 

95 0 

855. 

500 000 


0 021 6 

1540 

37 

116 2 

814. 

450 (KX) 


0 024 0 

1390 

37 

no 3 

772. 

4(X) (XX) 


0 027 0 

1240 

37 

104 0 

728. 

350 000 


0 030 8 

1080 

37 

97 3 

681. 

300 000 


0 036 0 

926 

37 

! 90 0 

630. 

250 000 


0 043 1 

772 

37 

82 2 

575. 

212 000 

0000 

0 050 9 

653. 

19 

, 105 5 

528. 

168 000 

000 

0 064 2 

518 

19 

; 94 0 

470. 

133 000 

00 

0 081 1 

411. 

19 

83 7 

418. 

106 000 

0 

0 102 

326. 

19 

! 74 5 

373. 

83 700 

1 

0 129 

258. 

19 

66 4 

332. 

66 400 

2 

0 162 

205. 

7 

97 4 

292. 

52 600 

3 

0 205 

163. 

7 

86.7 

260. 

41 700 

4 

0 259 

129 

7 

77 2 

232. 

33 100 

5 

0 326 

102 

7 

68.8 

206. 

26 300 

6 

0 410 

81 0 

7 

61 2 

184. 

20 800 

7 

0 519 

64 3 

7 

54 5 

164. 

16 500 

8 

0 654 

51.0 

7 

48 6 

146. 


♦ TT T>.. .. C 
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TABLE III 

BARE CONCENTRIC-LAY ALT^MIM’M CABLES* (STEEL REINFORCED) 

CONDUCTIVITY OF ALUMINUM TAKEN AS ()\^/(, 

(where lOO/o CORRKSP(WDS TO 10 376 ABS OHMS/MIL FT) 
CONDUCTIVirV OF FQUlVALLNr COPPLK CABLI S IS lAkEN AS 97% 


NO ALLOWANCE IS MADE FOR CONDUCTIMIA OF SI EEL REINFORCING WIRES 
TWO PER CENT ARE ADDED TO ALLOW FOR INCREASE IN LENC.ITI BY SPIRAL STRANDING 


Size of conductor 

No of wires 

Copper 

equivalent 

C ir mils 
or AIVG 
number 

Total 
lb for 
out mile 

Al 

>s ohms/mile ai 5 C 

60 - 

Cir mils 

AWG 

number 

Al 

Stt cl 

0 

amp, sq in 

/ ,(K )0 

amp/sq /wf 

1 590 000 


54 

19 

1 O(X) (MX) 

10 735 

0 0587 

0 0591 

0 0638 

1 431 0(X) 


54 

19 

9(K) (MX) 

9 9' 

0 0652 

0 0656 

0 0703 

1 272 000 


54 

19 

8 (X) (XX) 

8 588 

0 0 . 11 

0 0738 

0 0782 

1 113 000 


54 

19 

7iK)0(M) 

7 517 

0 0839 

0 0844 

0 0885 

954 000 


54 

7 

(XK) (XK) 

6 481 

0 0979 

0 0982 

0102 

795 000 


26 

7 

5(X) (MX) 

5 776 

0 117 

0 117 

0 117 

795 000 


54 

7 

5(M) (MM) 

5 402 

0 117 

0 119 

0 121 

715 5(K) 


54 

7 

450 (MX) 

4 860 

0 131 

0 132 

0 134 

636 000 


26 

7 

4(M) (XX) 

4 620 

0 147 

0 147 

0 147 

636 (X)0 


54 

7 

4(M)(MX) 

4 121 

0 147 

0 148 

0 152 

556 500 


30 

7 

350 (MX) 

4 (MM) 

0 168 

0 168 

0 168 

477 000 


30 

7 

300 000 

3 943 

0 19(> 

0 196 

0 196 

397 500 


30 

7 

2.50 OOO 

3 286 

0 2 >5 

0 235 

0 235 

336 400 


30 

7 

0000 

2 781 

0 2''8 

0 278 

0 278 

300 000 


26 

7 

188 700 

2 179 

0 311 

0 311 

0 311 

266 800 


26 

7 

()()() 

1 939 

(» 3.S() 

0 350 

0 350 

266 800 


6 

7 

(MX) 1 

1 1 813 

0 350 

0 351 i 

0 425 

211600 

0000 

6 

1 


1 1 549 

0 441 

0 445 

0 510 

167 806 

(X)0 

6 

1 

' 0 

I 1 227 

0 5,56 

0 560 

0 611 

133 077 

00 

1 6 

1 

1 

1 974 

0 702 

0 706 

0 739 

105 535 

0 

6 

1 

i ' 

773 1 

0 885 

0 888 

0 907 

83 693 

1 

6 

1 

3 

614 1 

1 12 

1 12 

1 13 

66 371 

2 

6 

1 

1 4 

486 1 

1 41 

1 41 

1 42 

52 635 

3 

6 

1 

5 

386 

1 1 78 

1 78 

1 78 

41 741 

4 

6 

1 

' 6 

306 

2 24 

2 24 

2 24 

33 102 

5 

6 

1 

7 

242 

i 2 82 

2 82 

2 82 

26 251 

6 

6 

1 

8 1 

192 

3 56 

3 56 

3 56 


♦Abridged from tables published by the* Aluminum Company of America. Many addi¬ 
tional sizes and strandings not shown are available. 

t The magnetic permeability of steel reinforcing wires of the core changes with current, 
causing a corresponding change in current distribution in the surrounding aluminum wires. 
A change in the value of effective resistance results. Seveial duplicate sizes with different 
strandings are shown to indicate that the magnitude of this change in resistance with cur¬ 
rent depends on the stranding. 
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TABLE IV 

STANDARD VALUES AT 20 C FOR RESISTIVITY, CONDUCTIVITY, 
TEMPERATURE COEFFICIENT, AND DENSITY 
1. ANNEALED COPPER* (lOO% CONDUCTIVITY) 

2. HARD-DRAWN ALUMINUMf (6l% CONDUCTIVITY) 



1. Copper 

2. Aluminum 

Mass resistivity (abs ohms) 

A uniform wire, mass 1 g and length 1 m . 

A uniform wire, mass 1 lb and length 1 mile . 

0.15336 

875.64 

0.07636 

435.96 

Volume resistivity (abs ohms) 

A uniform wire, length 1 m and cross section 

1 sq mm. 

A uniform wire, length 1 ft and cross section 

1 cir mil. 

0.017250 

10.376 

0.028279 

17.010 

Temperature coefficient 

Fractional increase /C. 

0.00393 

0.00403 

Density 

Grams/cu cm. 

8.89 

2.70 


* IfUernalional Annealed Copper Standards adopted by the International Electrotechnical 
Commission, 1913. 

t Based on data published by the Aluminum Company of America. 
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TABLE V 

RESISTIVITY AND TEMPERATURE COEFFICIENTS FOR METALS AND ALLOYS* 


Material 

Fempera- 
itire C 

Abs 

microhm-cm 

Temper a fure 
coefficient 

OLt in O.P/^i/C 

Aluminum . . . 

Commercial 
hard drawn 

20 

2. S29 

+3.9 

Constantin . . . 

60% Cu 40^;, Ni 

0 

42.4i 

+0.167 

Copper .... 

annealed 

20 

1.72 

+3.93 


hard drawn 

20 

1.78 

+ 3.8 

German silver 


20 

17-41 

10 04 to +0.38 

Gokl . 

pure 

0 

2.19 

+3.65 

Iron 


0 

8 5:. 

+ 7.257 

Lead. 

average 

0 

P) 8 

+3.955 

Magnesium . . . 

chemically pure 

0 

4.27 

+3 88 

Manganin . . 


20 

.U-lOO 

+0 02 to ~0 03 

Mercury . . . 


0 

94 082 

+ 0 9098 

Molybdenum . . 

very pure 

0 

5.14 

+ 4 791 

Monel metal . . 


20 

42.5-45 

+0 02 to +0 2 

Nichrome . . . 


20 

110 

+0 03 to +0.4 

Nickel .... 

electrolytic 

0 

6.93 

+ 5 44 

Palladium . . . 

average 

0 

10 00 

+ 3.610 

Platinum . . . 


0 

11.19 

+3 52 

vSilver. 

pure 

20 

1 622 

+ 3 61 

Tin. 

drawn 

0 

10 48 

+ 4 359 

Tungsten. . . 

aged filament 

0 

5 00 

+ 5 238 

Zinc . ... 


0 

5.64 

+ 3 468 


Values taken from International Critical Tables. 


Values of K (Eq. 149, p. 75) for some of the above Materials 


Material 

K 

Material 

K 

Aluminum 

236 C 

Nickel 

184 C 

Copper, annealed 

2.34.5 

Silver 

247 

Copper, hard drawn 

242 

Tungsten 

191 

Iron 

138 

Zinc 

288 
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TABLE VI 

EELATIVE PERMITTIVITIES* 

SPECIFIC ELECTRIC INDUCTIVE CAPACITY = AT = - ) 

£0/ 

FOR FREQUENCIES LESS THAN 10'^'^ 


Gases 


Air. 

Air. 

Carbon dioxide 
Hydrogen . . 


T emperaturc 
C 


0 

0 

0 

0 


Pressure 

atm 


1 

20 

1 

1 


K 


1 00058.S 
1.0117 
1.00098 
1.00026 


Liquids 

Temperature C 

! K 

Solids {20 C-ioo C) 

K 

Acetone . . . 

20 

21..^ 

Asf)halt. 

2.7 

Alcohol, . . . 
ethyl .... 

20 

25.7 

Oiittapercha (refined) . 

2.78 

methyl . . . 

20 

31.2 

Alica. 

4.5-7.5 

propyl . . . 

20 

21.8 

Paper (kraft). 

3.5 




Paraffin. 

1.9-2.3 

Aniline .... 

20 

7.21 



Benzene . . . 

20 

2 28 

Porcelain. 

4.5-6.9 

Distilled water 

20 

80 

Shellac. 

2.7-3.7 


* International Critical Tables. 


TABLE VII 

RELATIVE PERMITTIVITIES 

^SPECIFIC INDUCTIVE CAPACITY = A = ^ ^ 

COMPOUND INSULATIONS SUCH AS ARE USED FOR INSULATED WIRES AND CABLES 
FOR POWER PITRPOSES. VALUES GIVEN ARE BASED ON REPRESENTATIVE AMERICAN 
PRACTICE AND ARE FOR POWER FREQUENCIES, AND TEMPERATURES IN THE 

OPERATING RANGE 


Type 


K 


Oil-impregnated paper (solid types) . . 
Oil-impregnated paper (oil-filled types) 

Varnished cambric. 

Rubber . 


3.7 

3.5 

5.5 
5.0 
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The Solution of Linear Algebraic Equations by 
Means of Determinants 

1. The form of the equations, and the ( orresponding ueter- 

MINANT 

For the purpose of solving a set of linear simultaneous equal ions by 
means of the determinant method, it is essential tlial they he written in 
the following orderly form 


anXi + ai2X2 + • * 

4” a j ,jX 

= yi 

[la] 

a2iX| -f a22X2 4- • ■ 

4“ *l2/iXrj 

= >'2 

[lb] 

a,iiXi “L a, 12 X 2 + • * 

4“ a,j„x„ 

‘ yn. 

[In] 


This represents a set of n equations with n unknowns. The unknowns are 
the quantities Xi, X 2 . • • • x„; the numbers yi, yj, • • • y^, on the right-hand 
sides of the equations, are regarded as known; and the numerical co- 
cflicients associated with the unknowns are denoted symbolically by the 
letter “ a ’’ with subscripts which indicate their ])ositions with regard to 
the row and column in which they appear. The rows are the eejuations 
themselves, and the columns are the vertical sets of terms involving 
separately the unknown x^, and so on. 

The first subscript on a coefficient “ a ” indicates tht‘ row in which it is 
located, and the second sub.scrijit indicates the column. Thus, for ex¬ 
ample, asf, is the coefficient of xr, in the third ecjuation. I'he second sub¬ 
script always agrees with that of the unknown with which the coefficient 
is associated. In a numerical example the coefficients are simply numbers 
and, of course, have no subscripts, but for the analytical discu.ssion of the 
determinant method of solution the subscript notation is essential, as 
may be appreciated in the following development. 

The determinant of the set of equations (Eqs. la to In) is a function of 
all the coefficients an, ai 2 , • • * a 2 i, a 22 , • * * a„n. It is written symbolically 
in the form 

an ai2 • * * ai „ 
a2i a22 ' ‘ • a2n 


a,/! a„2 * ■ ‘ 

The capital letter A is used as an abbreviation. The row and column order 
of the coefficients is preserved in the writing of the determinant. The co¬ 
efficients are also referred to as the elements. 

735 
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2. The evaluation of a determinant 

The function A of Eq. 2 has a valiie which may be obtained in a number 
of different ways.* One of these is based upon an expansion of the deter¬ 
minant in terms of the coefficients of a row or column. For the first row, 
the expansion** reads 

A = ail All + ai2Ai2 + • * • + ainAin* [3] 

Any other row, or any column, may be chosen for the expansions; the final 
(fully expanded) form for the determinant is always the same. Thus for 
the third row 

A = aaiAai + a;i2A32 + • • * + asnAa^, [3a] 

while for the second column 

A = ai2Ai2 + 2i22^22 + * * * + ^n2^n2- [3b] 

The quantities An, A 12 , * • • A„„ also arc determinants, but they have 
one row and one column fewer than the original determinant A. They are 
called the cofactors of A. The expansion may again be individually applied 
to these cofactors to reduce them still further. In this way the deter¬ 
minant A is eventually obtained in its fully expanded form in which only 
combinations of the coefficients an, ai 2 , • • • Unn appear. 

A cofactor is obtained from the given determinant by canceling the 
row and column indicated by its subscripts and then prefixing the result¬ 
ing reduced determinant by a sign-controlling factor which is +1 if the 
sum of the subscripts is even and —1 if this sum is odd. Thus A 13 , for 
example, is obtained from A, Eq. 2, by canceling the first row and third 
column. The algebraic sign of A 13 is +1 because the sum of the subscripts 
1 + 3 or 4 is even. The result has the following appearance. 

a2i a22 a24 • * * a2n 

A , aai a32 a34 • • • a.^^j 

13 = ■+- 

ani a,i2 an4 ’ * * ann 

Other cofactors are formed in the same fashion. 

In applying the expansion method to the cofactors, for the purpose of 
further reducing them, the same general procedure is followed. When this 
is done in an analytic example for which the coefficients are denoted sym¬ 
bolically, there may be some slight difficulty arising from the fact that in 
the cofactors, such as A 13 of Eq. 4, the subscripts on the coefficients no 
longer identify the positions of these coefficients consistently with regard 

* The method of evaluation by multiplication along diagonals, sometimes given in algebra 
texts, is not valid for determinants having more than nine elements, that is, three rows and 
three columns. 
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to the rows and columns. In applying ihc expansion method to these co¬ 
factors, one must be guided entirely by the row-and-column positions and 
not by the subscripts on the coeft'icients. A specific example makes this 
clear. 

If the given determinant has three rows and three columns, thus: 



‘hi 

ai2 

ilia 



A = 


a22 

^23 

> 

[5] 




^33 



expansion along the first row gives 





A = aii -a.. 

R23 

+iq3 

j a-'i a22 

[Sa] 


Now expansion of the individual cofactors along their first rows gives 
the separate results 


a22 

323 

^^32 

33.3 

3-21 

323 


333 

321 

322 

331 

332 


= a 22 I aaa ! —aoa ] ^32 \, ~ a22a33 — a23a32, [ 6 a] 

= aoi I aaa | ~a23 1 a;n | , = aoia^a — a23a3i, [6b] 

= a 2 i I a32 I — a 22 \ 1» = a2ia32 — a22a3i. [6c] 


It is to be noted that a determinant consisting of just one element is equal 
to that element. Substituting Ecjs. 6a, 6b, and 6c into Eq. 5a yields the 
fully expanded form for the deterrainant Eq. 5, thus 


A = 


aiia22a33 ~ aiia23a32 


— ai2a2ia33 +- ai2a23a3i | 
+ ai3a2ia32 — ai3a22a3i j 


[5b] 


3. A FUNDAMENTAL PROPERTY OF THE DEl’ERMINANT 

In the expansions indicated by Eqs. 3, 3a, and 31;, it should be particu¬ 
larly noted that each term consists of the product of an element and the 
cofactor formed by the cancellation of the row and column in which that 
element is located. This cofactor is said to correspond to the element in 
question. An element is always multiplied by its corresponding cofactor. 
Thus the element which belongs to row 3 and column 5, for example, is 
multiplied by the cofactor formed by canceling row 3 and column 5, and 
so on. 

If the elements of any row or column are multiplied respectively by the 
cofactors of the elements of another row or column and the results are 
added, the value arrived at is not that of the determinant A but instead 
it is always zero: This fundamental property of a determinant may best 
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be illustrated by a numerical example. For simplicity, real numbers are 
used. If 


2 .3 1 


A = 4 6 3, 

1 5 4 

then 

[7] 

Au= 5 4 = 24 - 15 = 9; 

[8a] 

^,2 = - 1 4 = -16 + 3 = -13; 

[8b] 

^13 = 1 5 = 20 - 6 = 14; 

[8c] 

^21 = - 1 1 = -12 + 5 = -7; 

[8d] 

^22 = ] 4 =8-1 = 7; 

[8e] 

^23 = — j ^ = —10 + 3= —7; 

[8f] 

^3j = ^ ^ =9-6 = 3; 

0 o 

[8g] 

^32 = - 4 3 = -6 + 4 = -2; 

[8h] 

^33 = 4 g = 12 - 12 = 0. 

[8i] 

The value of A is obtained by adding the products of the elements of any 
row or column and their corresponding cofactors. Thus for the first, 
second, or third row there results 

J = 2 X 9 - 3 X 13 + 1 X 14 = -7, 

[7a] 

^ = -4x7 + 6x7-3x7 = -7. 

[7b] 

/1 = 1X3-5X2 + 4X0 = -7, 

[7c] 


and for the first, second, or third columns the expansions read 
i4 = 2x9-4x7 + lx3=-7, 
i4 = -3xl3 + 6x7-5x2 = -7, 

A = lXl4-3x7+4X0=-7. 


[7d] 

[7e] 

[7f] 
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However, for the elements of the first row and the cofactors of the elements 
of the second row the sum of the products gives zero, thus 

~2 X 7 + o X 7 - 1 X 7 - 0; [9] 

or for the elements of the second column and the cofactors of the elements 
of the third column there results 

3 X 14 - 6 X 7 + 5 X 0 = 0. [10] 

Thus whenever the elements are conihined with the cofactors of the 
wrong row or column, the result is always zero. This property suggests 
how the determinant may be used to solve Eqs. la to In for the un¬ 
knowns. 

4. Cramer’s rule 

Equations la to In are multiplied respectively by the cofactors of the 
elements of the first column of A, that is. i;y An, .\ 2 i, A.^i, • • • A„i, and 
the results are added. According to the v.'^pansion rule for determinants^ 
the resulting factor of Xj is equal to the value of the determinant A, while 
the resulting factors of X 2 , x^, • • • Xn are all zero l)ecause of the property 
just pointed out in Art. 3. Hence the result is 

Axi = Aiiyi + A2iy2 -f • • • 4- Aniyn» [11] 

from which the unknown xi is found. 

In the same manner X 2 may be found by multiplying the equations 
respectively by the cofactors of the elements of the second column of A 
and adding. The result is 

AX2 = Ai2yi + A22y2 + • • • 4 A„2y2- [Ifa] 

Once more, by recalling the form of the expansion of a determinant, the 
right-hand side of Eq. 11 is recognized as the expansion of a determinant 
obtained from A by replacing the elements of the first column by yi, y 2 , 
ys, • • - yn and expanding down this column. Similarly the right-hand side 
of Eq. 11a may be looked upon as a determinant formed from A by re¬ 
placing its second column by the members yi, y 2 , • • * yn- Thus the un¬ 
knowns Xi and X 2 can be written as 

yi ai 2 • * * ain 
1 y2 a22 • •' a2n 

= A . 

yn an2 * ’ ’ ann 

an yi ai3 • * * ain 
a2i y2 a23 * * * a2n 

a^l yn ^n3 * ’ * a^n 



[12a] 
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The remaining unknowns are given by similar forms in which the mem¬ 
bers yi, y 2 , * • * Yn are placed in the third, fourth,. . . nth columns of A. 

The form of solution made evident by the results, Eqs. 12 and 12 a, is 
called Cramer's rule. As a numerical illustration a set of three equations 


with the determinant of Eq. 7 is presented: 

2 xi + 3^2 + — 2 , [ 13 a] 

Axi + 6^2 + 3:^3 = 4 , [ 13 b] 

Xi + 5^2 + 401:3 = 6. [f 3 c] 

The application of Cramer's rule gives 

^ ( 2 Aii + 4^21 + 6^431), [ 14 a] 

^2 = ^ ( 2 v 4 i 2 + 4^122 + 6^132), [ 14 b] 

^ A 4^23 + 6A33). [ 14 c] 


Substituting the numerical values found earlier for A and its cofactors, 
these become 


2X9-4X7+6X3 
= _7 

00 

1 

[14d] 

-2X13 + 4X7-6X2 

10 

[14e] 

^2 — y 

7 ’ 

2X14-4X7 + 6X0 

^3 - = 

0. 

[14f] 


5. Utility and applicability of the determinant method 

The usefulness of the determinant method of solving simultaneous 
equations lies principally in the ease with which the solutions can be 
manipulated analytically. Thus, for example, the reciprocity theorem 
and Thevenin's theorem are readily proved in the text with the help of 
the determinant notation, while without this aid these proofs would be¬ 
come considerably more difficult to establish. Numerous other instances 
like these appear in the further study of circuit theory. 

In solving numerical examples of simultaneous equations, the deter¬ 
minant method, although systematic, is generally recognized as requiring 
a larger total number of multiplications and additions than a systematic 
{)rocess of elimination. The use of determinants as compared with the 
elimination process may be made to appear in a somewhat more favorable 
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light by applying to the evaluation of the determinant and its cofactors a 
number of ingenious siniplilication melhod> based upon additional prop¬ 
erties of determinants. The discussion of these methods requires a more 
detailed study of the theory of determinants, but one such method (which 
perhaps is the most useful) is illustrated bc'low. This method rests upon 
the following theorem, stated at this juncture without proof: 

►If in a determinant the elements of a row or column are replaced by 
those elements plus the corresponding elements of another row or column, 
each multiplied by a constant, the value of the delenninant is unchanged.^ 

The method is equivalent to the scheme of elimination usually carried out 
when a number of equations arc being solved .simultaneously. This step 
is more readily accomplished with the determinant than with the set of 
simultaneous equations. 

As an example, the determinant below^ is evaluated: 


1.2 

4.9 

hi 

0.7 

9..1 

2.6 

8.4 

5.0 

7.1 

6.2 

5.5 

2.1 

3.0 

2.4 

7.1 

2.6 


According to the theorem stated, the first row can be multiplied by 
— 9.3/1.2 and added to the second row; the first row then can be multi¬ 
plied by —7.1/1.2 and added to the third row, and again by —3.0/1.2 
and added to the fourth row. dlie value of the determinant is still un¬ 
changed and may be represented as: 


1.2 

4.9 

3.1 

0.7 

(9.3 

2.6 

8.4 

5.0)1 

-9.3 

-38.0 

-24.0 

-5.41 

" (7.1 

6.2 

5.5 

2.1)' 

-7.1 

-29.0 

-18.3 

-4.14 

' (3.0 

2.4 

7.1 

2.6)"" 

-3.0 

-12.2 

- 7.75 

-1.75 


[15al 


The second, third, and fourth rows arc each the algebraic sum of the 
terms within the brackets, which after adding become: 


1.2 

4.9 

3.1 

0.7 

0 

-35.4 

-15.6 

-0.41 

0 

-22.8 

-12.8 

-2.04 

0 

-9.8 

-0.65 

-fO.85 


[15b] 


This simple process of multiplication by a constant (which permits the 
use of a slide rule set at a fixed slide position) and subtraction, has re¬ 
duced the problem of evaluation of a fourth-order determinant to the 
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evaluation of a third-order one, the value of which is to be multiplied by 
a single factor, in this case 1.2, to give the desired result. It is a simple 
matter to repeat the operation on the third-order determinant and reduce 
its evaluation to a factor times a second-order one. This is done below. 

4.9 3.1 0.7 

35.4 —15.6 -0.41 =(i 2)(-35 4') 

0 -2.7 -1.78 ^ ^ ^ ^ 

0 3.66 0.96 

[15cl 

The value of the original fourth-order determinant is now simply: 

^ = (1.2)(-35.4)(-2.7 X 0.96 -I- 1.78 X 3.66) 1 . , 

= 35.4 X 3.91 = -166.J 

The same procedure of simplification can be utilized to advantage when 
complex numbers arc encountered. For example, the determinant below 
is evaluated: 

3-|-y9 2-1-77 4-1-71 

A= 4-76 3+78 54-7-4 . [ 16 ] 

7+j2 1-74 3-f72 

The first row is multiplied by 4/3 and subtracted from the second row, 
and then by 7/3 and subtracted from the third row giving: 

3 - 1-79 2 4 - 7-7 4 4 - 7-1 

A= O- 7 -I 8 0 . 33 - 7 - 1.35 - 0 . 354 - 72.66 . [16a] 

0 - 7-19 - 3 . 66 - 720.3 - 6 . 34 - 70.33 

Now the 7-9 is removed from the first row by adding to it one-half of the 
second row. 

34-70 2.18 4 - 7 - 6.33 3.83 -f-72.33 

A= O- 7 -I 8 0 . 33 - 7 - 1.35 - 0 . 354 - 7 - 2.66 . [16b] 

0 - 7-19 - 3.66 - 7 - 20.3 - 6.34 - 7 - 0.33 

Now the first row is multiplied by 76 and added to the second row; then 
the first row is multiplied by 719/3 and added to the third row giving, 

3 4 - 7-0 2.18 4 -7 6.33 3.83 4 - 7 2.33 

A= 0 -37.55 4-711.63 -14.33 4-725.64 [16c] 

0 -43.75 -7 6.5 -21.09 4 - 723.87 

which is evaluated as 


-2.7 -1.78 
3.66 0.96 



A = 3 


- 37.55 4 - 7 11.63 -14.33 4 - 725.64 

-43.75 - 7 - 6.5 -21.09 + 723.87 


[16d] 
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A = 3l(-37.55+ill.63)(-21.09+723.S7) 

- (-43.75 -./6.5)(-14.33 + /25,64)1 . 

= 3[790 - 278 -7(245 + 895) - 627 - 167 -;(93 - 1,120)] 

= 3[-282 -7113] = -846 ~ jm. J 

Comparison of the labor involved in evaluating a determinant by the 
use of this method with that invoh ed in the general expansion methiid 
shows that for determinants of order higher than the third, the general 
method requires a substantially greater number of operations. 

For the .solution of numerical equations in which the coeflicients are 
real numbers, a systematic method of elimination ui' olves fewer opera¬ 
tions of multiplication and addition than does the solution by means of 
determinants. For example: 


a- -b 2y -b 3= = 4, 

[17a] 

Ax + Sy -b 2c - 8, 

[17b] 

6x -b 7y -b c = 9. 

[17c] 

If Eq. 17a is multiplied by —2/3 and a<lded to Eq. I7b, 


- X - ‘ y - 2: = - 1, 

[17d] 

4x -I 5y -b 2c = 8, 

[17b] 

X -b V >’ + 0 = 

[18] 

If Eq. 17a is multiplied by - 1/3 and added to Eq. 17c, 



[17c] 

()X + ly + z = 

[17c] 

x-b V'y+ 0 = -V- 

[19] 

Equations 18 and 19 each can be multiplied by 3: 


lOx -b lly = 16, 

[18a] 

17x -b 19y = 23. 

[19a] 

If Eq. 18a is multiplied by —19/11 and added to Eq. 19a, 


_ 1^0 ^ _ 19y = _ 

[18b] 

17x -b 19y = 23. 

[19a] 

-^x-bo = - n- 

[20] 

Therefore 


X = 17. 

[21] 
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If this value of x is substituted in Eq. 18a, 

170 + lly = 16, [18c] 

whence, 

[ 22 ] 

If these values of x and y are substituted in Eq. 17a, 

47 - 28 + 3z = 4, [17d] 

z = 5. [23] 

This process requires 17 operations of multiplication and 11 operations of 
addition. If the solution is obtained by the method of determinants by 
using Cramer’s rule, Art. 4, or by the method shown in this article for the 
solution of Eq. 15, the number of operations is substantially greater. 

This systematic method of elimination can be used to advantage for 
numerical computations when the coefficients are complex numbers, 
particularly if one has a ready means of transferring from the rectangular 
to the polar form and back to the rectangular form. Comparison of the 
two methods is more difficult to make in this situation. 

When the coefficients are real numbers, the number of multiplication 
and addition operations can be determined by the following formulae in 
which n is the number of unknowns and none of the coefficients is zero. 


7 < 


Multiplication o[)crations 


- 1) = 9n, 

[24j 

Addition operations 

II 

1 

= (i, 

[25] 

V)R - Of 

II 


[26] 

n 


G 


3 

17 

11 


4 

36 

26 


5 

65 

50 


6 

106 

85 


10 

430 

375 



Doubling the number of unknowns multiplies the number of operations 
by approximately seven if n is less than 10. 

In applying Cramer’s rule to the solution of an arbitrarily given set of 
equations, one should recognize that solutions may not always exist. For 
example, if the value of the determinant should happen to be zero, then 
the solutions evidently become infinite, unless the determinants formed by 
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replacing columns in A by the members y,, y2. are also zero. Then 
the Cramer rule yields indeterminate forms for the unknowns. \ special 
instance of this sort occurs if yi, yj, • • • y„ each is zero and A is zero. The 
method of obtaining solutions in such cases, and their interpretation, 
evidently requires a more detailed study of tlie present subject. Such a 
study is worth while not only because the .sjiecial cases not covered by 
Cramer’s rule play an important part in circuit theory and other lields of 
engineering, but also because this branch of algebra is thereby recognized 
to have a much broader significance and a greater utility than can be seen 
from the more limited point of view. 



APPENDIX C 


Units, Dimensions, Standards 


1. General considerations 

‘‘ The quantitative measure of anything is expressed by two factors — 
one, a certain definite amount of the kind of physical quantity measured, 
called the unit, the other, the number of times this unit is taken.Units 
or standard sizes can be chosen arbitrarily for all physical quantities in¬ 
dependent of their relations to other physical quantities, and individual 
standards can be specified for all units, but then a numerical constant 
must be included as a factor in every equation expressing a relation 
among these quantities. Such a constant can be evaluated by an experi¬ 
ment or a measurement relating the different quantities involved in the 
equation. This unsystematic procedure results in a number of serious in¬ 
conveniences and uncertainties. It is jx)ssible, however, by a systematic- 
selection of units to avoid all numerical constants except those which arc 
due to geometric relations. This selection is made by using the equations 
relating the physical quantities to define as many units as possible. Thus 
the equation 

f = mu [ll 

states that unit force is equal to unit mass times unit acceleration. Unit 
acceleration, in turn, is defined in terms of unit space and unit time. A 
certain minimum number of units must be arbitrarily defined, and these 
are called the fundamental units of the system. For translational motions, 
the units generally chosen are those for mass, length, and time. 

In equations representing physical facts, only like quantities can be 
equatecl or added. Thus, in Eq. 1 the equals sign is understood to mean 
not only that the force f is equal in magnitude to the product of the mag¬ 
nitudes of a mass m and an acceleration a, but also that the product of 
mass and acceleration has the same physical nature as a force. This may 
be stated more explicitly by saying that the dimensions of a quantity 
show the exponents with which the different component quantities enter 
as factors. If dimensions alone without regard to magnitudes are con¬ 
sidered, Eq. 1 is written 

[F] = [M] [A] . [2] 

^Frederick E. Fowle (ed.), Smithsonian Physical Tables (8th ed. [revisedl; Washington; 
The Smithsonian Institution, 1933), p. xxxi. 
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Dimensionally in terms of mass [J/], length [L], and time [r], 

[F] = [MLT-^] , [3] 

[M] = [A/L«r] , [4] 

[A] = . [5] 

Recourse to this fact of necessary dimensional homogeneity is useful in 
checking for errors in writing equations. 

The number of quantities which may be used in describing j^hysical 
phenomena is somewhat arbitrary and a matter of convenience. P'or 
example, it is not necessary to define velocity as a separate quantity; the 
equivalent always can be expressed in. terms of length and time. To ex¬ 
press it thus, however, is more cumbersome. In mon' complex situations 
the tendency to utilize fewer quantities results in greater awkwardness. 
In the equations of electricity and magneti'^m the more commonly used 
quantities are some thirty in number. The numbe r of independent equa¬ 
tions usually considered as relating these quantities is less than the total 
number by four. Thus any four cjuantities may be designated funda¬ 
mental, and used as dimensions. By means of the independent equations, 
all other quantities may then be expressed in terms of the funclamental 
four; that is, they may be dimen.sioned in terms of the selected four 
quantities, and their units may be defined in terms of the units for the 
selected quantities. 

The determination of which four quantities .shall be chosen as funda¬ 
mental is governed largely by the feasibility oi specifying standards 
which are permanent, reproducible, available for use, and adaptable to 
precise comparison. In the study of electricity and magnetism, the four 
fundamental quantities usually selected are mass, length, time, and either 
permittivity or permeability, although resistance, current, length, and 
time also have been used. 

2. Systems of electromagnetic’ ttnits 

In Table I enough of the relations of electricity and magnetism are 
assembled to establi.sh in a systematic way units for each of the principal 
quantities. Reciprocal quantities and some others, the definitions of 
which are readily obvious, have been omitted. In the column headed 
CGS Electrostatic Units are given the definitions for centimeter-gram- 
second units relating to the electrostatic field and to conduction current. 
In the column headed CGS Electromagnetic Units are given the defini¬ 
tions for centimeter-gram-second units relating to the static magnetic 
field and to conduction current. 

As mentioned in Art. 1, it is possible to establish units for dealing with 
a group of related quantities in an orderly way so as to avoid dimension- 
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less factors in the equations, except those which are due to inherent geo¬ 
metric relations.^ Such a group of units is called a self-consistent system or 
merely a system of units. In any electromagnetic system of units, the only 
unavoidable dimensionless factor which appears because of the geometry 
is Air. Systems of units which allow the Att factors to remain in the places 
where they appear in Table I are called unrationalized systems. Systems 
which arbitrarily place a Air in the denominator of the Coulomb’s law 
expressions for electric and magnetic charges, thus removing them from 
the expressions where they appear in Table I are called rationalized sys¬ 
tems. Systems which also change the size of the units of permeability and 
permittivity by a factor of Air are called subrationalized systems. The 
advantage of either of these procedures lies in moving the Air factors to 
relations which are found to be used somewhat less commonly than 
others. In this article are presented three unrationalized systems which 
have general adoption. 

Any system which includes length, mass, and time in its fundamental 
dimensions is called an absolute system, and the units of the system are 
called absolute units. The first system discussed is the absolute cgs elec¬ 
trostatic system. In this system the abbreviation aesu followed by the 
symbol for the quantity is used to denote the cgs absolute electrostatic 
unit for that quantity if the unit has no name; otherwise the p^refix stat is 
added to the name of the unit in the practical system. 

The definitions of the various units can be traced by following down 
the electrostatic column of Table I. The statcoulomb is defined as that 
charge which when concentrated in free space one centimeter from a like 
charge experiences a repulsion of one dyne. The unit of permittivity is de¬ 
fined as the permittivity of free space. All the rest of the units follow 
successively from the defining equations. Since Coulomb’s law, which is 
the only experimental relation involved, contains four dimensions, [F], 
[()], [e], and [L], three fundamental dimensions are needed. Solely for 
work in electrostatics, these could be force, length, and permittivity, there 
being no need for mass or time. If now the conduction-current equations 
are added, the equation for current in terms of time rate of flow of charge 
introduces two new dimensions, [/] and [T]; so a total of four funda¬ 
mental dimensions now is required, one of which may be time. In order 
to make the system an absolute one, mass must be introduced in place 
of force as a fundamental dimension by utilizing Newton’s law, Eq. 1. 

The second system described is the absolute electromagnetic system, 
in which the abbreviation aemu followed by the symbol for the quantity is 
used to denote the cgs absolute electromagnetic unit for that quantity 
if the unit has no name; otherwise the prefix ab is added to the name of 
the unit in the practical system, except for the units for F, ffi, and 

^ William M. Hall, “ The Formation of Systems of Units,” J.F.I., CCXXV (1938), 197-218. 
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which have names of their own. The (letinitions of the various units can 
be traced by following down the electromagnetic column of Table I. In 
this table the force relation 


dU = JdU X 




[ 6 ] 


is used in order that a definition for current may be obtained without 
involving any other magnetic quantity except permeability. The ab^impcre 
is that current which, when in a current-carrying element of a long 
straight wire in free space parallel to a like current carrying element one 
centimeter distant and normal to the line ion nee ling them, exi>eriences 
an attraction force per unit length of two dynes per centimeter. I'he 
of permeability is the j)ermeal)ility of frei* space, '^'he other units follow 
readily from the defining equations. Since there is only one ex})erimental 
relation, which contains four dimensions, i!.ree fundamental dimensions 
are needed for work solely in magnetostatic*-. These could be force, length, 
and permeability, there being tio need for mass or time. If now the con¬ 
duction equations are added, an additional fundamental dimension is 
needed, as is true for the electrostatic system. I'his may be time. In 
order to make the system an absolute one, mass must introduced in 
place of force, as for the absolute electrostatic system. 

Since the units for electromagnetic quantities have been de¬ 
fined in two systems, the relation between these systems of units 
becomes important. Experimental work by Rowland^ has shown that 
the ratio between the abampere (aemu) and the slatampere (aesu) is 
(2.997% dz 0.00004) or one abamj)ere e(|uaLs (2.99796 db-0.00004)10^^* 
statamperes. This conversion factor is equal to the magnitude of the veloc¬ 
ity of propagation of electromagnetic waves in frtw s])ace, exi)ressed in 
centimeters per second. This ratio is commonly denoted by the filter c. 
By the use of this ratio, the ratio between the absolute (gs electrostatic 
and the absolute cgs electromagnetic unit for any electromagndic quan¬ 
tity can be determined. 

As an example, the conversion factor for the units of j)ermeability is 
derived. The force on a current element due to another current element, 
when written in terms of aemu, is 


/ in dynes = (m in aemu) (/ in abamperes)“ di i X 




When this is written in terms of statamperes, it is 


/ in dynes 


(ji in aemu) (/ in s tatamperes)^ d (i 



® Henry A. Rowland, Physical Papers (Baltimore: Johns Hopkins Press, 1902 
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From this it follows that the aesu of is very much larger than that of 
free space, being equal to times the aemu of This means that the 
permeability of a given medium is numerically much smaller when ex¬ 
pressed in aesu than it is when expressed in aemu. 

By extension of this procedure it is possible to extend the aesu to in¬ 
clude all of the magnetostatic quantities, and so to form a complete sys¬ 
tem of electromagnetic units. Likewise it is possible to extend the aemu 
system to include all of the electrostatic quantities and so to form a com¬ 
plete system. 

The cgs electrostatic units are not commonly used except in problems 
relating to the electric field, and the cgs electromagnetic units are not 
commonly used except in problems relating to the magnetic field, because 
the units of one system for quantities outside the realm for which the 
system was primarily developed are generally either inconveniently 
large or inconveniently small. For problems in which both electric- and 
magnetic-field relations must be considered simultaneously, common 
practice in the past has been to mix the two systems, using proper con¬ 
version factors. The result, called the Gaussian system, is, however, also 
awkward. 

In use for many years in engineering has been an incomplete system of 
units of more convenient sizes termed the practical system. In this system 
the units commonly used arc defined as follows: 


1 coulomb 

= ~ abcoulomb = 

c 

— stat coulombs. 

[7] 

1 ampere 

= ^ abampere = 

r 

— statamperes, 

[8] 

1 volt 

= 10® abvolts = 

10® 

— statvolt, 
c 

[9] 

1 ohm 

= 10^ abohms = 

10® 

statohm, 

[10] 

1 farad 

= ^ abfarad = 

statfarads, 

10® 

[11] 

1 henry 

= 10® abhenries = 

10® 

stathenry. 

[12] 

1 watt 

= 1 joule/second = 

10^ ergs/second. 

[13] 


This system is incomplete because the units for many electrical quanti¬ 
ties have never been defined in it. There is an unlimited number of ways 
in which it can be extended to include the rest of the electrical quantities, 
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depending on the sizes chosen for certain of the units. An example of such 
a system used in the past is one described by Maxwell, in which the unit 
of length is a quadrant of the earth's circumference, or 10'* centimeters, 
the unit of mass is lO’ gram, and the unit of time is the second. 

In order to have many units of convenient .size, preferably the practical 
ones in common engineering use, a self-consistent absolute system of 
units complete for electricity and magnetism, called the meter-kilogram- 
second practical system (abbreviated mk^), has been devised and advo¬ 
cated by (.jiorgi. I he system is built around the nn‘ter, kilogram, .second, 
and the practical electrical units, the size of other units being forced to 
conform. One result of this plan is that neither tin* ;v*rmittivity nor the 
permeability of free space expressed in mks jiractical units is unity. The 
definitions of the various units can be traced by following down the mks 
practical column of Table 1. 

The use of tliis sy.stem* has the advant'‘ee that it makes available a 
self-consistent absolute systenn of units for b.ot h elec I \ icity and magnetism. 
The standards for the mks system are the International Prototype Meter 
Bar, the International Prototype Kilogram, the second as defined by the 
motion of the earth, and the permeability of free sj)ace. In the past it has 
been necessary to si)ecify arbitrary standards for additional electrical 
rjuantities, simply because comparisons with the absolute .standards could 
not be made with sufficient precision. Since these standards were chosen 
so as to make the ])ractical units come as c lose as possible to multiples of 
the absolute electromagnetic units, the cliange does not alTect the cali¬ 
bration of any ordinary meters or apparatus, further discu.ssion of this 
(jue.stion of standards and practical units is in rc'lerenc'es given in the 
bibliography. 

In Table II are shown the units of the three -ystems discus.sed, with 
conversion factors whic h relate correstionding units, and the dimensions 
of each electrical quantity in terms of (a) mass, length, time, and per¬ 
mittivity, (b) mass, length, time, and i)ermeability, and (c) resistance, 
c urrent, length, and time. The dimensions of the elec trical quantities in 
terms of current, rc.sistance, length, and time are included in this table 
because of the greater ease with which these dimensions can be u.sed in 
electrical problems involving dimensional considerations. 

^ A. E. Kennelly, “I.E.C. Adopts MK.S System of Units,” E.A'., IJV (1935), 1373-'1384. 
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Polarization 10“*c* 10"*‘ c"* 

Capacitance C farad 10“* statiarad c”* abfarad 

Elastance , S daraf 10* statdaraf c* abdaraf 
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The study of a single textbook, however complete the b(X)k and however thorough 
and diligent the pursuit, does not in itself lead to a broad and eiTeetive kno\\ledge ami 
appreciation of a portion of an art or science. PerspectiN e and a sense of values are d<‘ 
velopcd through appraisal of indej)endenl points of view. Familiarity with thorough¬ 
going textbooks and original sources is iie('essar> for the development and application 
of the theoretical principles of any field. This wider and more independent stiufv leads, 
among other things, to contact with diverse ajiplications so e. sei I 'al to development of 
effective methods of thought. Tlie primary object of the- bibliography of this book is to 
aid in the cultivation of the.se habits of stiid>ing .sourn s other than the specified text¬ 
book and of consulting the literature. 

The bibliogra})hy is presented in two parts: the* general l!.»t which follows, and the 


scries of footnote references in.serted in the text. Rederene'es in the general bibliography 
pertain to large portions of this book and parallel ir aiiiplemenl it. 'Phose in the foot¬ 
notes [icrtain specifically to smaller portions ainl generalb juc-sent more advanc'cd 
treatments or applications, or cite original sources. c)f the two parts, that which follows 
is evidently the more comprehensiw, although there is naturally some overlapping 
bctw’ccn them. 

The order of presentation in the general bibliographx is by chaptcTs, lliough c'crtain 
chapters w'hich are conmionly spannc'd within a single general refercaiee are grouped. 
When a refc'rence contains material pertaining to more than one c'hapter grouping in 
the bibliography, it is repeated in each group. ithin (‘ach group, the order of presenta¬ 
tion approximates the sequence of text material in the c'orrc'sponclmg chapter or 
chapters. 

This bibliography is in no way to be taken as an exhausti\c' and final collection At 
the same time, it is sufficiently comprehensive and varied to .dlow the* acciuisilion of an 
extensive knowledge of the subject. Many of the works cited c ontain further nderenc'cs, 
sc:) that an exhaustive bibli(^gra])hv can rc'adily be compiled with the listc'd m iterial as 

a basis. , , . 

The following abbreviations for pcriodic'als and c in ula rs are used in footnotes and in 


this bibliography. 
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J. A. L. Waddell, Frank W. Skinner, and Harold E. Wessman (eds.). Vocational 
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tion of Engineers and have the endorsement of very prominent engineers. Chapter \, 
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Alfred P. Morgan, The Pageant of Electricity (New York: I). Appleton-Century 
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past as well as a review of the early discoveries. I'hough written for po[)ular consump¬ 
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magnetic, and optical properties of matter. The treatment is quantitative throughout 
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description. 

W. H. Timbie and Vannevar Bush, Principles of Electrical Engineermg (2d ed.; New 
York: John Wiley & Sons, 1930). Chapters iv, xi, and xiii discuss the resistance, in¬ 
ductance, and capacitance parameters respectively. 
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S. S. Attwood, Electric a)id Magnctu Fields (Xow York: John Wiley & Sons, ia^2). 
Methods of computation of capacitance ami inductance are {’presented. The method of 
images and field mapping are included. 

Edward Bennett and H. M. Crothers, Iniroduciors^ FJcctrodynamics for Engiftcers 
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ideas of elastance and capaulance coeflicienlh 1 r multnoncluctor systems and de¬ 
velops several theorems involving the coefficients, including the expression for energy 
.stored in the electrostatic field; Chs. vi and vii relate to eqin'iiotential lines and surfaces, 
and flow lines in the electrostatic field; Ch. xi deals \Mth the method of images. Vol¬ 
ume I, Part II: Chapters vii, viii, and i.\ deal with conductance ami general three- 
dimensional current problems. Wilume II, Part IV: ('haj)ters xii, xiii, and xiv deal 
\\ith magnetic problems by using current sh(*ets, ('h. xiii containing the method of 
computing inductances by use of geometric mean distances. 

E. B. Rosa and F. W, Grover, “ Formulas and 'fables lor the (\iIculation of Mutual 
and Self Inductance,” Sci. Paper Nat. Bur. Stand., No 169 (3d ed. [revised]; Wash¬ 
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Company, Inc., 1931). Chapter i contains problems on resistance; Chs. v and vi con¬ 
tain problems on the magnetic and electrostatic fields resf)ectively. 
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Loci of Complex Functions (Chapter IX) 

J. L. LaCour and O. S. Bragstad, Theory and Calculation of Electric Currents (tr. 
Stanley P. Smith; London: Longmans, Green and Company, 1913). C^hapter iii treats 
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140-146; R. Richter, Elektrische Maichinen (Berlin: J. Springer, 1930), Vol. II, Ch. i. 
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George B. Hoadley, “ The Science of Balancing an Impedance Bridge,” 
CCVIII (1939), 733-754. By means of locus diagrams which show the potential differ¬ 
ence between the detector terminals when the various impedances in the bridge arms 
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A. C. Seletsky, ” Cross I’otentialof a 4-Arm Netw^ork,” E.E., Lll (1933), 861-867. 
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L. F. Woodruff, Principles of Electric Power Transmission (2d ed.; New York: John 
Wiley & Sons, 1938), Ch. vi; O. G. C. Dahl, Electric Circuits. Vol. I: Theory and Appli¬ 
cations (New York: McGraw-Hill Book Company, Inc., 1928). These references deal 
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PoLYPHASK Systems, Symmetrical ('omihjxents (Chapters X and XI) 

R. R. Lawrence, Primiplcs of Altcnuitu^ Ciirmits (2(1 ed.; New York: McCirdw-IHII 
Book Company, Inc., 1^35). C haptens viii to xiv deal with polyphase svslems; (’h xii, 
with the method of symmetrical components. 

C. V. Christie, Electrical En^imeriug (4th ed.; New York: McCraw-Ilill Hook C'om- 
pany, Inc., 1131), C h. vi, J. L. LaC our and O. S. Hraj^slad, / hcorv and Cali idatiopi of 
Electric Currents (tr. Stanley P. Smith; London; Longmans, (Jreen and C'o., P>13;, 
C'hs. xiii and xiv; Alexander Russell, A Treatise on the Theory of Alternating Currents 
(2d ed.; Cambridge: at the University Press, 1914), Yol. 1, Chs. xv to xix. These refer¬ 
ences deal with pol.vphase circuits and related probh'ms. 
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j. M. Bryant, J. A. C'orrell, and E. W. Johi.scn Altirna/in^-Current Circuits (3d ed.; 
New York: AIcCraw-Tlill Book C'ompanv, Inc., 1939). Chiipters ^ ii to ix deal with 
f)olyphase systems; Ch. x, with sMiimetrical components. 

O. (j. C. Dahl, Electrii Cirmits. Vol. 1; Tf and Applications (New York: 
McGraw-Hill Book C(^mpany, Inc., 1928). Chapter iii d(‘al', witli the method of sym¬ 
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W. V. Lyon, Applicafion of the Method of Symmetrical Components (New York: 
McGraw-lIill Book C'omi)any, Inc., 1937). The entire volume is devoted to the method 
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('. E. Wagner and R. 1). Evans, Symmetrical Components (Nt‘W York: M('Graw-HiIl 
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C. L. Fortescue, Method of Svmmetrical ('oordinates ,\i)i)lied to the Solution of 
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Electromechanically Coupled Systems (Ch vpter XII) 
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C. S. Draper and G. V. Schliestett, “ General Principles of Instrument Analysis,’’ 
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G. F. Gardner, “ Simple Mathematical Operations Performed by Electrical Instru¬ 
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H. Von Sanden, Practical Mathematical Analysis (tr. H. Levy; New York: E. P. 
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V. Bush, F. D. Gage, and H. R. Stewart, ” A Continuous Integraph,” J.F.I., CCIII 
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Weber article but from a purely amdytical point of view, it includes also the parallel 
condenser-coil circuit and the use of superjuxsed direct current for control. 

E. G. Keller, “ Resonance Fheory of Series Non-linear t'ontrol ('ircuits,” J.F.l 
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H. T. Mayne, “ An Alternator-Voltage Regulator Using a Nonlinear ('ircuit,” 
A.I.E.E. Trans. j LVI (1937), 462-464. This p'.jht describes a regulator which uses 
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“ A Voltage Selective Nonlinear bridge,” P/iysiis, 1 (1931), 171 181; “ New' .Applica¬ 
tions of Non-linear Circuits to Relay and Control Uroblems,” American Institute of 
Electrical Engineers, Papier 32-85 (1932); ” Non-line.ir ('ircuits Apjilii'd to Relays,” 
E.E., LII (1933), 244-246; “ Flashing Lampis without Moving Parts,” Eln . \V., X('IX 
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Physical Constants, Wire 'Fables (.Appendix A), Enchneerinc; Handbooks 

“ Copper Wire Tablets,” Circ. Nat. Bur. Stand., No. 31 (2d ed.; Washington: (iovern- 
ment Printing Office, 1914). JMiysical constants of c'opipier and extensive labhxs for c*op- 
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“ American Institute of Electrical Engineers Standards,” No. 30: Ihfinitions and 
General Standards for Wires and Cables (New York: .Americ'an Institute of Electrical 
Engineers, 1937). Definitions of various kinds of wires and c'ables are given, and 
standards for conductivity, voltage, insulation, rc*sistance, capai'itance, and temiiera- 
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Electrical Characteristics of A.C.S.R. [Revised] (Pittsburgh: Aluminum Company 
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a mass of inform^on on the physical and chemical properties of the elements in,i ni 

of Chemistry and Physics contains also mathen^atic.l 


Manual (2d ed.; New York: John Wiley & Sons, 
). Inis manual contains fundamental formulas of mathematics, hydraulics, 
mechanics, heat and electricity, tables of physical constants, properties of materials, 
mathematical tables, and conversion factors. 

“ Wiley Engineering Handbook Series,” Vol. 1: Handbook of Engineering Funda¬ 
mentals^ Ovid W. Eshbach, ed. (New York: John Wiley & Sons, 1936). This book 
contains fundamental scientific Jaws basic to mathematics, physics, and chcmi.siry, 
properties and uses of engineering materials, and mathematical and physical tablcb. 

“ Wiley Engineering Handbook Series,” Vol. IV: Electrical Engineers' Handbook: 
Electric Power, Harold Pender, W^illiam A. Del Mar, and Knox Mcllwain, eds ; 
Vol. V: Electrical Engineers' Handbook: Electric Communication and EectronUs, 
Harold Pender and Knox Mcllwain, eds. (3d ed. [rewritten]; New York: John Wiley 
& Sons, 1936). These are general handbooks giving properties of materials, funda¬ 
mental theory, and practical information useful in the major branches of electrical 
engineering named. 

Frank F. Fowle (ed.), Sta}tdard Hajidbook for Electrical Engineers (6th ed.; Ne\A 
York: McGraw-Hill Book Company, Inc., 1933). This is a general handbook giving 
properties of materials, fundamental principles, and practical information useful in 
the field of electrical engineering. 

Keith Henney (ed.), The Radio Engineering Handbook (2d ed.; New York: McGraw- 
Hill Book Company, Inc., 1935). This book contains mathematical and electrical 
tables, fundamental princijiles of electricity and magnetism, and siiecial information 
useful to radio engineers. 

■ H. B. Dwight, Tables of Integrals and Other Mathematical Data (New York: Tht* 
Macmillan Company, 1934). This is an especially u.sable set of integral tables; the 
other tables include trigonometric functions, logarithms, exponentials, conversion 
between radians and degrees, and numerical constants. 


Determinants (Appendix B) 

R. S. Burington and C. C. Torrance, Higher Mathematics with Applications to 
Science and Engineering (New York: McGraw-Hill Book Company, Inc., 1939), 
Part A, Ch. vi; L. E. Dickson, First Coterse in the Theory of Equations (New York: 
John Wiley & Sons, 1922), Ch, viii; H. Fk Hawkes, Advanced Algebra (Boston: Ginn 
& Company, 1905), Ch. xviii; H. E. Hawkes, Higher Algebra (Boston: Ginn & Com¬ 
pany, 1913), Ch. viii; Maxime Bochcr, Introduction to Higher Algebra (New York: 
The Macmillan Company, 1929), Ch. ii; I. S. and E. S. SokolnikolT, Higher Mathe¬ 
matics for Engineers and Physicists (New York: McGraw-Hill Book Company, Inc., 
1934), Ch. iii. These books show briefly how a determinant arises from a group of 
algebraic equations and give numerous theorems concerning the properties and 
manipulation of determinants. 

R. E. Doherty and E. G. Keller, Mathematics of Modern Engineering (New York: 
John Wiley & Sons, 1936). Volume I, Part II, Ch. ii, gives theorems pertaining to the 
manipulation of determinants and examples of the application of determinants to 
problems which arise in electrical engineering. 

E. Pascal, Die Determinanlen (Leipsig: B. G. Teubner, 1900). This is a complete 
advanced treatise on determinants and matrices. 

Paul B. Fischer, Determinanlen (Sammlung Goschen, ed.; Berlin: Walter de 
Gruyter & Company, 1928). This is a thorough treatise on determinants and includes 
a comprehensive bibliography. 
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Units, Dimensions, and Standards (Appendix C) 

G. E. M. Jaunccy ancl A. S. Langsdorl, M.K.S. I nits and Dinu nsions and a Pro- 
posed M.K.O.S. System, (New York, The Maemillan C'ompany, 10*10). 'Fhis booklet 
eonliiiii? an eknKiilarv approach lo the general problem t)f unit.s and diiiR'iisions, and 
traces the develotmient of (he mks system of units to their jaestnU status. 

William M. Hall, “ rhe Formation of Systems of Units," J.F.L, (AA'XV (UMS), 
107-218. The paper presents a melhcxl of lormulating eonsislenl .systeni.s of units for 
all branches of physics and engineering. 

Frederick E. Fowle (ed.), Sm/t/isonfan Phys'unl Tables (8lh ed. [rt\i.sed|: Wasli- 
ington: The Smithsonian Institution, I'HS). Ihe iiniotlueli<.M gives an excellent 
discussion of units, standards, and dimensions. 

“Electric Units and Standards," Lire. Sat. Bur. Stand , .[ ). bO (2d ed.; Wash¬ 
ington: Ciovernment Printing OIIiccn P^20), This circular gi\i‘s an excellent re^dew 
of the .subject and contains an exleii.sive bibliog; iphy. 

“Systems of Fde'trical and Magnetic Units," \.RX\, onlletin No. (Wa.sh- 
ington: National Academy of .Science, d'his is a smies of j)aj)i*rs giving impor¬ 

tant contributions by Gla/elirook, Abraham, Fagt, ( ampbell, Curtis, and Kennelly. 

A. E. Kennelly, “i.EC. AdojU.s MKS Sy.sttni- of Unit ’ A.I.FP.. Trans.. IJV 
(PH5), 1873-1384. 41iis is a histondai sk(‘(ch ot the ]>robl('ms of establishing units 
and standards, including the recent adotition of the mk.', .system for u.se beginning 
January 1, 1940. Fhere is an extett.sive bibliography. 

James Clerk Mtixwell, A Treatise on T'Jeitruity and Ma\:,}utism (3d e<l.; Oxford: 
The Clarendon Press, 1892), \oI.s. 1 and 111. Volunu* I, Fart I, Arts. I 6; \’ol. J, 
Fart II, Ch. xi; and Vol. Ill, I'art IV, ('hs. x, xviii, and xix, deal with units, dimen¬ 
sions, and standards. 

Harvey L. Curtis, Charles Moon, and C. Matilda Sparks, “ A Heti'rmination of the 
Absolute Ohm, Using an Imjiroved Self Inductor," J. Res. Sat. Bur. Shind.. XXi 
(1938), 375-423. Tin's article desenl)es the determination ol rtsisl.ni(e in terms oi the 
inductance of a .solenoid computed from its measured ilinu ii.'ions. 'Fh(‘ result gives 
llie international (ihm as 1.000479 absolute ohms. 

John William Strutt Rayleigh, Scientific Papers ((\'im!)iidge: at the University 
Fress, 1900), Vol. 11. This collection contains many [cipet- relating to the mea.sure- 
ment of the absolute values of standards of re.si.slance and electromotive forte. 

H. A RovNland, P/ivsiiai Papers (Baltimore* d lie Johns Hopkins I'ress, 1902). 
Fajiers 15, 34, ami 37 relate to the determination of th(‘ ohm; pajier 44 relates to the 
determination of the ratio of the electrostalic lo the eleitroniagnelic unit ol charge. 
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Abampere, 749 

Abbreviations, periodical titles, 757 
Absolute system of units, 748 
Adams, N. H., Jr., 21 
Admittance, 287 

apparent, two-node network, 394 
input, representation by circle in comple.x 
plane, 493 
loci, 478 

inverse geometric loci of impedance, 486 
mechanical, of moving-coil telephone, (>33 
mutual, of nodes, 394, 464 
self-, of node, 394, 464 
short-circuit, 440 

short-circuit, driving point or input, 450 
of IT or A network, 458 
transfer, 440, 451 
of TT or A network, 458 
Admittance function, 290 
Air gap, 60-1 

Alternating-current circuits, bibliograjihy, 

761 

multibranch networks, 424 
transient analysis, 407 
Alternating-current steady-state theory, 256 
Aluminum, conductivity, 726 
conductors, insulated, 726 
density, table, 732 
resistivity, table, 732 
temperature coefficient, table, 732 
tensile strength, 726 
wire table, 731 

American Gas and Electric Co., network 
diagram, 444 

system diagram on network analyzer, 446 
American wire gauge, 726 
Ampere, 750 

Ampere’s circuital law, 29 
Amplifier reactance, 676 
Amplitude of sine wave, 257 
Analogies, electromechanical, 611 
in electromechanical coupling, summary, 

616 

table, 617 
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Analogies, in electrostatic and electro¬ 
magnetic coupling, 615 
Analyzer, differential, 712 4 
network, 002 
Antiresonance, 328 

Approximations, in linear-circuit theory, 8 
in nonlinear cuit theory, 087, 096 
Arganil, 195 
A.row convention, 8 

B 

Baunce, chemical, integration by, 683 
B: II ,t tube., 76 
Barrow, W L., 664 
Bennett, K., 21 
Bibliography, general, 757 
Binomial expansion, 240 
Biot-Savart relation, 74 
Bipolar circles, 47 
eipiation of, 49 
geometrical relations, 50 
Bragstad, (). S., 187 
Bridge, Hay fp/obleni), 473 
impedance, as a multibraneh network, 447 
measurement of C’ by, 252 
Brooks, 11. li, 177 
Brown, J. K , 726 

Brown and Sharpe Wire Gauge, 726 
Bush, V., 223, 712 

C 

Cables, aluminum, steel reinforced, 79* 
aluminum, table, 731 
armored bushed, 80* 
armored parkway, 81* 
copper, table, 730 
electrical, 727 
oil-filled, 82* 
parameters, 41 
power, 78-9 

rubber-sheath-rubber-insulated, 80* 
segmental, solid-type, 82* 
shielded-sector, oil-filled, 83* 
solid, 82* 

shielded three-conductor, solid-type, 81* 
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Cables, solid-type with rolled concentric 
stranding, 82* 
submarine, 81* 

example, 397 

telephone, 78 
multipair, 83* 
underground, 18 

weatherproof braided-sheath rubber-insu¬ 
lated, 80* 

Campbell, (i. A., 16, 223, 460 
Capacitance, calculation, example, 103 
from flow map, 27 
parallel-plate condenser, 32 
coefiicients, 21 
concentric cylinders, 43 
concentric spheres, 62 
constant, 662 
cylindrical surfaces, 40 
direct, 21 
hemisphere, 63 
mutual, 393 
nonlinear, 665 
parallel combinations, 101 
parallel cylinders, 51 
parallel-plate condenser, 32, 59 
partial, 21 
self-, 392 

scries combinations, 101 
standards, 96 
Capacitive rt actance, 264 
Cathode-ray oscillograph (problem), 250 
Characteristic angular frequency, 209 
Charge, conservation of, 3 

displacement around circuit, 218 
distributed on filament, 43 
polarity when function of time, 

181 

surface, mutual attraction on parallel 
cylinders, 50 
vector, 230-1 

Charge distribution, determined by inspec¬ 
tion, 29 

parallel cylinders, 48 
Charge impedance, 263 
Chords, in approximating volt-ampere char¬ 
acteristic, 684 
Circle, bipolar, 47-50 
Circle diagram, 478, 487 
theory, 500 

use of general circuit constants in con¬ 
struction of, 491 
example, 497 


Circle diagram, use of Th6venh\ Tlieorem 
in construction of, 490 
Circuit, analysis, 2 
linear, JJ, 657 

LS, 190-4, 207-19, 265 
>ez, 167-Q, 177-81, 264 
RLS, 220-41, 261-4 
RS, 181 9, 264 
magnetically coupled, 383 
nonlinear, 12, 657 
bibliography, 764 
data needed for calculation, 670 
general considerations, 657 
iron-cored inductors, 696, 699 
methods of calculation, 676 
RC, methods of solution, 691-5 
RL, methods of solution, 677-86 
RLS, methods of solution, 705-11 
transients in, Ch. XllI, 657 
pol5q>hase, 514 
single-loop, 6 
single-phase, 514 
T and tt, or V and A, 456 
time-varying nonlinear, 670 
time-varying parameter, 664 
transients in (problems), 719 
Circuit constants, general, 452, 454 
in terms of admittances, 455 
of TT network, 458 
of T network, 457 
physical interpretation of, 456 
Circuit relations from field relations, 2 
Circuit terminology, 7 
Circuit theory limitations, 8 
Circular mil, 726 
Clarke, E., 442 
Coeflicient of coupling, 386 
Cofactor, in determinants, 141 
Coil, low-loss, 46 

relative polarities, system of designating, 
366 

experimental determination, 367 
Complementary function, 221 
Complex functions, 203 
bibliography, 762 

derivative of real and imaginary parts of, 

211, 212 

geometrical interpretation of derivatives 
and integrals of, 506 
maxima and minima of, 315, 506 
period of exponential, 204 
Complex inversion, 480 
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Complex numbers, 194, 196 
addition and subtraction of, 197 
Cartesian coordinates, representation in, 
199 

conjufj^iite, 198, 226 
exponential form of, 201 
multiplication and division of, 197, 198 
polar coordinates, representation in, 190 
summary of principal features of, 202 
Complex plane, 190 

Complex variable, exponential functions of, 
204, 205 

Compliance, electric equivalent, 611 
Components, s\'mmetrical (see symmetrical 
components) 

Compton, K. T., 652 
Concentric-lay cable, 727 
Condensers, 95 101 
parallel plate, 59 

time-constant of self-discharj^e of, 184 
Conductance, 287 
between cylindrical surfaces, 40, 42 
equivalent delta, N8 
equivalent wye, 149 
function, 290 
generalized, 143 
mutual, 128 
mutual, of nodes, 393 
parallel combinations, 94 
self-, 128 
short-circuit, 143 
total or self-, of node, 392 
transfer, 143 

C'onducticm, nonlinear, devices, 672 
Conductiv'ity, hard-drawn copper, 726 
Conductor, earth as a, 57 
Conductors, approximation by lumped resist¬ 
ances, and cai)acitaiK'es, 87 
bare hollow, 80* 

change in resistivity with self-heating, 76 
comparison, aluminum and copper, 77 
power transmissicjn and distribution, 77 
Conservatism, test for, in a field, 21 
Conventions, circuit, 7, 121 
Conversion, acoustical to electrical, 635 
devices, 617-9 

factors between systems of units, 749, 
754-6 

mechanical to electrical, 635 
Copper, density, table, 732 
resistivity, table, 732 
temperature coefficient, 75 


Copper, temperature coefficient, table, 73 
CopjHT wire, process of manufacturing, 725 
tables, 728. 730 

Cosine function, expressions for, 205 
\ectnr components of, 204 
Coulomb, 750 
\ector, 215 

Coupled systems, electromechanical, Ch. 
Xll, olO 

Coupling, efi'clromagnelic, 6l5 
electrostatit. 016 

tondeuscj irai.knitter, (>49 
magnei i(, 5 91 

magneto‘^t^i( live, 619, 652 
piezoelectric, ()19, 652 

Coupling nctuoik, gt phieal representation 
of complex variables for, 502 
lUH'C method, 165 
C'•oner’s Rule, 739 
//-node nt twork, 4(>4 
Oitically (]ampt‘d A.7.5' circuit, 235 
Crothers, il. M., 21 
Currents, alternating, 269 

directions when functions of lime, 166 
eneetive value, 266, 278 
electric, 122 

inphase component, 296 
nc'gativc*, 122 
nonsinusoid.il, 260 
positive, 122 

quadratur«‘ component, 296 
reactive component, 296 
A*LS (iic ’lit, equ.ition for, 314 
root-mcan-scjuarc value, 265, 278 
simple harmonic, 256 
sinusoidal, 256, 2()() 

C'urrcnt distribution determined by inspec¬ 
tion, 29 

C'urrc'nt ratios in multibranch network, 442 
Current sheets, in calculating mutual indue l- 
ance, 72 

C'urrent source, 133,244 
equivalent to voltage sourte, 134, 389 
C'urrent voltage loci, 334 
C'urrenl-voltage relations, summary, 110 
Curvilinear rectangles, 25 
squares, 25 

applied to field mapping, 38, 58-60 
Cycle, 257 

Cylinders, concentric, parameter calculation, 
44 

parallel, parameter calculation, 47-56 
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D 

Dahl, O. G. C., 302, 454, 597 
Dalgleisch, J. W., 454 
Damped oscillation, 232 
Damping, constant, 226 
factor, 229 
mechanical, 642 
Dannatt, C., 454 

D’Arsonval instrument, as electromechani- 
cally coupled system, 643 
critical damping, 645 
transient behavior, 643 
D’Arsonval mechanism, anal 3 rsis, 635 
diagram, 636 
equivalent circuit, 638 
physical characteristics, 638 
Delta-connected circuit, balanced, 533 
load currents, 538 
unbalanced, 542 

Delta, equivalent wye for, 147, 460, 543 
Delta-wye transformation, 146, 460, 543 
Detector current in impedance bridge, 447 
Determinants, bibliography, 766 
use in equation solutions, 735 
use in network solutions, 140, 433, 438, 
440-2,447,461,464 
Devices, conversion, 617-9 
Dielectric constant, 103, 727 
tables, 734 

Differential analyzer, 718-9 
Differential equations, solution of, 169 
arbitrary constants, 174 
complementary function, 172 
force-free component, 172 
ordinary, linear, with constant coefficients, 
170 

particular integral, 171 
reduced equation, 172 
steady-state, 171 
system of simultaneous, 372 
Differentiation, in complex notation, 315, 
319, 506-8 

Dimensional homogeneity, 747 
Dimensions, 747 
bibliography, 767 
of units, tabic, 754-6 

Directions, voltages and currents, 5, 8, 121 
when functions of time, 166 
when expressed in complex notation, 

269 

Displacement current, magnitude, 5 
Distances, geometric mean, 53 


Distortion, in moving-conductor mechanism, 
620, 625 
Divergence, 17 

Double-subscript notation, convention, 123, 
370, 518 

Drop in potential, 122-3, 518 
Duality, 245 

Duals, capacitance, common, 392 
electromechanical, 615 
parallel circuits, 243 
self-inductance, common, 392 
two-node and two-loop networks, 391 
Dwight, H. B., 66 
Dynamometer instruments, 280 

E 

Earth, conducting plane, 57 
return-current path, 64 
Edge effects in parallel-plate condenser, 35 
Edison three-wire d-c system, 521 
Effective values, voltage and current, 266, 
278 

measurement, 280 

Efficiency, at maximum power output, 136 
Elastance, 5 

moment of, in D’Arsonval mechanism, 637 
nonlinear, 665 

of moving-coil telephone, 634 
series combinations, 102 
time-varying, 664 
Elastance constant, 662 
Electromechanical analogies and equiva¬ 
lents, 611-7 

Electromechanically coupled systems, Ch. 
XII, 610 
bibliography, 763 
Electromotive force, 518 
thermal, correction for, in bridge, 158 
Element, circuit, 8 
active, 8 

classiffcation, 659, 667 
current-varying, 665 
linear, 11 
nonlinear, 12, 665 
classification, 660 
examples, 665 
passive, 8, 9 

resistance, time-varying nonlinear, 669 
time-, current-, or voltage-varying, 668 
time-varying, 662 
voltage-varying, 665 

Energy-conversion devices, Ch. XII, 610 



INDEX 


773 


Energy density calculation in magnetic field, 

22 

Energy relations, summary, 111 
Equations, ditlerential (see Differential equa¬ 
tions) 

Equipotentia lines in field plotting, 23 
Equivalent circuits, 102 
transformer, 402 

Equivalent sources, voltage and current, 134, 
389 

Evans, R. D., 442, 454 
Even, geomctrii ally, 316 
I^xcitcr, build up of field current in, 177 
Exponential function, as solution of 2nd order 
equation, 111 

relation to linea*' physical systems, 361-2 
I' 

Farad, 750 

Faraday, induction law, 3 
Fault, on three-phase power circuits, 598-602 
Fidelity in reproduction of signal, 389 
Field, conservative, test for, 21 
Field distribution by analytical mcthocE, 29 
Field, electric, intensity, due to concentric 
cylinders, 43 

due to concentric spheres, 62 
due to parallel cylinders, 47- 51 
due to ring elements, 34 
surrounding filament, 43 
magnetic, intensity due to parallel cylin¬ 
ders, 51-7 

Field map, alternator air gap, 59, 60 
concentric cylinders, 38 
concentric spheres, 62 
curvilinear squares, 58 
longitudinal flow, 31 
parallel cylinders, 47 
parallcl-platc condenser, 59 
plane and parallel cylinder, 56 
right-angle bend, 58 
Field plotting, 23 
radial flow, 26 

Field relations, reduction to circuit relations, 2 
Field strength in parallel-plate condenser, 35 
Filament, uniformly charged, electric field, 
analysis for, 43 
I'ilter, mechanical, 613 
Firestone, F. A., 616 
I'leming, J. A., 65 
Flow map, method of attack, 39 
Flux lines, 23 


Flux linkages, 51-3 

Flux, magnetic, between parallel cylinders, 52 
in inductance element, 701 
leakagt, 385 

Force, elettric equivalent of, 611 
representation by current, 619 
Fortescue, ('. L., 556 
Foster, R. M., 16 
Fourier analysis, 526 

Fourier, integr.il methods, applicable to 
linear i in uits, 16 
Four-phaM' ‘.ystv m, 125 
Frank, N. If. i' 

I ranUin, F., 529 

Fi H*doni, degrees of, in symmetrical com¬ 
ponents, 584 

Frequency, (haracteristic angular, 209, 224, 
257 

Fri tl'*n, elec 'ric equivaltnt, 612 
Functional iK)tation, 101, 167 
Functions, hyperbolic, 225 

f I 

(labor, J)., 66 

(jalvanometer, ballistic, 645-7 
D’Arsonv'al, 615, 635 
vibration, 639-42 
(.ardner, M. I'., 442 
(lauss’s iheorem, diarge distribution, 29 
divergence, 17 
parallel pkite comlenser, 32 
GCE circuit, 329 

(leneral circuit constants (see Circuit con¬ 
st a i ts, general) 

Generator, impedance, 546 
Marx surge, 237 
rudimentary, 523, 525 
Van de (iraaff, 652 

Geological strata, effect on conductance, 57 
Geometric inversion, 481 
Geometric mean distances, 53 
Graphical refiresentation in the complex 
plane, 266, Ch. IX, 478 
Grax^hical solution, by vector diagram, 308 
in nonlinear circuits, 679, 694 
two IcKip network, 398 
Ground connections, 65-6 
Grover, F. W., 71 
Guiilcmiri, K. A., 245 

H 

Half-power point, 324 
Hall, William M., 748 
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Handbooks, bibliography, 765 
Harmonic frequencies, effect in current- 
voltage loci, 336 
Harrison, H. C., 614 
Ilazcn, H. L., 442 

Heat loss from a surface in still air, 88 
Heaviside, O., 265 
Hclmholz, II., 145 
Hemisphere, conducting, 63-4 
Henry, 750 

Horn, reaction on moving-coil telephone, 633 
J.,’II6pitars Rule, 236 
Hyperbolic functions, 225 
Hysteresis, 1 

I 

Images, method of, 57, 67 
Imaginary number, 195 
Imaginary part, operation of taking, 206 
Impedance, af)parent, ideal transformer, 
386 8 

two-loop nelwork, 379 
equivalent Y and A, balanced, 538 
unbalanced, 543 
in mechanical systems, 617 
. input, complex plane, represented by circle 
in, 493 

ideal transformer, 386-8 
open-circuit, 451 
two-loop nelwork, 379 
inverse geometric loci of admittance, 486 
loci, 478 

matching, in mechanical circuit, 640 
mutual, of loops, 373 
sign of, 376 
negati\e-se(iuence, 591 
open-circuit, driving-point, 451 
of TT or A network, 458 
positive-seciuence, 591 
self-, of loop, 373 

series and parallel combinalions, 288 
series RLS circuit near resonance, 322 
source, 545 

to negative-sequence current, 598 
to positix e-sequence current, 598 
to zero-sequence current, 586, 598 
transfer, open-circuit, 452 
unbalanced, A-connected, 593 
symmetrical components of, 590 
T-connected, 589-92 
zero-sequence, 591 
Impedance bridge (problem), 512 


Impedance circle, 485 
Impedance-frequency relations, 311-2 
Inductance, calculation from flow map, 28 
combinations in series and parallel, 109 
common, 392 

concentric cylinders, 41, 44 
constant, 661 
double-valued, 666 
finite solenoid, 69-71 

internal component in parallel cylinders, 55 
iron-cored inductor, 668 
long solenoid, analytic calculation, 37 
calculation from flow map, 35 
\Vebstcr-Havelt)ck formula, 71 
mutual, calculation, 71 5 
magnetic coupling, 383 
jiarameter. 111 
polarity, 375 
reciprocal, 393 
sign conventions, 366,369 
v’ariometer, 74 
mutual and self-, 109 
of torus, 36, 37, 45 
parallel combinations, 109 
parallel cylinders, 51, 53 
plane and parallel cylinder, 56 
reciprocal, 392 
sdf-, 392 

series combinations, 109 
short solenoids, Rayleigh and Nivens 
formula, 71 
standards, 106 

Induction, magnetic, nonlinear dcv’ices, 672 
Inductive (ircuit (pioblem of sparking), 254 
Inductive reactance, 264 
Inductor, 104-8, 620 
iron-cored, 696, 699 
time v’arying, 664 

Instrument, I )’Arsonv^al, transient behavior, 
643 

direct-current, analysis as electromechani- 
cally coupled system, 643 
measuring, 280-2 

Integration, graphical, in nonlinear circuits, 
679, 691 

International Critical Tables, 76 
International Klectrotechnical Commission, 
527 

Inversion, complex, 480 
circular locus, 485 
geometric, 481 
loiistruction, 483 
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Inversion, geometric, rules, 483 
graphical, of locus, 494 
straight-line locus, 485 

J 

Johnson, J. A., 556 

K 

Kelvin oirdge, sensitivity, 156 
solution, 155 
Kelvin, lx)rd, 57 

Kennellv, A. K., 146, 223, 265, 299, 751 
Kirthhoff (-(luation for voltage drops, RLS 
circuit, 220 
Kirchhotl’s laws, 124 
Knowlton, A. 1']., 556 
Ku, Y. II., 418 

L 

LaCour, J. J,., 487 
Langmuir, 1). IL. 66 
Laplaces, equation, 17 
derivation, 18 
flow map satisfying, 67 
graphical aid in solution, 23 
limitations, 27 
Lawrence, R. R., 526 
Lay of tables, 727 
Leakage flux, 385 
Len/’s law, 4 

Lightning arrester grounds, 65 
Linear differential equation (see Differential 
equations) 

Linear network (see Xetw'ork) 

Linkages, parallel cylinders, 51-3 
Load, active, 303 

computation of, ,S05 
balanced, A-connected, 533-9 
single-phase three-wdre, 519 
three phase, 528 
F-connected, 528-33 
passive, 303 

unbalanced, three-phase, 539-45 
l^)ading coil, 105 
Loci, current-voltage, 333-4 
Longitudinally uniform systems, 61 
Longley, F. R., 442 
Loop, mutual impc‘dance, 373 
mutual parameters, 370 
self-impedance, 373 
self-parameters, 369 
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Lc*ops, number, in terms of nodes and 
l)ranc hes, 126 

Loop currents, relation to loop voltages, 373 
Loop method, 124, 126 
example, resistance network, 137 
multibranch network, 44< 

LcK)p vedtage, eciuations for multibranch net¬ 
work, 439 

equation, vector solution, 307 
relation to lf>op currents, 373 
\txto! efiu.iiions, 374 
Loiraine, R ti., 442 

Losses, /7v. m symmetrical components, 597 
in moving-iron mechanism, 628 
Loud-spt aki r, moving coil, 620 
physical character tics (j^roblem), 654 
I S circuit, 190 
cliarge and current, 208 
.xamplt of, 213 

iniliallv with charge and current, 209 
initially without c hargi' or current, 207 
steady state in, 21 S 
traiisient-( hargc' tinre \eclor, 211 
Lyon, W . V., 302, 418, 556 

M 

Magnet, piTmanent, in moving-conductor 
me hanisms, 625 

Magnetic << iJj)ling, i omrnunications applica- 
tron, 389 
two (rn I'.its, 383 
two-n(»de network, 391 
Magnebistrii tive (oupling, 652 
Map, field (sec* I'ield map) 

Marx surge generator, 237 8 
Mass, elec trie “(luivalent, 611 
Maxheld, J. P., 614 

Maxinti/dng, in complex notation, 315, 319, 
506 8 

Maximum po\\(*r, 1 ^5 6 

xalucs, transient current and time vectors, 
218 

Maxwell coil, 177 
Maxwell, J. C\, 21 
Maxw'ell-Shawxross-Wells roil, 177 
Measurement, at radio freciucncies, accu¬ 
racy of, 325 

of inductance, capacitance bridge (prob¬ 
lems), 252 

of power, in three-phase circuits, 549 
reactive, 298 
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Mechanical devices, equivalent electric ele¬ 
ments, 610 

Mechanical system, parallel, 615 
Mechanism, D’Arsonval, 635-8 
moving-conductor, 620-3 
moving-iron, 626-30 
Mesh, definition, 121 
Method of images, 57, 67 
Microphone, condenser, 649-51 
moving-coil, 620 
equivalent circuit, 635 
Mills, F. C., 420 

Minimum, determination in complex func¬ 
tions, 315 

MKS units (see Units) 

Model theory, in nonlinear circuits, 705 
Modulation, by time-varying element, 
664 

Multibranch a-c networks, analysis, 424 
branch method, 425 

comparison of methods of solution, 429 
loop method, 427 
equations, 430 
network components, 425 
node method, 427 
■ equations, 435 
synthesis, 424 

Multiconductor systems, 53 
Multiplier, resistor, 91* 

Mutual capacitance of nodes, 393 
Mutual conductance of nodes, 128, 393 
Mutual flux, 385 

Mutual impedance (see Impedance, mutual) 
Mutual inductance (see Inductance, mutual) 
Mutual resistance (see Resistance, mutual) 

N 

Nautophone, 630 
Negative current, 122 
Network, 121 

characteristic equation, 410 
coupling, 448 

current and voltage relations, 453 
example, 461 

general equation, application to, 449 
currents at a junction point, 114 
determinantal equation, 410 
electric, 121 
equations, 112 
equivalent T and w, 459 
equivalent Y and A, 146, 460 


Network, general mu/tibranch, steady-state 
node equations, 463 
geometry, 121, 425 
Kirchhoff’s laws, 112 

multibranch, steady-state loop equations, 
439 

w-node, analyzed as two-terminal pair, 
467 

parameters (problems), 115 
passive, 223 

TT, analyzed by node method, 466 
TT or A, 458 

resistance, bibliography, 758 
single equivalent resistance, for reduction 
to (problem), 162 

solution, rules for application of methods 
for, 310 
r or J’, 456 

Thevenin’s theorem, for reduction by, 
163 

three-node (problem), 405 
two-loop, apparent impedance, 379 
circuit diagram, 374 
complete solution, 408 
complicated branches, 376 
current and voltage ratios, 380 
differential equations of, 366 
examples, 380, 398 
input impedance, 379 
linear, 372 

magnetically coupled, 383, 386 
steady-state solution, 373 
vector diagram, 399 

with two single-frequency impressed 
voltages, 371 
two-node, vS91 
apparent admittance, 394 
current ratio, 394 
equations, 395 
example, 397 
steady-state solution, 393 
voltage ratio, 394 
two-terminal pair, 448 
voltage drops in a closed path, 113 
Network analyzer, 443, 602 
Neutral, conductor, four-wire three-phase, 
529 

three-wire single-phase, 519 
current in unbalanced system, 542 
generator, 529 
w-node generalization, 463 
Node, 121 
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Node, equations, 128,391 
direct formulation, 395 
Node method, 124, 390 
example, J37 

mutual parameters, 128, 393 
self-admittance, 394 
solution of resistance network, 137 
Nonlinear circuits (see Circuits, nonlinear; 
Nonsinusoidal voltage, 526 
Northrup, D. L., 652 
Notation, double-subscript, 123, 272 
functional, 101 
in a-c circuits, 271 

Number, historical development of concept- 
of, 194 

O 

Ohio Public Service Co., system diagtam on 
network analy/.er, 4^6 
Ohm, definition, 750 
Ohm’s law for a-c circuits, 2(A 
Operator, integroditlereniial, 371, 373 
Orthophonic recorder, 61 ^ 

Oscillations, cisoidal, 223 
damped, 232 

Oscillator, power transfer, 389 
problem, 4(X) 

Oscillator}" circuit, 223, 225 
Oscillograph, electron, current-voltage loci, 
334 

problem, 250 
mechanical, analysis, 642 
as D’Arsonval mechanism, 638 
Osgood, W. F., 194 
Overdamped RLS circuit, 223 

P 

Page, Leigh, 21 
Parallel circuits, duals, 243 
GCr, 244 

Parallel cylinders, parameter calculation, 
47-56 

Parallel GCV circuit a-c, steady-state 
response, 286 

Parameter, calculation, bibliography, 758 
examples, 30 
capacitance, 20 
concentric cylinders, 42^ 
inductance, 21 
from flow map, 27 
deflnition^ 7 


;;; 

Parameter, derivation and evaluation of cir¬ 
cuit, Cli. 1, 1 
distributed, 8, 87 
inductance, 22 
standaid. 16 
lumped, 7 
nonlinear, 665 
reciprocal, example, 247 
resistance, calculation, 16 
time varying, (>62 
variable, 65^> 

Parker, \V. VV., 442 
Particular iiUegrai, 221 
I^assive network, 223 
Period, 257 

of expK)nential compl *\ function, 204 
Permeability, unit of, 749 
Permeance of lUernator air gap, 60-1 
Pci dtivity, relative, 727 
table. 734 
unit of. 748 
Phase, 514 
angle, 257, 514 
from magnitudes, 544 
order, 526 
rotation, 527 
indicator, 527, 542 
sequence, 526 
symmetry, S27 
voltage in 1 system, 529 
Phase angle, 257, 514 
Phase-shifting circuit (problem), 511 
Physical coi)-.tanls, bibliography, 765 
TT network, reduction to, example, 154 
Pierce, (i. W., 65 
Pic7x>elcclric coupling, 652 
Plane vectors, r(‘*ating, 203 
Planimeter, in integration, 683 
Poisson’s equation, application to charge 
(li.stribution, 30 
Polarity, designation of, 122 
of mutual impedance, 375 
relative within circuit, 123 
Polarity marks, significance, 8 
use of, 122 

Pole, alternator, field map of, 59-60 
Polyphase .systems, 514 
bibliography, 763 
comparative economy, table, 560 
more than three phases, 562 
problems, 571 

Polyphase voltage generation, 522 
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Potential, conception of, 122 
difference between concentric spheres, 62 
drop, 5 
magnetic, 21 
positive, 3 
rise, 121 

Power, a-c, 275 7 
active and reactive, 295 
audio-frequency, 389 
condition for maximum, 136 
exampU* of computation, 285 
in passive networks, 270 
instantaneous, wattmeter oscillograph, 284 
in terms of admittances, 295 
in terms of symmetrical components, 595 
in three-phase circuits, 549 
in three-phase (ircuits, example, 504 
in three-phase unbalanced circuit, example, 
570 

maximum, eniciency with, 136 
from source, 135 
measurement, 282 

in w-conductor circuits, 553 
in three-phase circuits, 549 
integration of, by polyphase watthour 
meter, 554* 

sign of wattmeter readings, 551 
Power factor, 284 5 
in terms of admittances, 295 
in terms of impedances, 277, 295 
three-phase, 555 
unbalanced, 556 
example, 571 
measurement, 556 

I*ower transmission, energy losses, 388 
equivalent T circuit (problem), 400 
Practical system of units, 750 
Pratt, W. H., 556 
Propagation, energy, 12 
wave, 14 

Proximity, magnetic, 386 
two circuits, 385 
Proximity effect, 52 

Q 

Quality of coil, 320-1 

R 

Radio frequencies, accuracy of measure¬ 
ments at, 325 

Radio telegraphy, effect of the earth in, 65 
Rationalized systems of units, 748 


Rayleigh, Lord, 143, ^65 
Reactance, 2(A 
capacitive, 264, 312 
elastive, 264 
inductive, 264, 312 

Reactance-frequency relations in series RLS 
circuit, 313 

Reactance function, 292 
Reactive factor, 296 
Reactive power, 295 

calculation, three-phase, unbalanced, 571 
measurement, 298 
three-phase unbalanced, 557 
three-phase, 556 
Reactor (see also Inductor) 
transient in, 702 

Real part, operation of taking, 205 

multiplication by real number, commu- 
tativT with, 207 
Reciprocal inductance, 392-3 
Reciprocal locus, graphical construction for, 
479 

Reciprocal parameters, example, 247 
Reciprocity theorem, 143, 144, 441, 465 
Recorder, Orthophonic, 613 
Rectifier, copper-oxide, 674* 
copper-sulphide magnesium, 674* 
instruments, 282 
iron-selenium, 674* 

Reference directions in network problems 
376 

Regulator tubes, 76 
Relays, in fault clearance, 601 
Reluctance of alternator air gap, 60-1 
Resistance, calculation, from flow map, 27 
mathematical limitations, 19 
combinations in series and parallel, 94 
concentric spheres, 63 
constant, 660 
dynamic, 667 
effective, 15 
equivalent delta, 149 
equivalent wye, 148 
from dimensions, 94 
hemisphere, 63 
mutual, 127 

nonconstant, examples, 660 
parallel combinations, 94 
parallel cylinders, 50, 51 
plane and parallel cylinder, 56 
self-, 127 

self-, open-circuit, 144 
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Resistance, series combinati(m, 94 
standard, 86 
decade, 93* 
tenth-ohm, 92* 
static, 666 

temperature change, 95 
temperature coellkient of, 75, 725 
time-x’arying, characteristic. 663 
transfer, opeu-circuil, 144 
value for maximum power output, 136 
variation with temperature, 75 
Resistance drop, 122 
Resistance function, 292 
Resi'^tance networks, 150 
Resisticity, alloys, 86 
soil, 65 
tables, 732 3 
water, 65 

Resistor, carbon-filament, 89* 
cast-grid type, 89* 
lov\ -pow er, S7 

nonlinear, iharac teristic, 665 
ratings, lepresentativ'e for low’-powcr, 83 
sHder-lype wire-wound, 89* 
wire-wound center-tap, 88* 

Resistor multiplier, 91* 

Resonance, anti-, 328 

in parallel Gi^V circuit, 329 
in series RLS circuit, 328 
example, 332 

inductive and elastiv'e voltages near, 325 
mechanical, in vibration galvanonieler, 
640 

parallel, 329 
eejuations, 331 
RLS circuit, 319 
scries, 314 
sharpness of, 324 

in series lil.S circuit, 317 
summary, 332 

Rheostat, field, sprocket-driven, 91* 
motor-starting, 90* 

Richter, R., 491 
Rise, potential, 121 
RL circuit, 167 

alternating-voltage applied, transient 
analysis, 341-5 
current build-up in, 176 
time constant, 177 
example illustrative of, 177 
impedance-freciuency relatfons, 311 
loci as functions of frequency, 487 


RJ. circuit, solution for current in, 173 
steady-state term, 168, 171 
time constunt of, 175 7 
transient term, 168, 172 
RLS circuit, 225 

alternating-voltage applied, charge build¬ 
up, 358, 3()() 

current build-up, 358, 359, 361 
example, 353 

osc'i 11alory solution, 357 (lO 
transient req>onse of, 352 3 
capacitive voitag -Ireeiueiuy lelalion, 328 
ciurenl Ircipa ley relations, 315, 317 
current, inipedatue, atul fieqnency rela¬ 
tions, 323 

inductive voltage ft jiiency relation, 328 
re*aetance-freftuency lelations, 313 
ttsonane'e, ^19, 321,322 
t*" iisiemt i onipotienl 230 
R(4)erts, W', \ an 11 , 5()6 
Root-mean sejuare values of voltage and 
cut tent, 2(>(), 278 
nu'asuremetil, 280 
Rosa, E H., 71 
Rosen, A., 460 
Rotatittg VTctor, 257 
eotnplex evponenlial expression, 258 
Rotation conventiott, 196 
Kowlatid, II \ , 749 
A\Veircuil. HI 

alternating volt.ige applied, transient 
analysis, 345 51 
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example, 188 
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Self-admittance, node, 394 
Self-conductancc, node, 128 
Self-impcdanre, loop, 373 
Self-inductance (see Inductance) 

Self-resistance, loop, 127, 144 
Sels, H. K., 454 
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Semigraphical solutions in nonlinear circuits, 
683, 694 

Sensitivity of bridge, 156 
Sequence, negative, 527, 578 
positive, 527, 578 
zero, 527, 579 
balanced systems, 584 
circuit diagram, 585 
currents, suppression of, 587 
in A-connected generator, 586 
vector diagram, 585 

Series circuit, a-c, conditions for solution, 265 
a-c, vector diagrams, 267 
LS, example, 219 

tangential component of time vector, 
231 

transient components listed, 229 
vector interpretation of solution, 229 
Series circuit, RL^ a-c, example, 272 
RLSy a-c, steady state, 261 
critically damped, 235 
example, 237 
overdamped, 223 

radial component of time vector, 232 
time constant, 233 
transient components listed, 229 
underdamped, 225 

vector interpretation of solution, 229 
Series-parallel circuit, a-c, example of compu¬ 
tation, 292 

Shearing of characteristic, 678 
Shunt, ammeter, 91*, 92* 

Sign convention, coils, relative polarities of, 
366 

differential equations, terms in, 368 
mutual parameters, 370, 376 
Sinclair, I). B., 10 
Sine functions, expressions for, 207 
vector components of, 206 
Single-phase system, 518 
generator, 523 
power loss in, 519 
three-wire circuit, 519 
two-wire circuit, 519 
Sink, power, 134 
Skin effect, 52 3 
Smith, T. R., 718 
Smith, V. G., 556 
Smithsonian Physical Tables, 76 
Soil, resistivity of, 65 

Solenoid, finite, net inductance for, 68, 69 
long, inductance calculation, 36 


Source, current, 134-6 
impedance, 545 
voltage, 134-5 

Square root of minus one, 192 
Standards, 747 
bibliography, 767 
Stationary system, 2 
Steady state, 320 
loop equations, 127, 374, 439 
node equations, 128, 395, 464 
response as a function of frequency, 310 
solution, two-loop network, 373 
two-node network, 393 
Steinmetz, C. P., 265 

Step-by-step calculation in nonlinear circuits, 
705 

Stiffness, negative, in moving-iron mecha¬ 
nism, 629, 630 

of moving-coil telephone, 634 
Straight-line approximations in nonlinear 
circuits, 695, 711 

Strutt, J. W. (see Rayleigh, Lord) 

Submarine cable, example, 397 
Substation, d-c, 129*-33* 

Suits, C. G., 719 
Superconductivity, 76 
Superposition principle, application, 138 
example, 139 
in nonlinear circuits, 658 
in time-varying nonlinear circuits, 670 
in timc-\ arying parameter circuits, 664 
Surface charge on parallel cylinders, 48, 50 
Surge generator, 237 
circuit diagram, 238 
Susceptance, 287 
Susceptance function, 290 
Symbolic elements, 7 
Symmetrical components, Ch. XI, 578 
analytical determination, 582 
bibliography, 763 
five-phase, 604 
general observations, 595 
method of, 578 
n-phase, 603 

of unbalanced impedances, 590 
power, 595 
visualizing, 579 
diagrams, 581 
System, balanced, 527 
direct-current Edison, 521 
electromechanically coupled, Ch. XII, 
610 
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System, field, longitudinally uniform, 61 
four-phase, 525 
having spherical symmetry, 61 
negative-sequence, 527 
of conductors, longitudinally uniform, 24 
polyphase, 514 
positive-sequence, 527 
single-phase, 518, 521 
symmetrical, 527 
three-phase, 525 
two-phase, 524-5 
zero-sequence, 527 

T 

T network, 400 
Tank circuit, 329 
'Pelephonc, moving-coil, 630-3 
receiver (problem). 404 
'remperature, by change in resistance, 95 
coefikient, 725 

of metals and alloys, tables, 7^2, 733 
rise, allowable in machinery insulation, 
88 

Terman, F. E., 46, 86 
Terminal, 1, 454 
Tertiary winding, 599 
'Phermal emf, 158 
Thermocouple instruments, 280 
Th6vcnin, M. L., 145 
Th^venin’s theorem, 145, 469 
application, 140 

to bridge network, 156 
to power network, 151 
to three-loop network, 470 
circle diagram based on, 490 
example, 470 

networks for reduction by, 163 
problems illustrating, 151 
proof, 470 

'I'homson, William (see Kelvin, Lord) 
Three-dimensional flow, 66-8 
Three-phase, circuit, balanced A-connected, 
533 

balanced I'-connected, 528 
magnitude of voltages, 544 
source impedance, 546 
unbalanced, 539 

unbalanced, neutral current in, 540 
generator, 525 

power line, example of calculation, 563 
system, 525 
advantages of, 558 


Three-phase system, unbalanced, example of 
constructu)n of vector diagram, 569 
Thyrite lightning arresters, 672*, 673 
I'ime constant, order of magnitude of, inair- 
corc coils, 176 

of iictitioiis linear circuit, 698 
RL series circuit, 175, 177, 184, 234 
i^L^Vciicuil, 231, 233 
RS circuit, 184 

Time variation, effect of, in circuits, 11 
Torus, 45 6 

inductance c.i’ -ui.iiion, 36 
Transformation, fklta-wye, 146 
star-mesh, 460 
v> e-delta, 146 
IVan.'.former, 3b4 9 
eciuivalent circuits, 402 
rt '.v>i4ating air-core 403 
'PreoM.-nt, bohavior of d-c instruments, 
(>43 

comjxinent, in multibranch networks, 407 
list ot values for LS and RIS circuits, 
229 

im{)edanccs, 409 
in reactors, 702 
physical nature of, 174 
vector inter|>retati()n, 216 
'Pransiert analysis, two-loop network, 
414 6 

two-node n(*twork, 422 
two unknowns, 410-2 
problems 422 

Trjinsicnts, rause of, in lumped-fmrameter 
linear circuits, 183 
direct-current, bibliography, 760 
in nonlinear circuits (problems), 719 
I'ransmission, power, energy losses, 388 
e(]uivalent T circuit, 400 
Transmission line, 515*, 516*, 517* 
charts, 503 
grounds, 65 
parameters, 41 

'Iransmittcr, condenser (see Microphone, 
condenser) 

Transverse flow in longitudinally uniform 
conductors, 25 
Travers, H. A., 442 

'I wo-loop network (see Network, two-loop) 

1 wo-node network (see Network, two-node) 
Two-phase systems, 523-5 
I'wo-terminal pair, 448 
Two-wattmeter method, 551 
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Units, 747 
bibliograpfiy, 767 
dimensions, table, 754-6 
in resistance calculation, 31 
practical, 24 

systems of, discussion and tables, 747-56 

V 

Vacuum-tube instruments, 282 
Van Atta, C. M., 652 
Van Atta, L. C., 652 
Van de Oraaff generator, 652 
Van de (Iraaff, R. J., 652 
Var, 296 

Vector, ampere, 264 
coulomb, 215 
diagram, 266 

analytic solution from, 309 
graphic solution by, 308 
reference axis, 268 

interpretation of solutions for LS and RLS 
circuits, 229 
key, 584 

locus of charge, 230 

loop voltage equation, solution by, v3()7 
ohms, 264 
j)lane, 194, 196 
power, 299 
example, 302 
power charts, 503 
rotating, 257 

voltage equations, direct formulation, 
374 
volts, 264 

Vectors, addition of, 268 
Vilar, H. de, 245 
Volt, 750 

Voltage, a-c, polarity of, 269 
complex, 258 

directions w hen functions of time, 166 
drop, 122, 270, 518 
effective value, 266, 278 
clastiVC and inductive, 318 
maximum values, 318, 327 
equations, direct formulation, 374 
fundamental component, 260 


Voltage, harmonic components, 260 
inductive and elastive, 318 
maximum values, 318 
near resonance, 325 
>nsinusoidal, 260, 526 
,1 ’ ♦^or (problem), 251 

'*•«' i* ,nce, 719 
u • 1 1,270,518 
root-mean-square value, 265, 278 
simple-harmonic, 256 
sinusoidal, 256 

source, equivalent to current source, 589 
in three-phase circuit, magnitudes, 544 
vector, 258 

Voltage-current relations, summarv, 110 
W 

Wagner, C. F., 442 
W^ater, resistivity, 65 
Watt, 750 
Wattmeter, 282 

Wavelength of electromagnetic waves, 15 S 
Webster-IIavclock formula, inductance ( 
solenoid, 71 

Winding, compensating, in moving-( onduett 
mechanism, 626 
tertiary, 599 

Wire, characteristics, approximation fio 
gauge numbers, 727 
gauge, 726 

tables, aluminum, 731 
bibliography, 765 
copper, 728, 730 

Wireless telegraphy, effect of the earth in ( 
Wires and cables, sizes, forms, curfcn 
carrying capacities available, 78 
Woodruff, L. F., 41, 53, 302, 418 

Y 

F-connected circuit, balanced, 528 
example, 533 

F-A, transformation, 146, 460 
F, equivalent A, 147, 460 

Z 

Zenneck, J., 65 
Zero sequence, 579 






